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PREFACE. 

TN the following work I have tried to present the 
"^ elements of Coordinate Geometry in a manner 
suitable for Beginners and Junior Students. The 
present book only deals with Cartesian and Polai* 
Coordinatea Within these limits I venture to hope 
that the book is fairly complete, and that no proposi- 
tions of very great importance have been omitted. 

The Straight Line and Circle have been treated 
more fully than the other portions of the subject, 
since it is generally in the elementary conceptions 
that beginners find great difficulties. 

There are a large number of Examples, over 1100 
in all, and they are, in general, of an elementary 
character. The examples are especially numerous in 
the earlier parts of the book. 
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I am much indebted to several friends for reading 
portions of the proof sheets, but especially to Mr W. 
J. Dobbs, M.A. who has kindly read the whole of the 
book and made many valuable suggestions. 

For any criticisms, suggestions, or corrections, I 
shall be grateful. 

S. L. LONEY. 
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PREFACE TO THE SECOND EDITION. 

For the Second Edition the time at my disposal 
has only allowed me to correct the misprints that have 
been kindly pointed out to me by many correspondents. 
Art. 180 has also been rewritten. 

June 30, 1896. 



CONTENTS. 



CHAP. PAQE 

I. Intboduotion. Algesbraig Bbsults ... 1 

II. Coordinates. Lengths of Straight Lines and 

Areas of Triangles 8 

Polar Coordinates 19 

III. Locus. Equation to a Locus .... 24 

IV. The Straight Line. Rectangular Coordinates. 31 
Straight line through two points .... 39 
Angle between two given straight lines . 42 
Conditions that they may be parallel and per- 

p«idicular ' 44 

Length of a perpendicular 51 

Bisectors of angles 58 

V. The Straight Line. Polar Equations and 

Oblique Coordinates .... 66 

Equations involving an arbitrary constant . 73 

Examples of loci ....... 80 

yi. Equations representing two or more Straight 

Lines . . 88 

Angle between two lines given by one equation 90 

General equation of the second degree 94 

VII. Transformation of Coordinates ... 109 

Inyariants 115 



Vlll CONTENTS. 

CHAP. PAOB 

VIII. The Circle 118 

Equation to a tangent 126 

Pole and polar 137 

Equation to a circle in polar coordinates . .146 

Equation referred to oblique axes . . . 148 
Equations in terms of one variable .150 

IX. Systems of Circles 160 

Orthogonal circles . . . . . .160 

Eadical axis 161 

Coaxal circles 166 

X. Conic Sections. The Parabola 174 

Equation to a tangent 180 

Some properties of the parabola . . . 187 

Pole and polar 190 

Diameters 195 

Equations in terms of one variable . . .198 

XI. The Parabola {continued) .... 206 
Loci connected with the parabola . . . 206 
Three normals passing through a given point . 211 
Parabola referred to two tangents as axes . 217 

XII. The Ellipse 225 

Auxiliary circle and eccentric angle . . . 231 

Equation to a tangent 237 

Some properties of the eUipse .... 242 

Pole and polar 249 

Conjugate diameters 254 

Four normals through any point . . . 265 

Examples of loci 266 

XIII. The Hyperbola 271 

Asymptotes 284 

Equation referred to the asymptotes as axes . 296 

One variable. Examples 299 



CONTENTS. IX 

CHAP. PAOX 

XIV. Polar Equation to a Conic .... 306 
Polar equation to a tangent, polar, and normal . 313 

XV. General Equation. Tracing op Curves . 322 
Particular cases of conic sections .... 322 
Transformation of equation to centre as origin 326 

Equation to asymptotes 329 

Tracing a parabola 332 

Tracing a central conic 338 

Eccentricity and foci of general conic 342 

XVI. General Equation 349 

Tangent 349 

Conjugate diameters 352 

Conies through the intersections of two conies . 356 

The equation S=\uv 358 

General equation to the pair of tangents drawn 

from any point 364 

The director circle 365 

The foci 367 

The axes . . 369 

Lengths of straight lines drawn in given directions 

to meet the conic ...... 370 

Conies passing through foiur points , . . 378 

Conies touching four lines 380 

The conic LM=B^ 382 

XVII. Miscellaneous Propositions .... 386 
On the four normals from any point to a central 

conic 385 

Confocal conies 392 

Circles of curvature and contact of the third order . 398 

Envelopes 407 

Answers i— xiii 



CHAPTER I. 

INTRODUCTION. 
SOME ALGEBRAIC RESULTS. 

1. Quadratic Equations. The roots of the quad- 
ratic equation 

aa? + 6aj + c = 

may easily be shewn to be 

Ya *^^ Ya • 

They are therefore real and unequal, equal, or imaginary, 
according as the quantity 6^— 4ac is positive, zero, or negative, 

i.e. according as h^ = 4ac. 

2. Rdationa between the roots of any algebraic equation 
cMfvd the coefficieTits of the terms of the equation. 

If any equation be written so that the coefficient of the 
highest term is unity, it is shewn in any treatise on Algebra 
that 

(1) the sum of the roots is equal to the coefficient of 
the second term with its sign changed, 

(2) the sum of the products of the roots, taken two 
at a time, is equal to the coefficient of the third term, 

(3) the sum of their products, taken three at a time, 
is equal to the coefficient of the fourth term with its sign 
changed, 

and so on. 



2 COORDINATE GEOMETRY. 

Ex. 1. If a and p be the roots of the equation 

h c 
ax^+hx + c=0, i.e. a^ + - x-i--=0, 
a a 

we have a+/3=-- and aB=-. 

Ex. a. If a, /3, and 7 be the roots of the oubio equation 
ax^ + hx^+cx + d=Oj 



Le.ot 


^+^^+^.-.^=0. 


we have 


a+p+y=A, 




Py+ya+ap=^, 


and 


-">=-'• 



3. It can easily be shewn that the solution of the 
equations 

and a^ + b^-i-c^ = 0, 

X y z 



biC^ — b^c^ c^a2 — c^di dyb^ — €tj>i ' 



Determinant Notation. 



4. The quantity 



^9 h 



is called a detenninant of the 



second order and stands for the quantity <ij>2 - ^2^1, so that 

= 0163 -a^. 



61, 62 



12,3 



W /k =2x5-4x3=10-12=-2; 

1 4, o I ' 



-3,-4 



("> \j]_Q\='-»x(-6)-{-7)x{-i)=18-2S=-10. 
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5. The quantity 



buh,,b, (1) 

is called a determinant of the third order and stands for the 
quantity 



«! X 



&2> h 



-a. 









(2). 



i,e. by Art. 4, for the quantity 

i.e. Oi (62C3 - Va) + Oj (63C1 - b^c^) + a, (ftjCj - ftjCj). 

6. A determinant of the third order is therefore reduced 
to three determinants of the second order by the following 
rule: 

Take in order the quantities which occur in the first row 
of the determinant ; multiply each of these in turn by the 
determinant which is obtained by erasing the row and 
column to which it belongs; prefix the sign + and — al- 
ternately to the products thus obtained and add the 
results. 

Thus, if in (1) we omit the row and column to which a^ 

belongs, we have left the determinant ^' '| and this is the 

coefficient of o^ in (2). 

Similarly, if in ^1) w© omit the row and column to which 

a2 belongs, we have left the determinant *' ' 



and t.hia 



with the — sign prefixed is the coefficient of O3 in (2), 



The determinant 

1^* 



1, -2, -3 
-4, 6, -6 
-7, 8, -9 
-4, -6 



= {5x(-9)-8x(-6)}+2x{(-4)(-9)-(-7)(-6)} 

-3x{(-4)x8-(-7)x6} 
= { -46+48} +2{36-42}-.3{ -32+36} 
=3-12-9= -18. 

1—2 
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8. The quantity 



»!> «8> «SI ^4 
*1> ^S> ^8J ^4 
Ci, Cj, Cj, C4 
C^, C^sj, C?s, C?4 

is called a determinant of the fourth order and stands for 
the quantity 



Cbi X 



^a> hj K 



d%i c?s, (^4 



— Oj X 



+ a8 >< 



61, ftgj ^8 
^1, C?2> ^8 



^1> ^81 &4 

^1, Cs, C4 

C^i, cZb, (^4 

61, ftai ^4 

Cj, Cj, C4 — < 

and its value may be obtained by finding the value of each 
of these four determinants by the rule of Art. 6. 

The rule for finding the value of a determinant of the 
fourth order in terms of determinants of the third order is 
clearly the same as that for one of the third order given in 
Art. 6. 

Similarly for determinants of higher orders. 

9. A determinant of the second order has two terms. 
One of the third order has 3x2, i.e. 6, terms. One of the 
fourth order has 4x3x2, i.e. 24, terms, and so on. 



10. 



Prove that 



(1) 



2, -31 
4, s! 



w 


9,8,7 
6,6,4 
8,2,1 


(6) 


a,h,g 
h,b.f 
9,t, e 



= 28. (2) 



=0. 



1-6, 
-4. 







6, 


=82. (3) 


-2, 




9. 




-a, b, e 


(6) 


a, -b, e 




«, i 


. -<:| 



-3, 71 
4, - 8=. 
3, -lOl 

=4abc. 



98. 



=ahc + 2fgh'-ap-'hg^-ch^ 



ELIMINATION. 5 

Elimination. 

11. Suppose we have the two equations 

aiaj + Oay=0 (1), 

ItPc + 6^ =0 (2), 

between the two unknown quantities x and y. There must 
be some relation holding between the four coefficients Oi, o^, 
6i, and 63. For, from (1), we have 

X _ a^ 

and, from (2), we have - = — r^ . 
^ y h 

X 

Equating these two values of - we have 

i.e. Oi^a- 0361 = (3). 

The result (3) is the condition that both the equations 
(1) and (2) should be true for the same values of x and y. 
The process of finding this condition is called the elimi- 
nating of X and y from the equations (1) and (2), and the 
result (3) is often called the eliminant of (1) and (2). 

Using the notation of Art. 4, the result (3) may be 



written in the form 



= 0. 



61, 62 

This result is obtained from (1) and (2) by taking the 
coefficients of x and y in the order in which they occur in 
the equations, placing them in this order to form a determi- 
nant, and equating it to zero. 

12. Suppose, again, that we have the three equations 

Orjpc -\- a^ ■{■ a^ = (1), 

M+ %+ h^ = (2), 

and Ciaj+ c^-\- e^ = (3), 

between the three unknown quantities a;, y, and z. 
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By dividing each equation by z we have three equations 

between the two unknown quantities - and - . Two of 

z z 

these will be sufficient to determine these quantities. By 

substituting their values in the third equation we shall 

obtain a relation between the nine coefficients. 

Or we may proceed thus. From the equations (2) and 

(3) we have 

a? y ^ z 

Substituting these values in (1), we have 

«i (^2^8 - &8C2) + «a (^8^1 - \<^ + ^8 (^iCa - ^2^1) = 0. . .(4). 
This is the result of eliminating a;, y, and z from the 
equations (1), (2), and (3). 

But, by Art. 5, equation (4) may be written in the form 

&i, ^a> ^8 =0. 

This eliminant may be written down as in the last 
article, viz, by taking the coefficients of a?, ^, and z in the 
order in which they occur in the equations (1), (2), and (3), 
placing them to form a determinant, and equating it to 
zero. 



la. Bz. What U tJie value of a so that the eqtuUions 
ax+2y + 3z=0, 2a; -3y +48=0, 
atid 5x+7y-8z=0 

may be simultaneously tine f 

Eliminating x, y, and z, we have 
a, 2, 3 
2, -3, 4 
5, 7, -8 

i.e. a[(-3)(-8)-4x7]-2[2x(-8)-4x5]+3[2x7-6x(-3)]=0, 
i,e, a[-4]-2[-36]+3[29]=0, 

72 + 87 159 



=0, 



80 that 



ELIMINATION. 



14. If again we have the four equations 

OiOJ + day + 08* + a^ = 0, 

^a -f Jay + 68« + 64W = 0, 

CiO; + Cjy + c^ + C4W = 0, 

and d^x + dl,y + c^ + d^ = 0, 

it could be shewn that the result of eliminating the four 
quantities a;, y, z, and u is the determinant 

«1> <hj «8> «4 

^i» ^aj &s> ^* =0 

Cj, Cj, C3, C4 

A similar theorem could be shewn to be true for n 
equations of the first degree, such as the above, between 
n unknown quantities. 

It will be noted that the right-hand member of each of 
the above equations is zero. 



CHAPTER IL 

COORDINATES. LENGTHS OF STRAIGHT LINES AND 
AREAS OF TRIANGLES. 

15. Coordinates. Let OX and OY be two fixed 
straight lines in the plane of the paper. The line OX is 
called the axis of x, the line OY the axis of y, whilst the 
two together are called the axes of coordinates. 

The point is called the origin of coordinates or, more 
shortly, the origin. 

From any point P in the 
plane draw a straight line 
parallel to OZ to meet OX 
in M, 

The distance OM is called 
the Abscissa, and the distance 
MP the Ordinate of the point 
P, whilst the abscissa and the 
ordinate together are called 
its Coordinates. 

Distances measured parallel to OX are called x, with 
or without a suf&x, {e.g,Xi, x^... x, «",...), and distances 
measured parallel to OY are called y, with or without a 
suffix, (e.g, yi, ya,... y\ y",...)- 

If the distances OM and MP be respectively x and y, 
the coordinates of P are, for brevity, denoted by the sjonbol 

Conversely, when we are given that the coordinates of 
a point P are (x, y) we know its position. For from we 
have only to measure a distance OM (=x) along OX and 
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then from M measure a distance MF (=y) parallel to OT 
and we arrive at the position of the point P. For example 
in the figure, if OM be equal to the unit of length and 
MP=20M, then F is the point (1, 2). 

16. Produce XO backwards to form the line OX' and 
TO backwards to become 0Y\ In Analytical Geometry 
we have the same rule as to signs that the student has 
already met with in Trigonometry. 

Lines measured parallel to OX are positive whilst those 
measured parallel to OX' are negative; lines measured 
parallel to OY are positive and those parallel to OF' are 
negative. 

If Pa be in the quadrant YOX' and F^M^, drawn 
parallel to the axis of y, meet OX' in if,) ^^^ ^^ ^^^ 
niunerical values of the quantities OM^ and M^^ ^ ^ 
and b, the coordinates of F are {-a and b) and the position 
of Pg is given by the symbol (—a, b). 

Similarly, if F^ be in the third quadrant X'OY\ both of 
its coordinates are negative, and, if the numerical lengths 
of OM^ and M^P^ be c and c?, then P, is denoted by the 
symbol (— c, — c?). 

Finally, if P^ lie in the fourth quadrant its abscissa is 
positive and its ordinate is negative. 

17. Bz. Lay down on paper the position of the points 
(i) (2, -1), (ii) (-8, 2), and (iu) (-2, -3). 

To get the first point we measure a distance 2 along OX and then 
a distance 1 parallel to OY' ; we thus arrive at the required point. 

To get the second point, we measure a distance 8 along OX', and 
then 2 parallel to OY. 

To get the third point, we measure 2 along OX' and then 
3 parallel to OT, 

These three points are respectively the points P4, Pa* ^^^ -^s i^ 
the figure of Art. 15. 

18. When the axes of coordinates are as in the figure 
of Art. 16, not at right angles, they are said to be Oblique 
Axes, and the angle between their two positive directions 
OX and 07, i.6. the angle XOY, is generally denoted by 
the Greek letter w. 
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In general, it is however found to be more convenient to 
take the axes OX and Ol^at right angles. They are then 
said to be Bectangular Axes. 

It may always be assumed throughout this book that 
the axes are rectangular unless it is otherwise stated. 

19. The system of coordinates spoken of in the last 
few articles is known as the Cartesian System of Coordi- 
nates. It is so called because this system was first intro- 
duced by the philosopher Des Cartes. There are other 
systems of coordinates in use, but the Cartesian system is 
by far the most important. 

20. To find the distcmce between two povnta whose co- 
ordinates a/re given. 

Let Pj and P^ be the two 
given points, and let their co- 
ordinates be respectively (sCi, y^ 
and (ajj, y^. 

Draw jPiJfi and PJ^^ pa- 
rallel to OYy to meet OX in 
Ml and M^, Draw PJt parallel 
to OX to meet M^P^ in R, q ' jvj m7 

Then 

PJi = M^Mi = OMi-OM^ = Xi-x^, 

RP,^M,P,-M,P, = y,-y,, 

and L PJtPi = I OM^Pi = 180' - PJl^X^ 180'' - a>. 

We therefore have \Trigonometryy Art. 164] 

PiP^^P^^RP^-'lP^.RPi^imPJEiPi 

= {xi- x,Y + {y,-y,y- 2 (xi-x,){yi^y,) cos (180^ -io) 

= (xi-X2)2 + (yi-y2)2+2(xi-X2)(yi-y2)cosoi...(l). 

If the axes be, as is generally the case, at right angles, 
we have w = 90** and hence cos w = 0. 

The formula (1) then becomes 

PiP,' = {xi-x,Y + {yi^y^^ 
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so that in rectangular coordinates the distance between the 
two points (iCi, y^) and (oj, y^ is 

V(Xi-Xj)»+(yi-yJi (2). 

Cor. The distance of the point {x^^ y^ from the origin 
is Jqh^ + y^*, the axes being rectangular. This follows from 
(2) by making both a^ and y^ equaJ to zero. 

21. The formula of the previons article haa been proved for the 
case when the coordinates of both the points are all positive.' 

Due regard being had to the signs of the coordinates, the formula 
will be found to be true for all 
points. 

As a numerical example, let 
Pi be the point (5, 6) and Pj 
be the point ( - 7, - 4), so that 
we have 

a^=5, yi=6, a;,= -7, 
and ya= - 4. X 

Then 
P^=ilf20+Oiri=7+6 

and 

iJPi=12itfi +-afiPi=4 + 6 

The rest of the proof is as in the last article. 
Similarly any other case could be considered. 

22. To find the coordinates of the point which divides 
in a given ratio (mj : rn^) the line joining two given points 
(^1, 2^i) and (a^, y^). 

R <- 




O M, M Mg X 

Let P^ be the point (cCi, yj), P^ the point (tCg, y^, and P 
the required point, so that we have 

P^PiPP^ :: rn^inL,, 
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Let F be the point (a;, y) so that if P^M^^ PM, and 
Pjj^a ^ drawn parallel to the axis of y to meet the axis of 
a; in ifj, if, and M^^ we have 

OMi = Xi, i/iPi = yi, OM=x, MF = y, OM^ = x^, 
aiid MJP^ = ^2- 

Draw Pji?! and PR^, parallel to OJT, to meet MP and 
if 2^2 ^ Ri Mid i?2 respectively. 

Then P^R^^M^M=OM-OM^ = x-x^, 
PJR^=: MM^= OM^-^ OM=x^-x, 
E,P = MP-M,P, = y-y,, 
and RJP^ = MJP^-MP = y^-y, 

Prom the similar triangles PiRiP and PRJ^^ we have 
mi _ PjP _ ^1 _ x-x^ 
m^~ PP^" PR^" x^^x' 
.', wij (ajj - «) = Wi2 (^ - «^i)> 



Again 






so that «h(yj-y)=«»s(y-yi), 

and hence y^ "^'"^"^' . 

Wi + ma 

The coordinates of the point which divides PiP^ in- 
ternally in the given ratio mj ; wia a-r© therefore 

uii + nig m^ + 11I2 

If the point Q divide the line PiP^ externally in the 
same ratio, i.e. so that PiQ : QP^ :: mj : 7»j, its coordinates 
would be found to be 

ni]^ — 11I2 ni]^ — nig 

The proof of this statement is similar to that of the 
preceding article and is left as an exercise for the student. 
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Cor. The coordinates of the middle point of the line 
joining (o^, y^) to (a,, y^) are 

^±^and?^'. 
2 2 

28. Bz. 1. In any triangle ABC prove that 
AB*+A(P=2 {AD*+DC^, 
where Die the middle point of BC. 

Take B as origin, BC as the axis of x, and a line throngh B per- 
pendicular to BC as the axis of y. 

Let BC=a, so that C7 is the point (a, 0), and let il be the point 

Then D is the point ( |, O j . 

Hence AI^=:(x^-^ +y^^ and Z)C>=(^|y. 

Hence 2{AD^+DC^zz2rx^^+yj*-aXi + ^ 

-: 2xi» + 2y !« - 2axi + a*. 
Also 4C72=(a?i-o)«+yi», 

and AB^^xi^-^y^K 

Therefore AB^^AC^=2x^^+2yi^- 2axi + aK 
Hence ^B« + il C«= 2 (.IDs + DC). 

This is the well-known theorem of Ptolemy. 

Bz. 2. ABC is a triangle and D, E, and F are the middle points 
of the sides BC, CA, and AB ; prove that the point which divides AD 
internally in the ratio 2 : 1 also divides the lines BE and CF in 
the same ratio. 

Hence prove thai the medians of a triangle meet in a point. 

Let the coordinates of the vertices A, B, and C be (a;i , y^, (x,, yjj, 
and (x„ y^ respectively. 

The coordinates of D are therefore *^» and ^^-'. 

Let (7 be the point that divides internally AB in the ratio 2 : 1, 
and let its coordinates be x and y. 
By the last article 

2x^±5i+lxx, 

;^+i "■ 8 • 

So »^y i+y.+y5 . 
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In the same manner we could shew that these are the coordinates 
of the points that divide BE and CF in the ratio 2 : 1. 
Since the point whose coordinates are 

3 S 

lies on each of the lines AD, BE, and CF, it follows that these three 
lines meet in a point. 

This point is called the Centroid of the triangle. 



EXAMPLEa I. 

Find the distances between the following pairs of points. 
1. (2, 3) and (6, 7). 2. (4, -7) and (-1, 6). 

3. ( - 3, - 2) and ( - 6, 7), the axes being inclined at 60°. 

4. (a, o) and (o, &). 5. (&+c, c+a) and {c+a,a+b). 

6. (a cos a, a sin a) and (a cos p, a sin /3). 

7. (am^^, 2ami) and (am2^ 2am^, 

8. Lay down in a figure the positions of the points (1, - 3) and 
( - 2, 1)| and prove that the distance between them is 5. 

9. Find the value of ^ if the distance between the points (rv^, 2) 
and (3, 4) be 8. 

10. A line is of length 10 and one end is at the point (2, - 3) ; 
if the abscissa of the other end be 10, prove that its ordinate must be 
3 or - 9. 

11. Prove that the points (2a, 4a), (2a, 6a), and (2a+JSa, oa) 
are the vertices of an equilateral triangle whose side is 2a. 

12. Prove that the pomts (-2, -1), (1, 0), (4, 3), and (1, 2) are 
at the vertices of a parallelogram. 

13. Prove that the pomts (2, -2), (8, 4), (6, 7), And (-1, 1) are 
at the angular points of a rectangle. 

14. Prove that the point (-^, f|) is the centre of the ciicle 
circumscribing the triangle whose angular points are (1, 1), (2, 3), 
and (-2, 2). 

Find the coordinates of the point which 

15. divides the Hne joining the points (1, 3) and (2, 7) in the 
ratio 3 : 4. 

16. divides the same line in the ratio 3 : - 4. 

17. divides, internally and externally, the line joining ( - 1, 2) 
to (4, - 5) in the ratio 2 : 3. 
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18. divides, intemaliy and externally, the line joining ( - 8, - 4) 
to ( - 8, 7) in the ratio 7 : 5. 

19. The line joining the points (1, - 2) and ( - 8, 4) is trisected ; 
find the coordinates of &e points of tiiseoaon. 

20. The line joining the points ( - 6, 8) and (8, - 6) is divided 
into four equal parts; find the coordinates of the points of section. 

21. Find the coordinates of the points ^hich divide, internally 
and externally, the line joining the point {a+b, a-h) to the point 
(a-h, a+b) in the ratio a : 5. 

22. The coordinates of the vertices of a triangle are (xy yA, 
(Xg, y^ and {x^, y^). The line joining the first two is dividea in tne 
ratio I : k, and the line joining this point of division to the opposite 
angular point is then divided in the ratio m : k + l. Find the 
coordinates of the latter point of section. 

23. Prove that the coordinates, x and y, of the middle point of 
the line joining the point (2, 3) to the point (3, 4) satisfy the equation 

x-y + l=:0. 

24. If ^ be the centroid of a triangle ABC and O be any other 
point, prove that 

9(0A^+GB^+GC^)=BC»+CA^+AB^ 
and OA^ + 0B« +0(7*= OA^ + OB* +QC*+ 3G0«. 

25. Prove that the lines joining the middle points of opposite 
sides of a quadrilateral and the line joining the middle points of its 
diagonals meet in a point and bisect one another. 

26. Aj B, Cf D.,. axen points in a plane whose coordinates are 
(^1* 2/i)> (^3*^2)* (^8*^s)>*"« ^-^ ^ bisected in the point G^; G^C is 
divided at O^ in the ratio 1:2; G3D is divided at G. in the ratio 
1:3; O^E at G^ in the ratio 1 : 4, and so on until all tne points are 
exhausted. Shew that the coordinates of the final point so obtained are 

a?i + ar,+a;8 + ...+ar„ ^^^ yi + y2 + y^+ ...-^yn 
n n 

[This point is called the Centra of Mean Position of the n given 
points.] 

27. Prove that a pomt can be found which is at the same 
distance from each of the four points 

24. To prove that the area of a trapezium^ i. e. a quad- 
rUcUeral hearing two sides parallel, is one half the sum of the 
two pa/ralld Mes mtdtiplied by the perpendiciUar distance 
bettveen them. 
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Let ABCD be the trapezium having the sides AD and 
BO parallel. 

Join AG and draw AL perpen- 
dicular to BC and CN perpendicular 
to ADy produced if necessary. 

Since the area of a triangle is one 
half the product of any side and the 
perpendicular drawn from the opposite angle, we have 
area ABGD ^^ABC-h^ACD 

^^.BC.AL-^i.AD.CUr 
= l{BC + AI))xAL. 

25. To find the an^ea of the tricmgh, the coordinates of 
whose cmgidwr points are given, the aaces being rectangular. 

Let ABC be the triangle 
and let the coordinates of its 
angular points A, B and G be 
(aq, yi), (iCa, ya), and (oj,, y,). 

Draw AL, BM, and GN per- 
pendicular to the axis of x, and 
let A denote the required area. 

Then 

A = trapezium il ZiVC + trapezium (7iOfi5— trapezium ALMB 
= \LN {LA + NG) + ^NM {NG + MB) - \LM {LA + MB), 
by the last article, 

= K(^-^) (yi + ys) + (^a-aJs) (2^a + V^-i^-^) (^i+ya)]. 
On simplifying we easily have 

^=i(«iy2-*ayi+»ay8-2wr2+x8yi-»iya)» 

or the equivalent form 

If we use the determinant notation this may be written 
(as in Art. 5) 

«i, yi, 1 

^ = i iCa, ya, 1 

ajj, y«, 1 

Cor. The area of the triangle whose vertices are the 
origin (0, 0) and the points {x^, y,), {x^, y^) is J (x,y^-x^i).^ 
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26. In the preceding article, if the axes be obliqne, the perpen- 
dicnlars AL, BM^ and CN^ are not equal to the ordinates 2(1 » Vi t aod 
y^, but are equal respectively to j/^ su^ <^) 2^a ^i^ ^* ^^^ 2^s ^in w. 

The area of the triangle in this case becomes 

Jsin « {ar^a - x^^ + x^^ - arayj + a-j^i - ar^y,}, 

i.e. JsinctfX 0:2* ^a» ^ • 

27. In order that the expression for the area in Art. 25 may be 
a positive quantity (as all areas necessarily are) the points Aj B, and 
G must be taken in the order in which they would be met by a 
person starting from A and walking round the triangle in such a 
manner that the area of the triangle is always on his left hand. 
Otherwise the expressions of Art. 25 would be found to be negative. 

28. To find the area of a qiLodrilateral the coordinates 
of whose a/ngtUar poi/nts are given. 




N M 



Let the angular points of the quadrilateral, taken in 
order, be A, By (7, and D, and let their coordinates be 
respectively {x^, y^\ {x^, y^, {a^, y^\ and {x^, y^). 

Draw AL, BM, CN, and DR perpendicular to the axis 
of a?. 

Then the area of the quadrilateral 
= trapezium ALRD + trapezium DRNC + trapezium CNMB 

— trapezium ALMB 
= ^LR {LA + RD) + \RN{RD + NO) + \NM{NC + MB) 

^^LM{LA + MB) 
= i{(^4-aa)(2/i+2/4) + (aJ3-a;4)(2/s + y4) + (^-a^)(y8 + y2) 

-(x^-x^){yi + y2)} 
= i {(aWa - ^^1) + («^a2/3 - ix^u) + (^4 - x^i) + («4yi - ^y^Y 

L. 2 
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29. The above formula may also be obtained by 
drawing the lines OA, OB, OC and OD, For the quadri- 
lateral ABCD 

= AOBC+ AOCD - aOBA- aOAD. 

But the coordioates of the vertices of the triangle OBG 
are (0, 0), (oj, y^) a^^ (^i I/i)} hence, by Aft. 25, its 
area is Hx^s-Xj^i)- 

So for the other triangles. 

The required area therefore 

= i K^i - a^i) + (a^8 - «h&2) + (0^4 - «4ys) + (aJ4yi - aay4)]- 
In a similar manner it may be shewn that the area 
of a polygon of n sides the coordinates of whose angular 
points, t£^en in order, are 

is i [(aoya-a^i) + {^3-x^2) + ... + (aJ„yi -«iy«)]. 



F,TAMPT,TO. n. 

Find the areas of the triangles the coordinates of whose angular 
points are respectively 

1. (1, 3), ( - 7, 6) and (6, - 1). 2. (0, 4), (3, 6) and ( - 8, - 2). 

3. (6.2). (-9. -3) and (-3, -6). 

4. («! 6+c), (a. b-c) and {-a, c). 

5. («» c+a), (a, c) and (-a. c-a). 

6. (a cos 01. 5 sin 0^). (a cos ^, 6 sin ^j) &i^d (a cos 0^, 6 sin ^J. 

7. (a%'t Sam^). (aiRj^, 209713) and (09713^. 2ams). 

8. {amim2ta(mi+m^], {am^fn^t ai^n^+m^)} and 

{07713%. ^(wis+TOi)}* 



^- H' ^ ' H* ^} '"* H' ^ 



Prove (by shewing that the area of the triangle formed by them is 
zero) that the following sets of three points are in a straight line : 

10. (1,4), (3.-2), and (-3, 16). 

11. (-i,3). (-5,6), and (-8,8). 

12. (a. ^+c). (6, e-^-a), and (c, 0+6). 
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Find the areas of the quadrilaterals the cxMrdinates of whose 
angnlar points, taken in order, are 

13. (1,1),(3,4). (6, -2), and (4, -7). 

14. (-1.6), (-3, -9), (5, -8), and (3, 9). 

15. If O be the origin, and if the coordinates of any two points 
P^ and Pj be respectively (xn y^ and {x^t yJl, prove that 

OPi . OP, . cos PiOP, = «ia?a + y^yj . 

30. Polar Coordinates. There is another method, 
which is often used, for determining the position of a point 
in a plane. 

Suppose to be a fixed point, called the origin or 
pole, and OX a, fixed line, called the initial line. 

Take any other point F in the plane of the paper and 
join OP. The position of F is clearly known when the 
angle XOF and the length OF are given. 

[For giving the angle XOP shews the direction in which OP is 
drawn, and giving the distance OP tells the distance of P along this 
direction.] 

The angle XOF which would be traced out by the line 
OF in revolving from the initial line OX is called the 
vectorial angle of F and the length OF is called its radius 
vector. The two taken together are called the polar co- 
ordinates of F, 

If the vectorial angle be $ and the radius vector be r, the 
position of F is denoted by the symbol (r, 0). 

The radius vector is positive if it be measured from the 
origin along the line bounding the vectorial angle; if 
measured in the opposite direction it is negative. 

81. Bz. Construct the positions of the points (i) (2, 80°), 
fii) (3, 150°), (iii) (-2, 46°), (iv) ^ 

(-3, 330°), (v) (3, -210°) and (vi) lf\^ /L 

(-3,-30°). * ^\ ''^^P 



(i) To constmct the first pointy 
; the '* ' " 



let the radius vector revolve from y^^I yT 

OX through an angle of 30% and / ^^"-., 

then mark off along it a totanoe y^ ***•♦., 

eqaal to two units of lengtn. We ^ M* 

thus obtain the point P^. ^ 

(il) For the second point, the radius vector revolves from OX 
through 150^ and is then in the position OP2 ; measuring a distance 3 
along it we arrive at P,. 

2-2 
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(iii) For the third point, let the radius vector revolve from OX 
througm 45° into the position OL, We have now to measnre along 
OL a distanoe - 2, i,e, we have to measure a distance '2 not along OL, 
bat in the oppoiite direction. Producing LO to P,, so that OP3 is 
2 nnits of length, we have the required point Pg. 

(iv) To get the fourth point, we let the radius vector rotate from 
OX through 330° into the position OM and measure on it a distance 
- 3, {.«. 3 in the direction MO produced. We thus have the point Pj , 
which is the same as the point given by (ii). 

(v^ If the radius vector rotate through - 210°, it will be in the 
position 0P2t and the point required is P,. 

(vi^ For the sixth point, the radius vector, after rotating through 
-30°, IS in the position OM. We then measure - 3 along it, t.«. 3 in 
the direction MO produced, and once more arrive at the point Pj. 

32. It will be observed that in the previous example 
the same point P, is denoted by each of the four sets of 
polar coordinates 

(3, 150'), (-3, 330"), (3, -210'*) and (-3, -30> 
In general it will be found that the same point is given 
by each of the polar coordinates 

(r, 0), (- r, 180' + 0), {r, - (360' - 0)} and {- r, - (180' - $)}, 
or, expressing the angles in radians, by each of the co- 
ordinates 

(r, 0), (- r, ,r + 0), {r, -(2^-$)} and {- r, - (x - 6)}. 

It is also clear that adding 360' (or any multiple of 
360') to the vectorial angle does not alter the final position 
of the revolving line, so that (r, $) is always the same point 
as (r, 0-hn, 360'), where n is an integer. 

So, adding 180' or any odd multiple of 180' to the 
vectorial angle and changing the sign of the radius vector 
gives the same point as before. Thus the point 

[-r, ^ + (2n + 1)180'] 

is the same point as [— r, B + 180'], i.e, is the point [r, 0], 

33. To find the length of the straight line joining two 
points whose polar coordinates are given. 

Let A and B be the two points and let their polar 
coordinates be (rj, O^) and (rj, O^) respectively, so that 
OA = r^, OB = r^, iXOA = $^, and lXOB^B^. 
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Then (Trigonometry, Art 164) 

AB'^OA^ +03^-20 A . OBoo&AOB 
= n' + r^ - 2nr2 cos {0^ - ^,). 

34. To find the a/rea of a triangle the coordinatea of 
whose migular points are given. 

Let ABC be the triangle and let (rj, ^j), (r^, tfj), and 
(rj, ^3) be the polar coordinates of 
its angular points. 

We have 

aabg=aobg+aoca 

-AOBA (1). 

Now 

A OBC = \0B . OC sin BOO 
[Trigonometryy Art. 198] 
= Jrgrj sin (^8-^2)- 
So A OCil = ^00 . 0^ sin CO A = Jr,ri sin (^1 - tfg), 
and A 0^J5 = ^OA . 0^ sin ^0J5 = ^^r^ sin (^1 - 6^) 
= -|rirasin(tf2-tfi). 
Hence (1) gives 
A ABC = ^ [r^r^ sin (0^ - ^j) + rgri sin (tfj - ^3) 

+ rir5sin(tf2-tfi)]. 

35. To change from Cartesian Coordinates to Polar 
Coordinates, and conversely. 

Let P be any point whose Cartesian coordinates, referred 
to rectangular axes, are x and y, 
and whose polar coordinates, re- 
ferred to as pole and OX as 
initial line, are (r, 0), 

Draw 7* Jlf perpendicular to OX 
so that we have 

OM=x, MP=y, LMOP = e, 
and OP=r, 

From the triangle MOP we 
have 

x = OM= OP cos MOP=^rcoa 6 . 
y = MP=OPfimMOP=:r&in$. 



Oi 



iy' 



M 



r^OP^^^OM^ + MP'^^a^-^y' 



.(1), 
.(2), 
.(3), 
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and 

-»"w=i (*)■ 

Equations (1) and (2) express the Cartesian coordinates 
in terms of the polar coordinates. 

Equations (3) and (4) express the polar in terms of the 
Cartesian coordinates. 

The same relations will be found to hold if P be in any 
other of the quadrants into which the plane is divided by 
XOX'Bxid TOT. 

Bx. Change to Cartesian coordinates the equations 

{l)r=asin$, and {2)ir=a^cos-, 

(1) Multiplying the equation by r , it becomes r^ = ar sin $, 
i,e, by equations (2) and (3), x^+y^=ay, 

(2) Squaring the equation (2), it becomes 

r=acos3^ = 5(l + oos^), 
i. «. 2r2= ar + ar cos $, 

i.e. 2 (x*+y«)=aV«"+y'+<w:, 

i.e. {2x^+^*-ax)^=a^{afl+y^). 



EKAXPLEB. m. 

Lay down the positions of the points whose polar coordinates are 
1. (3,46°). 2. (-2, -60°). 3. (4,135°). 4. (2.330°). 

5. (-1, -180°). 6. (1, -210°). 7. (5. -676°). 8. («» f ) • 
9. (2a..T). 10. (-,^). 11. (-2a,-^), 

Find the lengths of the straight lines joining the pairs of points 
whose polar coordinates are 

12. (2, 30°) and (4, 120°). 13. (-3, 45°) and (7, 106°). 

14. (a,^) and (so, |). 
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15. Prove that ths^ points (0, 0), ^3, ^ j , and (^t ? ) ^onn c^ ^^- 
lateral triangle. 

Find the areas of the triangles the coordinates of whose angular 
points are 

16. (1, 30°), (2, 60°), and (3, 90°). 

17. (_3, -300)^ (6^ 150O), and (7, 210°). 

18. (-a. I). («.^),and(-2a.-|). 

Find the polar coordinates (drawing the fignre in each case) of the 
points 

19. a?=^3, y = l. 20. a!=-N/3, y=l. 21. ar=-l, y=l. 

Find the Cartesian coordinates (drawing a fignre in each case) of 
the points whose polar coordinates are 
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(5,^). 23. (-5,^). 24.(5,-1). 

Change to polar coordinates the equations 
25. a^+y^^aK 26. y=a?tana. 27. aj*+y*=2aa:. 

28. s^-y^=:2ay, 29. afl=y^2a-x), 30. (x«+y»)»=aa(x«-y«). 

Transform to Cartesian coordinates the equations 
31. f=a. 32. ^=tan-^m. 33. r=a cos d. 

84. r=asin2d. 35. r«=a» cos 2^. 36. T«sin2^=2a«. 

37. r2cos2^=a3. 38. r*oos|=a*. 39. r*=a*sin|. 

40. r (cos 3^ + sin 3^) = 5^ sin ^ cos ^. 



CHAPTER III. 

LOCUS. EQUATION TO A LOCUS. 

36. When a point moves so as always to satisfy a 
given condition, or conditions, the path it traces out is 
called its Locus under these conditions. 

For example, suppose to be a given point in the plane 
of the paper and that a point P is to move on the paper so 
that its distance from shall be constant and equal to a. 
It is clear that all the positions of the moving point must 
lie on the circumference of a circle whose centre is and 
whose radius is a. The circumference of this circle is 
therefore the " Locus" of P when it moves subject to the 
condition that its distance from shall be equal to the 
constant distance a. 

37. Again, suppose A and B to be two fixed points in 
the plane of the paper and that a point P is to move in 
the plane of the paper so that its distances from A and B 
are to be always equal. If we bisect AB in G and through 
it draw a straight line (of infinite length in both directions) 
perpendicular to AB^ then any point on this straight line 
is at equal distances from A and J5. Also there is no 
point, whose distances from A and B are the same, which 
does not lie on this straight line. This straight line is 
therefore the "Locus" of P subject to the assumed con- 
dition. 

38. Again, suppose A and B to be two fixed points 
and that the point P is to move in the plane of the paper 
so that the angle APB is always a right angle. If we 
describe a circle on AB as diameter then P may be any 
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point on the circumference of this circle, since the angle 
in a semi-circle is a right angle; also it could easily be 
shewn that APB is not a right angle except when P lies 
on this circumference. The "Locus" of P under the 
assumed condition is therefore a circle on AB as diameter. 

39. One single equation between two unknown quan- 
tities X and y, e.g, 

«+y = l (1), 

cannot completely determine the values of x and y. 



Nfe 
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Such an equation has an infinite number of solutions. 

Amongst them are the following : 

a! = 0,l x=\,\ x= %\ x= 3,1 

y=i;' y=o;' y=-l/' y=-2;'" 

X — 1,1 x = -2,\ 
y= 2/' y= 3/'"- 

Let us mark down on paper a number of points whose 
coordinates (as defined in the last chapter) satisfy equation 

Let OX and OT be the axes of coordinates. 
If we mark off a distance OP^ (=1) along OY^ we have 
a point Pi whose coordinates (0, 1) clearly satisfy equation 

If we mark off a distance OP^ (=1) along OX^ we have 
a point Pj whose coordinates (1, 0) satisfy (1). 



L. 
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Similarly the point P^, (2, —1), and P4, (3, — 2), satisfy 
the equation (1). 

Again, the coordinates (—1, 2) of Pg and the coordinates 
(- 2, 3) of Pe satisfy equation (1). 

On making the measurements carefully we should find 
t^hat all the points we obtain lie on the line P1P2 (produced 
both ways). 

Again, if we took cmy point Q, lying on P1P2, and draw 
a perpendicular QM to OX, we should find on measurement 
that the sum of its x and y (each taken with its proper . 
sign) would be equal to unity, so that the coordinates of Q 
would satisfy (1). 

Also we should find no point, whose coordinates satisfy 
(1), which does not lie on PiPj. 

All the points, lying on the straight line PiPg, and no 
others are therefore such that their coordinates satisfy the 
equation (1). 

This result is expressed in the language of Analytical 
Geometry by saying that (1) is the Equation to the Straight 
Line F^P^. 

40. Consider again the equation 

a^ + 2^ = 4 (1). 

Amongst an infinite number of solutions of this equa- 
tion are the following : 

x=2A x= J3\ x = J2] x==l I 

y=or y=i r y=V2r y=^j^r 



x = 0\ x = -lA x==-J2A a; = -^3,| 

y = 2r y = J'di^ y = J2 J' y=l /' 

aj = -2,| x = -^3,l x = -j2A x==-l, | 

x = 0, I x=l, I x=j2, I x=J3) 
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All these points are respectively represented by the 
points i\, Pj, -Ps, ... Pi6, and they 
-will all be found to lie on the 
dotted circle whose centre is 
and radius is 2. 

Also, if we take any other 
point Q on this circle and its 
ordinate QM^ it follows, since 
OM^ + MQ'=^OQ^ = i, that the x 
and y of the point Q satisfies (1). 

The dotted circle therefore 
passes through dU the points whose 
coordinates satisfy (1). 

In the language of Analytical Greometry the equation 
(1) is therefore the equation to the above circle. 

41. As another example let us trace the locus of the 
point whose coordinates satisfy the equation 

y'=^x (1). 

If we give x a negative value we see that y is im- 
possible; for the square of a 
real quantity cannot be nega- 
tive. 

We see therefore that there 
are no points lying to the left 
of OY. 

If we give x any positive 
value we see that y has two 
real correspondingvalueswhich 
are equal and of opposite signs. 

The following values, 
amongst an infinite number of 
others, satisfy (1), viz. 

x = OA aj=l, ] aj==2, 

y=.OJ' y = 4.2or-2r y = 2V2or-2V2 
aj=4 1 iB=16, ) a5= + oo, \ 

y = + 4or— 4J' *" y = 8or-8J' "" y= + ooor— ooj* 

The origin is the first of these points and Pi and d, 
Pg and Q^y Pg and $3, ... represent the next pairs of points. 
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If we took a large number of values of x and the 
corresponding values of 2/, the points thus obtained would 
be found all to lie on the curve in the figure. 

Both of its branches would be found to stretch away to 
infinity towards the right of the figure. 

Also, if we took any point on this curve and measiired 
with sufficient accuracy its x and y the values thus obtained 
would be found to satisfy equation (1). 

Also we should not be able to find any point, not lying 
on the curve, whose coordinates would satisfy (1). 

In the language of Analytical Geometry the equation 
(1) is the equation to the above curve. This curve is called 
a Parabola and will be fully discussed in Chapter X. 

42. If a point move so as to satisfy any given condition 
it will describe some definite curve, or locus, and there can 
always be found an equation between the x and y of any 
point on the path. 

This equation is called the equation to the locus or 
curve. Hence 

Def. Equation to a ourve. The equation to a 
curve is the relation which exists between the coordinates of 
any point on the curve, and which holds for no other points 
except those lying on the curve, 

43. Conversely to every equation between x and y it 
will be found that there is, in general, a definite geometrical 
locus. 

Thus in Art. 39 the equation is a; + y=l, and the 
definite path, or locus, is the straight line P^P^ (produced 
indefinitely both ways). 

In Art. 40 the equation is o^ + y^ = 4, and the definite 
path, or locus, is the dotted circle. 

Again the equation y = \ states that the moving point 
is such that its ordinate is always unity, t.e. that it is 
always at a distance 1 from the axis of x. The definite 
path, or locus, is therefore a straight line parallel to OX 
and at a distance unity from it. 
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44. In the next chapter it will be found that if the 
equation be of the first degree (i,e, if it contain no 
products, squares, or higher powers of x and y) the locus 
corresponding is always a straight line. 

If the equation be of the second or higher degree, the 
corresponding locus is, in general, a curved line. 

45. We append a few simple examples of the forma- 
tion of the equation to a locus. 

Bz. 1. A point moves so that the algebraic sum of its distances 
from two given perpendicular axes is equal to a constant quantity a ; 
find the equation to its locus. 

Take the two straight lines as the axes of coordinates. Let (x, %j) 
be any point satisfying the given condition. We then have x-\-y=a. 

This being the relation connecting the coordinates of any point 
on the locns is the equation to the locos. 

It mil be found in the next chapter that this equation represents 
a straight line. 

Ex. a. The sum of the squares of the distances of a moving point 
from the two fixed points (a, 0) and ( - a, 0) is equal to a constant 
quantity 2c^. Find the equation to its locus. 

Let fx, y) be any position of the moving point. Then, by Art. 20, 
the oonoition of the question gives 

{(x-aY + y^}-^.{[x-\-aY + y^}=%^, 
i.e. x^+y^=c^-aK 

This being the relation between the coordinates of any, and every, 
point that satisfies the given condition is, by Art. 42, the equation to 
the required locus. 

This equation tells us that the square of the distance of the point 
{x, y) from the origin is constant and equal to c^ - a^, and therefore 
tihe locus of the point is a circle whose centre is the origin. 

Bz. 8. A point mcves so that its distance from the point ( - 1, 0) 
is always three tim^s its distance from the point (0, 2). 

Let {x, y) be any point which satisfies the given condition. We 

then have 

V(a:+l)H(y-0)2=3V(a;-.0)2+(y-2)a, 
BO that, on squaring, 

x^+2x-\-l-\-y^=9(x^+y^-4y+4)y 
i.e. 8(a;2+2/*)-2a;-.36y + 36=0. 

This being the relation between the coordinates of each, and 
every, point that satisfies the given relation is, by Art. 42, the 
required equation. 

It will bie found, in a later chapter, that this equation represents 
a circle. 
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EXAMPLES. IV. 

By taking a number of solntions, as in Arts. 39 — 11, sketch 
the looi of the following equations : 

1. 2a;+% = 10. 2. 4a;-y = 7. 3. a^-2ax+y^=0. 

4. x^-^ax+y^+Sa^=0. 5. y^=^' 6. dx=:y^-9. 

'■4^9 

A and B being the fixed points (a, Q) and ( - a, 0) respectively, 
obtain the equations giving the locus of P, when 

8. PA^ - PB^=Sk constant quantity =2*2. 

9. PA=nPB, n being constant. 

10. P-4+-PB=c, a constant quantity. 

11. P^+PC»=2P^^ C being the point (c, 0). 

12. Find the locus of a point whose distance from the point (1, 2) 
is equal to its distance from the axis of y. 

Find the equation to the locus of a point which is always equi- 
distant from the points whose coordinates are 

13. (1, 0) and (0, -2). ^ 14. (2. 8) and (4, 6). 

15. {a+h,a-b) and (a-6, a+6). 

Find the equation to the locus of a point which moves so that 

16. its distance from the axis of x is three times its distance from 
the axis of y, 

17. its distance from the point (a, 0) is always four times its dis- 
tance from the axis of y. 

18. the sum of the squares of its distances from the axes is equal 
to 3. 

19. the square of its distance from the point (0, 2) is equal to 4. 

20. its distance from the point (3, 0) is three times its distance 
from (0, 2). 

21. its distance from the axis of x is always one half its distance 
from the origin. 

22. A fixed point is at a perpendicular distance a from a fixed 
straight line and a point moves so that its distance from the fixed 
point is always equal to its distance from the fixed line. Find the 
equation to its locus, the axes of coordinates being drawn through 
the fixed point and being parallel and perpendicular to the given 
line. 

23. In the previous question if the first distance be (1), always half, 
and (2), always twice, the second distance, find the equations to the 
respective loci. 



CHAPTER IV. 

THE STRAIGHT LINE. RECTANGULAR COORDINATES. 

46. To find the equation to a straight line which is 
parallel to one of the coordinate axes. 

Let CL be any line parallel to the axis of y and passing 
through a point G on the axis of x such that OC=c, 

Let F be any point on this line whose coordinates are 
X and y. 

Then the abscissa of the point P is 
always c, so that 

x = c (1). 

This being true for every point on 
the line GL (produced indefinitely both 
ways), and for no other point, is, by 
Art. 42, the equation to the line. 

It will be noted that the equation does not contain the 
coordinate y. 

Similarly the equation to a straight line parallel to the 
axis oi xiB y = d. 

Cor. The equation to the axis of a? is y = 0. 
The equation to the axis of y is a; = 0. 

47. To find the equation to a straight line which cuts 
off a given intercept on the axis of y and is inclined at a 
given a/ngle to the aocis of x. 

IdOt the given intercept be c and let the given angle be a. 



C X 
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Let (7 be a point on the axis of y such that 0(7 is c 
Through G draw a straight 
line Z(7Z' inclined at an angle 
a (= tan"^ m) to the axis of a;, 
so that tan a = m. 

The straight line LGL' is ^^ 

therefore the straight line ^^-^^""^ 
required, and we have to -Mi 
find the relation between the 
coordinates of any point F lying on it. 

Draw FM perpendicular to OX to meet in iV a line 
through G parallel to OX, 

Let the coordinates of P be a; and y, so that OM-x 
and MP = y. 

Then MF = NP^ MN =GN\axiq.^OG = m,x-^c, 
i,e, y = iiix+c. 

This relation being true for any point on the given 
straight line is, by Art. 42, the equation to the straight 
line. 

[In this, and other similar cases, it could be shewn, 
conversely, that the equation is only true for points lying 
on the given straight line.] 

Cor. The equation to any straight line passing through 
the origin, i.e, which cuts off a zero intercept from the axis 
of y, is found by putting c = and hence is y = mx, 

48. The angle a which is used in the previous article is the 
angle through which a straight line, originally parallel to OX, would 
have to turn in order to coincide with the given direction, the rotation 
being always in the positive direction. Also m is always the tangent 
of this angle. In the case of such a straight line as AB, in the figure 
of Art. 50, m is equal to the tangent of the angle XAP (not of the 
angle PAO), In this case therefore m, being the tangent of an obtuse 
angle, is a negative quantity. 

The student should verify the truth of the equation of the last 
article for all points on the straight line LGL', and also for straight 
lines in other positions, e.g. for such a straight line as A^B^ in the 
figure of Art. 69. In this latter case both m and c are negative 
quantities. 

A careful consideration of all the possible cases of a few proposi- 
tions will soon satisfy him that this verification is not always 
necessary, but that it is sufficient to consider the standard figure. 
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40. Sjl The equation to the straight line cutting off an 
interoept 3 from the negative direction of tiie axis of y, and inclined 
at 120° to the axis of Xy is 

y=a;tanl20°+(-S), 

i.e. y+a:/^3 + 3=0. 

50. To find the eqiiation to the straight line which cuts 
off given intercepts a and hfrofn the oases. 

Let A and J? be on OX and OT respectively, and be 
such that OA = a and OB = 6. 

Join AB and produce it in- 
definitely both ways. Let P be 
any point («, y) on this straight 
line, and draw PJf perpendicular 
to OX 

We require the relation that 
always holds between x and y, so 
long as P lies on AB, 

By Euc. VI. 4, we have 
O^ 
OA '' 
. OM MP 




PB J MP 
AB^^^'^-OB 



OA^ OB 



AP 
AB' 
PBjhAP 
AB 






This is therefore the required equation; for it is the 
relation that holds between the coordinates of a/ny point 
lying on the given straight line. 

51. The equation in the preceding article may be also obtained 
by expressing the fact that the sum of the areas of the triangles OPA 
and OPB is equal to OAB, so that 

and hence 



a h 



52. Bz. 1. Find the equation to the straight line passing 
through the point (3, -4) and cutting off intercepts, equal but if 
opposite signs, from the two axes. 

Let the intercepts cut off from the two axes be of lengths a and 
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The equation to the straight line is then 

a -a 

i,e. x-y=a (1). 

Since, in addition, the straight line is to go throngh the point 
(3, - 4), these coordinates must satisfy (1), so that 

3-(-4)=a. 
and therefore a = 7. 

The required equation is therefore 
a;-y=7. 

Bz. 2. Find the equation to the straight line which passes through 
the point ( - 5, 4) and is such that the portion of it between the axes is 
divided by the point in the ratio o/ 1 : 2. 

Let the required straight Hne be - + ^=1. This meets the axes 

in the points whose coordinates are (a, 0) and (0, b). 

The coordinates of the point dividing the line joining these 
points in the ratio 1 : 2, are (Art. 22) 

2.a + 1.0 , 2.0 + 1.6 .2a . b 

-2:iT- ^^ -2?]—' '-'-T *^^ 3- 

If this be the point ( - 5, 4) we have 

-6=^and4=g, 

so that a= -\^ and 6=12. 

The required straight line is therefore 

- +^=1, 
-J^^12 * 

i.e, 6y-8a;=60. 

53. To find tlie equation to a straight line in terms of 
the perpendicular let fall upon it from the origin and the 
an^le that this perpendicular makes toith the axis of x. 

Let OE be the perpendicular from and let its length 
be;?. 

Let a be the angle that OB makes 
with OX, 

Let F be any point, whose co- 
ordinates are x and y, lying on AB; 
draw the ordinate PJf, and also ML 
perpendicular to OE and PiT perpen- 
dicular to ML, 
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Then OL=OMcosa (1), 

and LR = NP = MP^vaNMP. 

But L NMP^^O'-i NMO= I MOL = a, 

ZB = MPsma (2). 

Hence, adding (1) and (2), we have 

OMcos a + J/Psin a = OZ + LR = OR ^p, 
i.e. ZC08 a + y sin a = p. 

This is the required equation. 

54. In Arts. 47 — 53 we have found that the correspond- 
ing equations are only of the first degree in x and y. We 
shall now prove that 

Any equation of the first degree in x cmd y alwcuya repre- 
sents a straight line. 

For the most general form of such an equation is 

Ax-^By+C = (1), 

' where -4, B^ and G are constants, i,e, quantities which do 
not contain x and y and which remain the same for all 
points on the locus. 

Let (a^, yi), (aja, y^, and (cc,, y^ be any three points on 
the locus of the equation (1). 

Since the point {x^, y^ lies on the locus, its coordinates 
when substituted for x and y in (1) must satisfy it. 

Hence Aoc^-\- By^ + C = Q (2). 

So Ax^'\-By^ + C = (3), 

and ^iC5 + J?ys+C = (4). 

Since these three equations hold between the three quanti- 
ties -4, J?, and C, we can, as in Art. 12, eliminate them. 

The result is 

«!> Vu 1 

But, by Art. 25, the relation (5) states that the area of the 
triangle whose vertices are (a^, yj), (a;,, y^), and (aj^, y,) is 
zero. 

Also these are any three points on the locus. 

3—2 



= (6). 
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The locus must therefore be a straight line; for a curved 
line could not be such that the triangle obtained by joining 
any three points on it should be zero. 

^^, The proposition of the preceding article may also be deduced 
from Art. 47. For the equation 

may be written 2/=-d*'"d> 

and this is the same as the straight line 

if '"="1 ^^ ^^'B' 

But in Art. 47 it was shewn that y=mx+c was the equation to 
a straight line cutting off an intercept c from the axis of y and 
inclined at an angle tan~^m to the axis of x. 

The equation Ax^£y + C=0 

Q 

therefore represents a straight line cutting off an intercept - -^ from 
the axis of y and iuclined at an angle tan~^ ( " » ) ^^ ^® ^^^^ ^^ ^- 

56. We can reduce the general equation of the first 

degree Ax + By + C~0 (1) 

to the form of Art. 53. 

For, li p he the perpendicular from the origin on (1) 
and a the angle it makes with the axis, the equation to the 
straight line must be 

ajcosa + ysina-^ = (2). 

This equation must therefore be the same as (1). 

cos a sin a —p 
Hence __=__ = _. 



p _ COS a _ sin a _ Vcos* a + sin^ a _ 1 



C -A -^ .^/A^ + B' jA^-hB^' 

Hence 

-A . -B ^ 

cos g = . > sin g = •— ^ , and p=^- 



• , ■ 0XAX M> — , OllXU. U — . • 

^A^ + B" ^A^-hB" ^ JA^ + B' 

The equation (1) may therefore be reduced to the form (2) 
by dividing it by *JA^ + B^ and arranging it so that the 
constant term is negative. 
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57. Ibc Reduce to the perpendicular form the equation 

x+y^S-{-7=0 (1). 

Here sjA^+B^= JT^^^l=2. 

Dividing (1) by 2, we have 

i.e. xoo8 240°+y8in240°-i=0. 

58. To trace the straight line given hy an eqtiation of 
ihs first degree. 

Let the equation be 

ila: + % + C = (1). 

(a) This can be written in the form 

^ a. 2^ -1 

A B 
Comparing this with the result of Art. 50, we see that it 

Q 

represents a straight line which cuts off intercepts — -j and 

— ■= from the axes. Its position is therefore known. 

If (7 be zero, the equation (1) reduces to the form 

A 

and thus (by Art. 47, Cor.) represents a straight line 
passing through the origin inclined at an angle tan"^ ("" d) 
to the axis of x. Its position is therefore known. 

()8) The straight line may also be traced by finding 
the coordinates of any two points on it. 

Q 

If we put y = in (1) we have « = — -j. The point 



a.») 



therefore lies on it. 
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C 



If we put 05 = 0, we have y = - — , so that the point 
( 0, - ^ ) lies on it. 



line. 



Hence, as before, we have the position of the straight 



50. Bz. TrcLce the straight lines 

(1) 3a;-4y + 7=0; (2) 7ar+8y + 9=0; 
(3) 3y=x; (4) x=2; (6) y=-2. 




(1) Putting y=0, we have a;= - J, 
and putting a;=0, we have y ={. 

Measuring 0^^ (= -•() along the axis of x we have one point on 
the line. 

Measuring OB-^ (=1) along the axis of y we have another point. 
Hence A-^B^ produced both ways, is the required line. 

(2) Putting in succession y and x equal to zero, we have the 
intercepts on the axes equal to - f and - 1. 

If then 0-4,= -f and 0B^= - 1, we have A^B^ the required line. 

(3) The point (0, 0) satisfies the equation so that the origin is on 
the line. 

Also the point (3, 1), i,e, C,, lies on it. The required line is 
therefore OC3. 

(4) The line :r = 2 is, by Art. 46, parallel to the axis of y and passes 
through the point A^ on the axis of x such that 0A^=2, 

(5) The line y= - 2 is parallel to the axis of x and passes through 
the point B^ on the axis of y, dbch that 0B^=: - 2. 

60. Straight Line at Infinity. We have seen 
that the equation Ax + By + (7 = represents a straight line 
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c c 

which cuts off intercepts --^ and — — from the axes of 

coordinates. 

If A vanish, but not B or C, the intercept on the axis 
of a; is infinitely great. The equation of the straight line 
then reduces to the form y = constant, and hence, as in 
Art. 46, represents a straight line parallel to Ox, 

So if B vanish, but not A or (7, the straight line meets 
the axis of y at an infinite distance and is therefore parallel 
to it. 

If A. and B both vanish, but not (7, these two in- 
tercepts are both infinite and therefore the straight line 
O.a; + 0.y + (7 = 0is altogether at infinity. 

61. The mtdtiplication of an equation by a constant 
does not alter it. Thus the equations 

2ic-3y+5 = and 10a;- 15y+ 25 = 
represent the same straight line. 

Conversely, if two equations of the first degree repre- 
sent the same straight line, one equation must be equal to 
the other multiplied by a constant quantity, so that the 
ratios of the corresponding coefficients must be the same. 
For example, if the equations 

a^x + h^y + Ci = and A-^x + B^y + Ci-O 
represent the same straight line, we must have 
^_ ^_ ^ 

A, Brc,' 

62. To find the equation to the straigJU line which 
passes through the two given points {x\ y') and (x'y y"). 

By Art. 47, the equation to any straight line is 

y = mx + c (1). 

By properly determining the quantities m and c we can 
make (1) represent any straight line we please. 
If (1) pass through the point (a', y'), we have 

y' = ma^ + c (2). 

Substituting for c from (2), the equation (1) becomes 

y-y' = m(x-x') (3). 
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This is the equation to the line going through {x\ y') making 
an angle tan~^ m with OX, If in addition (3) passes through 
the point {x", y"), then 

y"-y'=.m{x"-af), 
gmng ^=:__^. 

Substituting this value in (3), we get as the required 
equation 

68. Sjl Find the equation to the straight line which parses 
through the points (-1, 3) and (4, -2). 
Let the required equation be 

y^mx-^c (1). 

Since (1) goes through the first point, we have 
3=-w+c, BO that c=m + 3. 
Hence (1) becomes 

y=ma: + m+3 (2). 

If in addition the line goes through the second point, we have 

-2 = 4wi+m+3, BO that m=-l. 
Hence (2) becomes 

y=-a; + 2, i.e. x+y=2. 
Or, again, using the result of the last article the equation 13 

i.e, y4-x=2. 

64. To ^x definitely the position of a straight line we 
must have always two quantities given. Thus one point 
on the straight line and the direction of the straight line 
will determine it; or again two points lying on the straight 
line will determine it. 

Analytically, the general equation to a straight line 
will contain two arbitrary constants, which will have to be 
determined so that the general equation may represent any 
particular straight line. 

Thus, in Art. 47, the quantities m and c which remain 
the same, so long as toe are considering the sa^ne straight 
line, are the two constants for the straight line. 
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Similarly, in Art. 50, the quantities a and h are the 
constants for the straight line. 

65. In any equation to a locus the quantities x and y, 
which are the coordinates of any point on the locus, are 
called Current Coordinates ; the curve may be conceived as 
traced out by a point which "runs" along the locus. 

EXAMPLES. V. 

Find the equation to the straight line 

1. cutting oflE an intercept unity from the positive direction of the 
axis of y and inclined at 45° to the axis of x, 

2. cutting off an intercept - 6 from the axis of y and being equally 
inclined to the axes. 

3. cutting off an intercept 2 from the negative direction of the 
axis of y and inclined at S0° to OX, 

4. cutting off an intercept - 3 from the axis of y and inclined at 
an angle tan~~i-} to the axis of x. 

Find the equation to the straight line 

5. cutting off intercepts 3 and 2 from the axes. 

6. cutting off intercepts - 5 and 6 from the axes. 

7. Find the equation to the straight line which passes through the 
point (5, 6) and has intercepts on the axes 

(1) equal in magnitude and both positive, 

(2) equal in magnitude but opposite in sign. 

8. Find the equations to the straight lines which pass through 
the point (1, - 2) and cut off equal distances from the two axes. 

9. Find the equation to the straight line which passes through 
the given point |a/, y') and is such that the given point bisects the 
part intercepted oetween the axes. 

10. Find the equation to the straight line which passes through 
the point (-4, 3) and is such that the portion of it between the axes 

'is divided by the point in the ratio 5 : 3. 

Trace the straight lines whose equations are 

11. a; + 2y + 3=0. 12. 5a;-7y-9 = 0. 

13. 3aj+7y=0. 14. 2a;-3y + 4=0. 

Find the equations to the straight lines passing through the 
following pairs of points. 

15. (0, 0) and (2, -2). 16. (3, 4) and (6, 6). 

17. (-1, 3) and (6, -7). 18. (0, -a) and (6,0). 
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[Exs. V.l 



19. (a, b) and {a + b, a-b). 

20. (ati^, 2a«i) and (aijS, 2at2). 21. (a«i, ^) and (atj, ^V 

22. (a 008 01 , a sin ^) and (a cos 0^, a sin ^). 

23. (a cos 01 » & sin 0i) and (a cos 02* ^ su^ 02)* 

24. (a sec 01, & tan 0^) and (a sec 0,, b tan 0,). 

Find the equations to the sides of the triangles the coordinates of 
whose angular points are respectively 

25. (1,4), (2,-3), and (-1, -2). 

26. (0.1), (2,0), and (-1,-2). 

27. Find the equations to the diagonals of the rectangle the 
equations of whose sides are a;=a, x=a't y = bt and y = b', 

28. Find the equation to the straight line which bisects the 
distance between the points fa, b) and 7a', b') and also bisects the 
distance between the points ( - a, &) and (a\ - b'), 

29. Find the equations to the straight lines which go through the 
orijgin and trisect the portion of the straight line 3a;+y = 12 which 
is intercepted between tiie axes of coordinates. 



Angles between straight lines. 

66. To find the cmgle hettoeen two given strcdght lines. 
Let the two straight lines be ALi and AL^, meeting the 
axis of X in L^ and Z^. 




I. 



Let their equations be 

y = in^x + Ci and y=m2X + C2 

By Art. 47 we therefore have 

tii.nALiX=mij and tani4ZaZ = m2. 
Now lL^AL^^lAL^X— lAL^^, 

tan L^AL^ - tan [AL^X—ALiX] 
tajiALiX—tanAL^X _ mi — m^ 



.(1). 



1 + tsLiL AL^X. iAii A L^X l+niim^' 
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Hence the required angle = l L^AL^ 

stan-i-SLZSa. (2). 

[In any nnmerioal example, if the qaantity (2) be a positive qaan- 
tity it is the tangent of the acute angle between the lines ; if negative, 
it is the tangent of the obtuse angle.] 

II. Let the equations of the straight lines be 

and -4ja; + ^,y + Ca = 0. 

By dividing the equations by B^ and B^, they may be 
written 



y = 


-i- 




y = 


-t- 





and 

Comparing these with the equations of (I.), we see that 

Hence the required angle 



mi = --g^, and wia = -^. 



A VBj 



= tan- ^ ^ ' =tan- 



(-i:)(-^ 



III. If the equations be given in the form 
jBCOSa + ysina— j5i = and a;co8)3 + ysin )3-j5, = 0, 
the perpendiculars from the origin make angles a and P 
with the axis of x. 

Now that angle between two straight lines, in which 
the origin lies, is the supplement of the angle between the 
perpendiculars, and the angle between these perpendiculars 
is J8-a. 

[For, if ORi and OE^ be the perpendiculars from the origin upon 
the two lines, then the points 0, Ri^ 1^2* ^^^ ^ 1^^ ^^ ^ circle, and 
hence the angles RiOR^ ^^^ R^ARi are either equal or supplementary.] 
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67. To find the condition th(U two straight lines ma/y 
he parcdlel. 

Two straight lines are parallel when the angle between 
them is zero and therefore the tangent of this angle is zero. 

The equation (2) of the last article then gives 

JXLi = XI12* 

Two straight lines whose equations are given in the 
"w" form are therefore parallel when their "w's'* are the 
same, or, in other words, if their equations differ only in 
the constant term. 

The straight line Ax+By-^C=0 is any straight line which is 
parallel to the straight line Ax+By + G=0, For the "m*s" of the 
two equations are the same. 

Again the equation A {x-x')+B{y-y')=^0 dearly represents the 
straight line wluoh passes through the point (a;', y') and is parallel to 
Ax+By-{-G=0. 

The result (3) of the last article gives, as the condition 
for parallel lines, 

BiA^ — A^B^ = 0, 

•8. Bz. Find the equation to the straight line, which passes 
through the point (4, - 5), and which is parallel to the straight line 

3a?+4y + 5-0 (1). 

Any straight line which is parallel to (1) has its equation of the 
form 

3a;+4y + C=0 (2). 

[For the "m" of both (1) and (2) is the same.] 

This straight line will pass through the point (4, - 5) if 
3x4+4x(-6) + C=0, 
t.i!. if C7=20-12=8. 

The equation (2) then becomes 

3a:+4y + 8=:0. 

69. To find the condition that two straight lines, whose 
equations are given, may be perpendictUar, 

Let the straight lines be 

y = 7nix-^ci, 
and y^m^x-hc^. 
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If ^ be the angle between them we have, by Art. 66, 

tan^=,^!?i^:^ (1). 

If the lines be perpendicular, then ^ = 90", and therefore 
tan ^ = 00 . 

The right-hand member of equation (1) must therefore 
be infinite, and this can only happen when its denominator 
is zero. 

The condition of perpendicularity is therefore that 

The straight line y = m^x + c, is therefore perpendicular 

to y = Wia; + Ci, if »», = - — . 
mi 

It follows that the straight lines 

A^x-¥B^y-hC^ = and A^x-hB^y+C^-O, 

A A 

for which m^ = — ^ and wia = -^, are at right angles if 



(4.)(-t)=-'. 

if A^A^-yB^B^=0. 



70. From the preceding article it follows that the two 
straight lines 

A^x-^B^ + C^ = (1), 

and B^x-A^ + C^ = (2), 

are at right angles ; for the product of their m's 

— ^'x^ — 1 

Also (2) is derived from (1) by interchanging the coefficients 
of X and y, changing the sign of one of them, and changing 
the constant into any other constant. 

Bz. The straight line through (x', /) perpendioalar to (1) is (2) 
where B^vf - -4y + C,=0, so that C^=A^ - Bix'. 

This straight line is therefore 
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71. Ibc 1. Find the equation to the straight line which passes 
through the point (4, ~ 5) and is perpendicular to the straight line 

3a;+4y+5=0 '. (1). 

First Method. Any straight line perpendicular to (1) is by the 
last article 

4a;-3y+C=0 (2). 

[We should expect an arbitrary constant in (2) because there are 
an infinite number of straight lines perpendicular to (1).] 
The straight line (2) passes through the point (4, - 5) if 
4x4-3x(-5) + C'=0, 
i.e. if 0= -16-15= -31. 

The required equation is therefore 

4a;-3y = 31. 
Second Method, Any straight line passing through the given 
point is 

y-(-5)=m(a;-4). 

This straight line is perpendicular to (1) if the product of their 
m's is - 1, 

i.g. if wix(-J)=-l, 

i.e. if m=|. 

The required equation is therefore 

j( + 6=i(a;-4), 
i.e. 4a5-3y = 31. 

Third Method, knj straight line is ^ = ma; + c It passes through 
the point (4, - 6), if 

-5=4m + c (3). 

It is perpendicular to (1) if 

w»x(-|)=-l (4). 

Hence m=| and then (3) gives c=-^^. 

The required equation is therefore y =|a; - ^, 
%.e, 4a;-3y = 31. 

[In the first method, we start with any straight line which is 
perpendicular to the given straight line and pick out that particular 
straight line which goes through the given point. 

In the second method, we start with any straight line passing 
through the given point and pick out that particular one which is 
perpendicular to the given straight line. 

In the third method, we start with any straight line whatever and 
determine its constants, so that it may satisfy the two given 
conditions. 

The student should illustrate by figures.] 

Bz. 2. Find the equation to the straight line which passes through 
the point {x\ y') and is perpendicular to the given straight line 
yy'=2a{x + x'). 
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The given straight line is « 

yy'-2ax-2aaj'=0. 
Any straight line perpendicular to it is (Art. 70) 

2ay+a:y'+(7=0 (1). 

This will pass through the point (ar', y') and therefore will be the 
straight line required if the coordinates x' andy' satisfy it, 
i.«. if 2ay' + a/y' + (7 = 0, 

i.«. if C=:-2ay'-x'y\ 

Substituting in (1) for C the required equation is therefore 
2a{y-y')+y'(x-x')=0. 

72. To find the eqtuitions to the straight lines which 
pass throTigh a given point (x\ y') and make a given angle a 
tvith the given straight line y = mx + c. 

Let P be the given point and let the given straight line 
be LMNy making an angle 
with the axis of x such that 
tan^ = m. 

In general (i.e. except when 
a is a right angle or zero) there 
are two straight lines PMR and 
PNS making an angle a with 
the given line. 

Let these lines meet the axis of a; in ^ and S and let 
them make angles ^ and <^' with the positive direction of 
the axis of x. 

The equations to the two required straight lines are 
therefore (by Art. 62) 

y-y' = tan<^x(a;-a;') (1), 

and y-y' = tan^' x {x — x') (2). 

Now ^=^lLMR^lRLM^o.^B, 

and ^' = L LNS+ L SLN^ (180° - a) + ^. 

Hence 

. J X / A\ tan a + tan ^ tana + m 

tan«^ = tan(a + ^) = ;j — — - = , 

^ ' 1 - tan a tan 6 1 — m tan a 

and tan <^' = tan (180° + ^ - a) 

tan — tan a m - tan a 




= tan(^-a) = 



1 + tan $ tan a 1 + m tan a ' 
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On substituting these values in (1) and (2), we have as 
the required equations 

, m + tana , ,. 



EXAMPLES. VI. 

Find the angles between the pairs of straight lines 

1. x-y^3=6 and ^3a;+y = 7. 

2. a;-4y=3 and 6a5-y=ll. 3. y=dx+7 and 8y-a?=8. 

4. Tf={2-^S)x+5 and y=(2+^3)a;-7. 

5. (TO*-fiin)y = (mn+n')a;+w' and (tnn+m*)y=(mn-n*)a;+m'. 

6. Find the tangent of the angle between the lines whose inter- 
oepts on the axes are respectively a, -b and h, - a. 

7. Prove that the points (2, - 1), (0, 2), (2, 3), and (4, 0) are the 
coordinates of the angular points of a parallelogram and find the 
angle between its diagonals. 

Find the equation to the straight line 

8. passing through the point (2, 3) and perpendicular to the 
straight line ix-Sy=10, 

9. passing through the point ( - 6, 10) and perpendicular to the 
straight line 7x+By=5. 

10. passing through the point (2, -3) and perpendicular to the 
straight line joining the points (5, 7) and ( - 6, 3). 

11. passing through the point ( - 4, - 3) and perpendicular to the 
straight line joining (1, 3) and (2, 7). 

12. Find the equation to the straight line drawn at right angles to 
the straight line — ^=1 through the point where it meets the axis 
of X. 

13. Find the equation to the straight line which bisects, and is 
perpendicular to, the straight line joining the points (a, b) and 

14. Prove that the' equation to the straight line which passes 
through the point (acos*^, asin*^) and is perpendicular to the 
straight line xeeoO+y coseo ^=a is a; cos ^ - ^ sin ^=acos 2$. 

15. Find the equations to the straight lines passing through {x^, ^) 
and resi)ectivel7 perpendicular to the straight Unes 

xx^-\-yy'=a\ 
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a8 ■*" &8""*' 



and x'y+xy*=aK 

16. Find the eqaations to the straight lines which divide, internally 
and extemfdly, the line joining ( - 3, 7) to (5, - 4) in the ratio of 4 : 7 
and which are perpendicular to this line. 

17. Through the point (3, 4) are drawn two straight lines each 
inclined at 45° to the straight line z-y=2. Find their equations 
and find also the area included by the three lines. 

18. Shew that the equations to the straight lines passing through 
the point (3, - 2) and inclined at 60° to the line 

^3a?+y=l are y + 2=0 and y-Ay3aj + 2+3^3=0. 

19. Find the equations to the straight lines which pass through 
the origin and are inclined at 75° to the straight line 

20. Find the equations to the straight lines which pass through 
the point (A, k) and are inclined at an angle tan'^m to the straight 
line y=9fu; + c. 

21. Find the angle between the two straight lines 3^7=4^ + 7 and 
52(=12a;+6 and also the equations to the two straight lines which 
pass through the point (4, 5) and make equal angles with the two 
given lines. 

73. To shew thcLt the point (a/, 2/) is on one side or the 
other of the atraigM line Ax + By + C = according as the 
qtumtity Ax' + By' -hC is positive or negative. 

Let ZM be the given straight line and P any point 

Through P draw PQ, parallel to 
the axis of y, to meet the given 
straight line in Qy and let the co- 
ordinates of Q be (x\ y"). 

Since Q lies on the given line, we O ir\X 

have 

Aaf + By''-^C = 0, 

so that y" = -^45^ (1). 

It is clear from the figure that PQ is drawn parallel to 
the positive or negative direction of the axis of y according 
as P is on one side, or the other, of the straight line LM^ 
».& according as ^ is > or < y\ 
Le. according as y" - y' is positive or negative. 

L. 4 
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Now, by (1), 

The point {x\ y') is therefore on one side or the other of 
LM according as the quantity Ancf + B'l/ + (7 is negative or 
positive. 

Cor. The point {x\ y') and the origin are on the same 
side of the given line if Ax' + By' + G and -4xO + ^xO + C 
have the same signs, i.e. if Ax' + By' + C has the same sign 
asC. 

If these two quantities have opposite signs, then the 
origin and the point {x', y') are on opposite sides of the 
given line. 

74. The condition that two points may lie on the 
same or opposite sides of a given line may also be obtained 
by considering the ratio in which the line joining the two 
points is cut by the given line. 

For let the equation to the given line be 

iiaj + %+(7=0.... : (1), 

and let the coordinates of the two given points be (cCi, y^ 
and (aJa, y^- 

The coordinates of the point which divides in the ratio 
Wi : m^ the line joining these points are, by Art. 22, 
mTpi^ + m^ and ^^^2 + ^2^1 /gx 

mi + m^ mi + 1712 

If this point lie on the given line we have 
^^ m^x^ + m^i ^ ^ m^y^ + m^i ^ ^ ^^ 
mi + wia mj + wia * 

so that ^ Ax^^By^^G 

m^ Ax^ + By^ + (7 ^ ' 

If the point (2) be between the two given points (xi, y^) 
and {0C2, ya), i.e, if these two points be on opposite sides of 
the given line, the ratio Tiij : mg is positive. 

In this case, by (3) the two quantities Ax^^ By^ + C 
and Ax^ + By^ + G have opposite signs. 

The two points {x^, y^ and (ajj, y^ therefore lie on the op- 
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posite (or the same) sides of the straight line Ax-h By + C = 
according as the quantities Aoci + Byi + G and Ax^ + By^ + G 
have opposite (or the same) signs. 

Lengths of perpendiculars. 

75- To find the length of the perpendicular let fall from 
a given point tipon a given straight line. 




(i) Let the equation of the straight line be 

ajcosa + ysina — ;?#=0 (1), 

so that, if p be the perpendicular on it, we have 
OF=^p and lXON^^o, 
Let the given point F be (a?', y'). 

Through F draw FR parallel to the given line to meet 
ON produced in R and draw FQ the required perpendicular. 
If OR be p\ the equation to FR is, by Art. 53, 
X cos a + y sin a — /?' = 0. 
Since this passes through the point (x\ y'\ we have 

a/ cos a + y' sin a — y = 0, 
so that p' — x' cos a + y' sin a. 

But the required perpendicular 

= FQ = NR=^OR-ON=p'^p 

= x'cosa + y'sina--p (2). 

The length of the required perpendicular is therefore 
obtained by substituting xf and y' for x and y in the given 
equation. 

(ii) Let the equation to the straight line be 

Ax'\-By + G-=0 (3), 

the equation being written so that C is a negative quantity. 

4—2 
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As in Art. 56 this equation is reduced to the form (1) 
by dividing it by V-4* + jB*. It then becomes 
Ax ^ By ^ C _^ 

slA'-vB' \IA^'\-B' \I'A^-^B' 

Hence 

A . B ^ G 

cos g = - >_ - , sma= . , and — p = — = 

The perpendicular from the point {x, y) therefore 
= a/ cos a + y' sin a—p 
Ax^ + By^ + C 
VA9 + BS 

The length of the perpendicular from {x\ y') on (3) is 
therefore obtained by substituting x' and y' for a? and y in 
the left-hand member of (3), and dividing the result so 
obtained by the square root of the sum of the squares of 
the coefficients of x and y. 

Cor. 1. The perpendicular from the origin 

= G-^JaF^^. 

Oor. 2. The length of the perpendicular is, by Art. 73, 
positive or negative according as (x\ "t/) is on one side or 
the other of the given line. 

76. The length of the perpendicular may also be 
obtained as follows : 

As in the figure of the last article let the straight line 
meet the axes in L and Jf, so that 

0Z=-? and 0M^~. 
A JS 

Let PQ be the perpendicular from P {x\ y') on the 

given line and PS and PT the perpendiculars on the axes 

of coordinates. 

We then have 

t:^PML^t.MOL^t.OLP^t.OPM, 

t.6., since the area of a triangle is one half the product of 

its base and perpendicular height, 

PQ.LM^-OL. 0M= 0L,P8+0M. PT. 
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B.. z.=y(-|)-.(-5y.^.<-., 



since (7 is a negative quantity. 
Hence 



PC.- — - .(_0^5.^ = _^.y^,(.|),^. 



so that PQ = ^ — , 

EXAMPLES. Vn. 

Find the length of the perpendicular drawn from 

1. the point (4, 5) upon the straight line 3a;+4y=10. 

2. the origin npon the straight line r " 7= 1^* ' 

3. the point ( - 3, - 4) npon the straight line 

12(a; + 6)=5(y-2). 

4. the point (6, a) upon the straight line — f =^* 

5. Find the length of the perpendicular from the origin upon the 
straight line joining the two points whose coordinates are 

(a cos a, a sin a) and (a cos /3, a sin /3). 

6. Shew tha t the p roduct of the perpendiculars drawn from the 
two points ( =t Ja^ - b^, 0) upon the straight line 

- cos ^ + ? sin ^= lis 6". 
a 

7. If p and jp' be the perpendiculars from the origin upon the 
straight lines whose equations are x sec d-\-y coseo ^=a and 

a; cos ^ - ^ sin ^= a cos 2^, 
prove that 4p3+^''^=a'. 

8. Find the distance between the two parallel straight lines 

y=mx+c and y=ma?+(i. 

9. What are the points on the axis of x whose perpendicular 

X v 
distance from the straight line - + r = lisa? 

a 

10. Shew that the perpendiculars let fall from any point of the 
straight line 2j; + 11^=5 upon the two straight lines 24a; +7^=20 
and 4x~3y=2 are equal to each other. 
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11, Find the perpendioular distance from the origin of the 
X)erpendioular from the point (1, 2) upon the straight line 

77. Tojmd the coordinates of the point of intersection 
of two given straight lines. 

Let the equations of the two straight lines be 

aiaj+% + Ci = (1), 

and aja; + ^2^ + Ca = (2), 

and let the straight lines be AL^ and ^Z, as in the figure 
of Art. 66. 

Since (1) is the equation oi ALi, the coordinates of any 
point on it must satisfy the equation (1). So the coordi- 
nates of any point on AL^ satisfy equation (2). 

Now the only point which is common to these two 
straight lines is their point of intersection A, 

The coordinates of this point must therefore satisfy 
both (1) and (2). 

If therefore A be the point (aii, ^j), we have 

aiOJi + 5i2/i + Ci = (3), 

and 02^1 + 62^1 + 03 = (4). 

Solving (3) and (4) we have (as in Art. 3) 
a^i ^ Vi 1 

so that the coordinates of the required common point are 

a^b^ - ajbi aj)^ — ajb^ 

78. The coordinates of the point of intersection found 
in the last article are infinite if 

a^2 "~ ^2^1 ~ ^' 

But from Art. 67 we know that the two straight lines 
are parallel if this condition holds. 

Hence parallel lines must be looked upon as lines whose 
point of intersection is at an infinite distance. 



CONCURRENCE OF STRAIGHT LINES. 65 

79. To find the condition that three straight lines ma/tf 
meet in a point. 

Let their equations be 

aiX-\-b^ + Ci = (1), 

a^ + b^ + C2 = (2), 

and a^'^b^ + c^ = (3). 

By Art. 77 the coordinates of the point of intersection 
of (1) and (2) are 

Va - ^2^1 ^^^ CiOa - CaOi 

a^b^^a^i Oi^a — Oj&i ^ '' 

If the three straight lines meet in a point, the point of 
intersection of (1) and (2) must lie on (3). Hence the 
values (4) must satisfy (3), so that 

^ ^ biC^-b^Ci ^ ^ ^ c^a^-c^ + c = 
aib2—aj)i Oi^a — aj6i 

l e, ag (6iCa.- b^ + 63 (c^a^ - c^ + c, (a^^ - aji)^ = 0, 
i.e. Oi (ftjjCs - ftjCj) + 61 (c^-c^^) + Ci {aj>i - ajb^) = ... (5). 

Aliter. If the three straight lines meet in a point let 
it be (oci, yi), so that the values qc^ and j/i satisfy the 
equations (1), (2), and (3), and hence 
OiXi + 61^1 + Ci = 0, 
a^ + b^i-rCi= 0, 
and OjflJi + 63^1 + Cg = 0. 

The condition that these three equations should hold 
between the two quantities Xi and yi is, as in Art 12, 
Oi, 61, Ci 
Oa, 62, Ca =0, 

which is the same as equation (5). 

80. Another criterion as to whether the three straight 
lines of the previous article meet in a point is the following. 

If any three quantities p^ q, and r can be found so 
that 
p {ojX + bii/ + Ci) + q {a^ + b^ + c^-\-r {a^ + b^ + c^) = 

iderUically, then the three straight lines meet in a point. 
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For in this case we have 

Oja; + ftjy + C8 = - - {a^x + \y + Cj) — ? {a^ + h^ +Cj) ...(1). 

Now the coordinates of the point of intersection of the 
first two of the lines make the right-hand side of (1) vanish. 
Hence the same coordinates make the left-hand side vanish. 
The point of intersection of the first two therefore satisfies 
the equation to the third line and all three therefore meet 
in a point. 

81. Bz. 1. Shew that the three straight lines 2a9-S2^-h5=:0, 
3ar+4y-7=0, and 9a;-5y + 8s=0 meet in a point. 

If we multiply these three equations by 6, 2, and - 2 we have 
identicaXly 

6(2a;-3y-t-5) + 2(3aj+4y -7)-2(9a;-62/+8)=0. 

The coordinates of the point of intersection of the first two linefl 
make the first two brackets of this equation vanish and hence make 
the third vanish. The common point of intersection of the first two 
therefore satisfies the third equation. The three straight lines 
therefore meet in a point. 

Bz. 2. Prove that the three perpendiculars drawn from, the 
vertices of a triangle upon the opposite sides all meet in a point. 
Let the triangle be ABC and let its angular points be the points 

(«i»yi)» (a;8.y2)» and (a;8,yj). 
The equation to BO is y - i/g = ^^"^^ (x - x^). 
The equation to the perpendicular from A on this straight line ia 

Xo — Xm, . 

y-yi= -— — ^(x-xx 
ys-Vi 

So the perpendiculars from B and C on CA and AB are 

y(yi-2/a)+^(«i-^s)=y2(yi-y8)+»2(^i-^8) (2), 

and y(y2-y])+^(^2-^i)=y8(y2-yi)+«8(«2-«i) W. 

On adding these three equations their sum identically vanishes. 
The straight lines represented by them therefore meet in a point. 
This point is called the orthoeentn of the triangle. 

82. To find the egv^ation to any straight line tuhich 
passes through the intersection of the tvx> straight lines 

aia; + % + Ci = (1), 

amd ajo; -I- 6jy + Ca = (2). 
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If (a^, y^ be the common point of the equations (I) 
and (2) we may, as in Art. 77, find the values of a^ and yi, 
and then the equation to any straight line through it is 

y-yi = «»(a:-aq), 

where m is any quantity whatever. 

Aliter. If .i be the common point of the two straight 
lines, then both equations (1) and (2) are satisfied by the 
coordinates of the point A, 

Hence the equation 

a^x + h^ + Cj + X" {a^ + 6jy + c,) = (3) 

is satisfied by the coordinates of the conmion point A^ 
where X is any arbitrary constant. 

But (3), being of the first degree in x and y, always 
represents a straight line. 

It therefore represents a straight line passing through A. 

Also the arbitrary constant X may be so chosen that (3) 
may fulfil any other condition. It therefore represents 
any straight line passing through A, 

83. Ibc Find the equation to the straight line which passes 
through the intersection of the straight lines 

2a:-3y+4=0, 3a?+4y-5=0 (1), 

and is perpendicular to the straight line 

6a;-7y + 8=0 (2). 

Solving the equations (1), the ooordinatea Xi, y^ of their common 
point are given by 

(-3) (-6) -4x4 4x3-2x(-6)""2x4-3x(-3)""^' 

80 that 3?!= -^ and yi=ff. 

The equation of any straight line through this common point is 
therefore 

This straight line is, by Art. 69, perpendicular to (2) if 

mxf=-l, t.«. ifm=-J. 
TheTequired equation is therefore 

t.«. X19a; + 102y = 126. 



68 



COORDINATE GEOMETRY. 



Aliter. Any straight line through the intersection of the straight 
lines (1) is 

2a;-3y + 4 + X(3a; + 4y-5)=0, 

i,e, (2 + 3\)a; + y(4X-3) + 4--5X=0 (3). 

This straight line is perpendicular to (2), if 

6 (2 + 3X) - 7 (4X - 3) =0, (Art. 69) 

ue. if X=f|. 

The equation (3) is therefore 

i.e, 119a;+102y- 125=0. 

Bisectors of angles between straight lines. 

84. To find the equations of the bisectors of the angles 
between the straight lines 

a^x + b:^ + c^ = (1), 

amd a^ + b^ + c^ = (2). 




Let the two straight lines be AL^ and AL^, and let the 
bisectors of the angles between them be AM^ and AM^, 

Let P be any point on either of these bisectors and 
draw PN^ and PN^ perpendicular to the given lines. 

The triangles PAN^ and PAN^ are equal in all respects, 
so that the perpendiculars PN^, and PN^ are equal in 
magnitude. 

Let the equations to the straight lines be written 
so that Cj and c^ are both negative, and to the quantities 

sl<^ + b^ and Ja^ + b^ let the positive sign be prefixed. 
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If P be the point (^, k), the numerical values of PiTj 
and FN^ are (by Art 75) 

Oih + bik + c. J o^ + ftjAj + c, ,,. 

— J — ==r— and — f — (1). 

If P lie on AMi, i,e. on the bisector of the angle 
between the two straight lines in which the origin lies, the 
point F and the origin lie on the same side of each of the 
two lines. Hence (by Art. 73, Cor.) the two quantities (1) 
have the same sign as c^ and c, respectively. 

In this case, since c^ and c, have the same sign, the 
quantities (1) have the same sign, and hence 
Oih + ftjA: + Ci _ a^ + bJo + c^ 

JaJTb^' ~ "^ V^« + V * 
But this is the condition that the point (A, k) may lie on 
the straight line 

OiX + 6iy + Ci _ a^ + b^ + c^ 

which is therefore the equation to AMy 

If, however, F lie on the other bisector AM^^ the two 
quantities (1) will have opposite signs, so that the equation 
to AM^ will be 

Oja; + 6iy + Ci _ a^ +b^ + c^ 

n/oi^ + V ~~ V^?+1^* 
The equations to the original lines being therefore 
arranged so that the constant terms are both positive (or 
both negative) the equation to the bisectors is 

VajSi + bi* - Vaji + y ' 
the upper sign giving the bisector of the angle in which 
the origin lies. 

85. Bx. Find the eqtutHoru to the Msectort of the angle$ 
between the etraight lines 

3a;-4y + 7=0 and iar-6y-8=0. 
Writing the equations so that their constant terms are both 
positive they ara 

3a;-4y+7=0 and -12a: + 6y + 8=0. 
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The equation to the bisector of the angle in which the origin lies 
is therefore 

3j;-4y + 7 _ -12a?+5y +8 

i.e, 13(3a;-4y + 7)=6(-12aj + 5y+8), 

i.e. 99aj-77y + 61=0. 

The equation to the other bisector is 

3j?--4y + 7 _ ~12g+5y + 8 
V^+^ "" Vl22+6« ' 
i.e. 13(3ar-4y + 7) + 5(-12j;+5y + 8)=0, 

i,e. 21ar+27y- 131=0. 

86. It will be found useful in a later chapter to have 
the equation to a straight line, which passes through a 
given point and makes a given angle with a given line, in 
a form different from that of Art. 62. 

Let A be the given point (A, k) and L'AL a straight 
line through it inclined at an 
angle to the axis of x. 

Take any point P, whose 
coordinates are (x, y), lying on 
this line, and let the distance 
APher. 

Draw FM perpendicular 
to the axis of x and AN' perpendicular to FM. 

Then x-h = AN = ilP cos tf = r cos d, 

and y-k = NF=AFB\ne-=^r^me, 

ij?=si" <»■ 

This being the relation holding between the coordinates 
of any point F on the line is the equation required. 

Cor, From (1) we have 

a; = ^ + rcosd and y=;A; + rsin^. 

The coordinates of any point on the given line are 
therefore h + r cos and A; + r sin ft 

87. To find the length of the straight line drawn 
through a given point in a given direction to meet a given 
straight line. 
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Let the given straight line be 

ila; + %-f (7 = (1). 

Let the given point A be (h^ k) and the given direction 
one making an angle $ with tne axis of x. 

Let the line (&awn through A meet the straight line 
(1) in P and let AP be r. 

By the corollary to the last article the coordinates 
of P are 

h + roo^B and k-^rvaxL$. 

Since these coordinates satisfy (1) we have 
i4(A + rco8d) + ^(ife + rsin^) + (7 = 0. 
. Ah-k-Bk^-C 

••^~ ilcos^-f^sin^ ^^^' 

giving the length AP which is required. 

Cor. From the preceding may be deduced the length 
of the perpendicular drawn from (A, k) upon (1). 

For the " t» " of the straight line drawn through A is 

tan^ and the "m" of (1) is - ^. 

This straight line is perpendicular to (1) if 



K-5)=-'' 



i,e. if tan^ = -j, 



tan^ 

a.Ti /J- _ 

A 



so that 
and hence 



cos $ sin $ 



A B JA^T^' 



.1 cos^ + ^sin^= 4^^:^ = n/I^^kZP'. 

Substituting this value in (2) we have the magnitude 
of the required perpendicular. 

BTAMPLBR. Vm. 

Find the coordinates of the points of iaterseotion of the straight 
lines whose equations are 

L 2aj-3y+5=30 and 7«+4y=3. 
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2. ? + |=landf + ?^=l. 
a b ha 

3. y=n^x-\' — and y=m^H . 

4. a;oos0i+y Bin0i=a and xooB4>2+y^ii<t>^==a. 

5. Two straight lines cut the axis of x at distances a and - a and 
the axis of y at distances h and V respectively ; find the coordinates 
of their point of intersection. 

6. Find the distance of the point of intersection of the two 
straight lines 

2a;-3y + 5=0 and 3a; + 4y=0 
from the straight line 

6j;-2y=0. 

7. Shew that the perpendicular from the origin upon the 
straight line joining the points 

(a cos a, a sin a) and (a cos /3, a sin p) 
bisects the distance between them. 

8. Find the equations of the two straight lines drawn through 
the point (0, a) on which the perpendiculars let fall from the point 
(2a, 2a) are each of length a. 

Prove also that the equation of the straight line joining tha feet 
of these perpendiculars is y + 2x= 5a. 

9. Find the point of intersection and the inclination of the two 
lines 

Ax+By=A + B and A{x-y)+B{x + y)=2B. 

10. Find the coordinates of the point in which the line 

2y-Bx + 7=0 
meets the line joining the two points (6, - 2) and ( - 8, 7). Find also 
the angle between them. 

11. Find the coordinates of the feet of the perpendiculars let fall 
from the point (5, 0) upon the sides of the triangle formed by joining 
the three points (4, 3), (-4, 3), and (0, -5); prove also that the 
points so determined lie on a straight line. 

12. Find the coordinates of the point of intersection of the 
straight lines 

2a;-3y = l and 5y-a;=3, 
and determine also the angle at which they cut one another. 

13. Find the angle between the two lines 

Sx+y+12=0 and a? + 2y-l=0. 
Find also the coordinates of their point of intersection and the 
equations of lines drawn perpendicular to them from the point 
(8, -2). 
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14. Prove that the points whose coordinates are respectively 
(5, 1), (1, - 1), and (11, 4) lie on a straight line, and find its intercepts 
on the axes. 

Prove that the following sets of three lines meet in a point. 

15. 2a;-3y=7, 3aj-4y = 13, and 8a;-lly = 33. 

16. 3x+4y + 6=0, 6a; + 5y + 9=0, and 3a; + 32/ + 5=0. 

17. ^ + 1=1, ^ + 1 = 1, andy=a;. 
a a 

18. Prove that the three straight lines whose equations are 
15a;-18T/ + l = 0, 12a5+10y-3=0, and 6x + 66y-ll=0 

all meet in a point. 

Shew also that the third line bisects the angle between the other 
two. 

19. Find the conditions that the straight lines 

y^mjX+a^f y=m^+a^, and y=:m^-^a^ 
may meet in a point. 

Find the coordinates of the orthocentre of the triangles whose 
angular points are 

20. (0,0), (2,-1), and (-1,3). 

21. (1,0), (2,-4), and (-5,-2). 

22. In any triangle ABC^ prove that 

(1) the bisectors of the angles A, B, and C meet in a point, 

(2) the medians, i.e. the lines joining each vertex to the middle 

point of the opposite side, meet in a point, 
and (3) the straight lines through the middle points of the sides 
perpendicular to the sides meet in a point. 

Find the equation to the straight line passing through 

23. the point (3, 2) and the point of intersection of the lines 

2x+Sy=l and 3a;-4y = 6. 

24. the point (2, - 9) and the intersection of the lines 

2x + 5y-8=0 and 3a;-4y=36. 

25. the origin and the point of intersection of 

x-y-4=zO and 7a;+y + 20=0, 
proving that it bisects the angle between them. 

26. the origin and the point of intersection of the lines 

- + | = 1 and T + -=l. 
a a 

27. the point (a, h) and the intersection of the same two lines. 

28. the intersection of the lines 

a?-2y-a=0 and jj+3y-2a=0 
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and parallel to the straight line 

3a? + 4y=0. 

29. the intersection of the lines 

a;+2y + 3=0 and 3aj+4y + 7=0 
and perpendicular to the straight line 

30. ^e intersection of the lines 

Sx-4y + l=0 and 5x+y-l=0 
and catting off equal intercepts from the axes. 

31. the intersection of the lines 

2x-Sy=10 and x+2y=Q 
and the intersection of the lines 

16j;-10y=33 and 12j;+14y+29=0. 

32. If through the angular points of a triangle straight l|nes he 
drawn parallel to the sides, and if the intersections of these lines be 
joined to the opposite angular points of the triangle, shew that the 
joining lines so obtained will meet in a point. 

33. Find the equations to the straight lines passing through the 
point of intersection of the straight lines 

Ax+By + G=:0 and A'x+B'y + G'=:0 and 

(1) passing through the origin, 

(2) parallel to the axis of y, 

(3) cutting off a given distance a from the axis of y, 
and (4) passing through a given point (x', y'), 

34. Prove that the diagonals of the parallelogram formed by the 
four straight lines 

jSx-{-y=0, fj^+x=0, ^3a:+y=l, and ^3y+a;=l 
are at right angles to one another. 

35. Prove the same property for the parallelogram whose sides 
are 

5 + 1=1 « + »=l, £ + 1=2. and f + l?=2. 
a b * b a ^ a b * b a 

36. One side of a square is inclined to the axis of a; at an angle a 
and one of its extremities is at the origin ; prove that the equationa 
to its diagonals are 

y (cos a ~ sin a) = a; (sin a+ cos a) 
and 2^ (sin a + cos a) + a; (cos a -sin a) = a. 

Find the equations to the straight lines bisecting the angles 
between the following pairs of straight lines, placing first the bisector 
of the angle in which the origin lies. 

37. a;+y^/3=6 + 2V3 and ar-y ^3 = 6-2^8. 
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38. 12a;+6y-4=0 and Sx+4y + l=0, 

39. 4a;+3y-7=0 and 24a; + 7y-31«0. 

40. 2ic+y=4 and y+Bx=5. 

Find the equations to the biseotors of the internal angles of the 
triangles the equations of whose sides are respectively 

42. 3j;+4y=6, 12a;-5y=3, and 4a?-3y+12=0. 

43. 3a:+6y=15, «+y=4, and 2x+y=^. 

44. Find the equations to the straight lines passing through the 
foot of the perpendicular from the point {h, k) upon the straight line 
Ax+By + C=0 and bisecting the angles between the perpendicular 
and the given straight line. 

45. Find the direction in which a straight line must be drawn 
through the point (1, 2), so that its point of intersection with the line 
07+^=4 may be at a distance ^/^6 6rom this point. 



CHAPTER V. 



THE STRAIGHT LINE (continued). 

POLAR EQUATIONS. OBLIQUE COORDINATES. 

MISCELLANEOUS PROBLEMS. LOCI. 

88. To find the general equation to a straight line in 
pola/r coordinates. 

Let p be the length of the perpendicular OF from the 
origin upon the straight line, and 
let this perpendicular make an 
angle a with the initial line. 

Let P be any point on the 
line and let its coordinates be r 
and^. 

The equation required will 
then be the relation between r, 0, p, and a. 

From the triangle OYP we have 

^ = rcos YOP ^r cos {a— 6) = r cos (0 — a). 

The required equation is therefore 
r cos (0 — a) =p. 

[On transforming to Cartesian coordinates this equation becomes 
the equation of Art. 53.] 

89. To find the polar equation of the straight line 
joining the points whose coordinates are (rj, Oi) amd (fj, B^, 
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Let A and B be the two given points and F Any point 
on the line joining them 
whose coordinates are r and 
0. 

Then, since 
aAOB=AAOF+aPO£, 
we have 

^rjT^ smAOB^^rjrahiAOP+irr^ sin FOB, 
i,e, rjT^ sin ($^ - $^) = r^r sin (0 - Oi) + rr^ sin (tf, - tf), 
si^(^>-^i) ^ sin(g-gi) sin(ga~g) 




OBLIQUE COORDINATES. 

90. In the previous chapter we took the axes to be 
rectangular; In the great majority of cases rectangular 
axes are employed, but in some cases oblique axes may be 
used with advantage. 

In the following articles we shall consider the proposi- 
tions in which the results for oblique axes are different 
from those for rectangular axes. The propositions of Arts. 
50 and 62 are true for oblique, as well as rectangular, 
coordinates. 

91. To find the eqvxUion to a straight line referred to 
oases inclined at an a/ngle co. 

Let LFL' be a straight line which cuts the axis of Y at 
a distance c from the origin and is 
inclined at an angle 9 to the axis 
of aj. 

Let F be any point on the 
straight line. Draw FNM parallel 
to the axis of y to meet OX in M, 
and let it meet the straight line 
through C parallel to the axis of x 
in the point N, 

Let F be the point (a;, y\ so that 

CN=OM = x, and FF^MF^OG^y-'C. 

5—2 
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Since L CPN=: i PNN' - l PCN'^i^-O, we have 

y-c NP _ ^inNCP sin^ 

~S C3r"sinC7Pir"~5n(<o-^)' 

_ sin^ .-. 

Hence y^x-r—. ^.+c (1). 

This equation is of the form 

y = mx + c, 

where 

sin sin $ tan 

m = 



sin (w — 6) sin <o cos — cos (o sin ^ sin <o — cos <o tan ^ ' 

and therefore tan $ = ■= . 

1 + m cos <o 

In oblique coordinates the equation 

y = nix + c 

therefore represents a straight line which is inclined at an 

angle 

. xn sin ai 
tan-i- 



1 + m cos o) 

to the axis of x. 

Cor. From (1), by putting in succession $ equal to 90** 
and 90** + w, we see that the equations to the straight lines, 
passing through the origin and perpendicular to the axes of 

X 

X and y, are respectively y = and y — —x cos cd. 

92. The axes being ohliquey to find the equation to the 
straight Ivne, such that the perpendicula/r on it/rom the origin 
is of length p a/nd makes angles a and p toith the axes of x 
amdy. 

Let LM be the given straight line and OK the perpen- 
dicular on it from the origin. 

Let P be any point on the 
straight line ; draw the ordinate 
PN and draw NR perpendicular 
to OK and PS perpendicular to 
NR. 

Let P be the point (x, y\ so 
that OiV'=a; and NP = y. 
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The lines NP and OF are parallel. 

Also OK and SP are parallel, each being perpendicular 

toira. 

Thus iSPJ^=iKOM=p. 

"We therefore have 
p = 0K= OB + ^P= OiTcos a + ilTPcos j8 = a: cos a + y cos j8. 

Hence ajcosa + ycos j8— p = 0, 

being the relation which holds between the coordinates of 
any point on the straight line, is the required equation. 

93. To jvnd the angle hettveen the etraight lines 
y = mx + c cmd y = mx-¥c\ 
the axes being oblique. 

If these straight lines be respectively inclined at angles 
ajid ^ to the axis of Xy we have, by the last article, 

^ 971 sin 0) J ^ ^ w'sino) 

tan & = = and tan (r = - 



l + m cos 0) 1 + 7/i' cos (I) ' 

The angle required is tf -* tf '. 

XT 4. //I nf\ tantf-tan^' 

Now tan (6 - 6') = :; — r — ^—r — z> 

^ ^ 1+tan^.tan^' 



msuKo m sin id 



_ 1 + m cos 0) 1 + m' cos to 

. msino) m sino) 

1 + = , 

l+m cos (0 1+m cos <o 

_ w sin ft) ( 1 + m' cos (o) - w' sin (I) (1 + w cos 0)) 

(1 + w cos 0)) (i + m' cos 0)) + mw' sin* <o 
__ (m — w') sin w 

1 + (m + m') cos ft) + mW * 
The required angle is therefore 

tan-i (m-mQsinft) 

1 + (wi + m') cos ft) + mm' * 

Cor. 1. The two given lines are parallel if xn = m'. 
Cor. 2. The two given lines are perpendicular if 
l + (m4-m') cosoi + mm'ssO. 
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94. If the straight lines have their equations in the 
fonu 

Ax + By + C = and A'x + Bf/ + C = 0, 

then m = - ^ and m' = -^^. 

If JS 

Substituting these values in the result of the last article 
the angle between the two lines is easily found to be 

, _j • A'B'-Aff 

^'^' AA!^BB'^(AF^A!B)c^J''^''' 
The given lines are therefore parallel if 

They are perpendicular if 

AA! + BF = {AB'-^ A'B) cos o). 

05. Bz. The axes being inclined at an angle of 80^, obtain the 
eqitations to the straight lines which pass through the origin and are 
inclined at 45° to the straight line ^ + ^=1. 

Let either of the reqnired straight lines be y=^mx. 

The given «traight line is y = - a; + 1, so that m' s - 1. 

We therefore have 

(to - m') sin w . / . ^ mx 

— -i --i ■ z=: tan ( ds 46°), 

l + Cwi+TO^cosw+mwi' ^ 

where m'= - 1 and w=80°. 

m+l 
Thia equation giyes ^_^_^^-^j_^= ±1. 

Taking the upper sign we obtain ms - -75 • 

Taking the lower sign we have m= -^^3. 
The required equations are therefore 

y=-jSx and y=---^a;, 

i.e, p+J3x=0 and ^3y + a;=0. 

96. To Jlnd the length of the perpendiciUar from the 
point {x\ y') upon the straight lins Ax + Bi/+C = 0, the axes 
being inclined a/t am, angle co, and the equation being written 
80 that C is a negative quantity. 
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Tjet the given straight line meet the axes in L and My 
so that 0L = --. and 0M= - ^. 

liet P be the given point (a/, y^. 
Draw the perpendiculars PQ^ PR^ 
and PS on the given line and the 
two axes. 

Taking and P on opposite sides 
of the given line, we then have 




^.e. 



aLPM + £^MOL::^aOLP + aOPM, 
PQ.LM+OL.OMamio = OL.PE+OM.PS,„(l). 



Draw PU and PV parallel to the axes of y and x, so 
that PU=r/ and Pr=x\ 

Hence PR = P27 sin P[7i? = y' sin w, 

and PS=PVsiD.PVS = x' sin co. 

Also 

LM= ^OD + Oif * - 20Z . Oif cos co 



yC^ (P (7* /T" 



I ^ COSO) 



since (7 is a negative quantity. 

On substituting these values in (I), we have 

2 cos 



^^(-C)-^j, + ii-'' 






\ that 



C , . G , . 

= ~-2 -y siiKij — "D-a! sino), 

V A3I + B> - 2 AB COS Oi 



Cor. If (0 = 90°, t.e. if the axes be rectangular, we 
have the result of Art. 75. 
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EXAMPLES. IX. 

1. The axes being inolined at an angle of 60°, find the inclination 
to the axis of x of the straight lines whose equations are 

(1) y=2x + 5, 
and (2) 2y=(V3-l)a; + 7. 

2. The axes being inclined at an angle of 120% find the tangent 
of the angle between the two straight lines 

8a; + 7y=l and 2&r-73y=101. 

3. With oblique coordinates find the tangent of the angle 
between the straight lines 

y=nix-\-c and my+x=d. 

llir 19ir 

4. If ^=^ tan — - and y=x tan -^ represent two straight lines 

at right angles, prove that the angle between the axes is j . 

5. Prove that the straight lines y+x=c and y=x + d are at 
right angles, whatever be the angle between the axes. 

6. Prove that the equation to the straight line which passes 
through the point {ht k) and is perpendicular to the axis of x is 

x+y0OS(a=h+kQO8<a, 

7. Find the equations to the sides and diagonals of a regular 
hexagon, two of its sides, which meet in a corner, being the axes of 
coordinates. 

8. From each corner of a parallelogram a perpendicular is drawn 
upon the diagonal which does not pass through that corner and these 
are produced to form another parallelogram ; shew that its diagonals 
are perpendicular to the sides of the first parallelogram and that they 
both have the same centre. 

9. If the straight lines y=miX+Ci and y:=m^x + C2 make equal 
angles with the axis of x and be not parallel to one another, prove 
that mi+m2+2%m2 cos w^O. 

10. The axes being inclined at an angle of 30% find the equation 
to the straight line which passes through the point ( - 2, 3) and is 
perpendicular to the straight line y + 3a;=:6. 

11. Find the length of the perpendicular drawn from the point 
(4, -3) upon the straight line 6a; + 3^ -10=0, the angle between the 
axes being 60°. 

12. Find the equation to, and the length of, the perpendicular 
drawn from the point (1, 1) upon the straight line 3a; +4^ + 6=0, the 
angle between the axes being 120°. 
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13. The coordinates of a point P referred to axes meeting at an 
angle w are (A, k) ; prove that the length of the straight line joining 
the feet of the perpendionlars from P npon the axes is 

sin w Jh^-\-k^ + 2hk<iOBta, 

14. From a given point (h, k) perpendiculars are drawn to the 
axes, whose inclination is w, and their feet are joined. Prove that 
tiie length of the perpendicular drawn from (h, h) upon this line is 

hkem^u 
^/i2+&3+2AA;cosw' 
and that its equation U hx-ky=h^-k'. 

Straight lines passing through fixed points. 

97- If the equation to a straight line he of the form, 

ax + by + c + X (a'x + b'y + c') = (1), 

wh^ere X is any arbitrary constant, it cdways passes through 
one fioced point whatever be the value ofX. 

For the equation (1) is satisfied by the coordinates of 
the point which satisfies both of the equations 

ax + by + c = 0, 
and a^x + b'y + c' = 0. 

This point is, by Art. 77, 

( bc'-b'c ca' - c'a \ 
\ab'-aV ab'-abj' 
and these coordinates are independent of X. 

Bz. Given the vertical angle of a triangle in magnitude and 
position^ and also the sum of the reciprocals of the sides which contain 
it; shew that the base always parses through a fixed point. 

Take the fixed angular point as origin and the directions of the 
indes containing it as axes ; let the lengths of these sides in any such 
triangle be a and &, which are not therefore given. 

We have - + T=oonst.=7 (say) (1). 

a b k^ '^ ' 

The equation to the base is 

a^b ^' 



^-,by(l). S+yG-^) = l. 



1(,_,)+|.1.0. 
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Whatever be the valne of a this straight line always passes through 
the point given by 

x-y=0 and |-1=0, 

i,e. through the/a;ed point (fe, fc). 

98. Prove that the coordinates of the centre of the 
circle inscribed in the trianglej whose vertices are the points 
(aa, yi\ (a^, 3^2), o.nd {x^, y,), are 

adi^+hx^ + cx^ ^ ay^ + hy^ + cy^ 
a+6+c a+6+c ' 

where a, 6, a/nd c a/re the leyigths of the sides of the triangle. 

Find also the coordinates of the centres of the escribed 
circles. 

Let ABC be the triangle and let AD and CE be the 
bisectors of the angles A and C 
and let them meet in 0', 

Then 0' is the required point. 
Since AD bisects the angle 
BAG we have, by Euc. VI. 3, 
BD DC _ BD + DG _ a 
BA" AG~ BA+AG~ b + c' 
so that 

ba 




(xj.yi) 



'(^j'^j) 



DG = 



b + c' 



Also, since GO' bisects the angle AGDy we have 

J^'_^^ b b + c 

O'D" GD~'la_'~ a ' 

b + c 

The point D therefore divides BG in the ratio 

BA : AG, le. c : b. 

Also 0' divides AD in the ratio b + c : a. 

Hence, by Art. 22, the coordinates of D are 

cx^ + bx^ J cy3 + ^!/2 

= — and =— . 

c+b c+b 
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Also, by the same article, the coordinates of & are 

^ ^ c + 6 ^ J ^ ' c + 5 ^^ 

(6 + c) + a (6 + c) + a ' 

ar»i + fta^a + ciKg , ayi + ^ya + cyg 

^.e. J ana 7 . 

a+6+c a+6+c 

Again, if 0^ be the centre of the escribed circle opposite 

to the angle A^ the line CO^ bisects the exterior angle of 

ACB, 

Hence (Euc. VI. A) we have 

AOy_AG^_ hjtc^ 

OJ)' CD~ a ■' 

Therefore Oi is the point which divides AD externally in 

the ratio h-i-c : a. 

Its coordinates (Art. 22) are therefore 

^^^^^"TTF-"^ and ''^^-^ 

(6 + c) — a ^""""^r+c)"^^^"" ' 

— a+6+c — a+5+c 

Similarly, it may be shewn that the coordinates of the 
centres of the escribed circles opposite to B and G are 
respectively 

/ axi -boc^ + cx^ gyi-ftya + cy, \ 
\a-6 + c ' a — 5 + c /' 
and /axi-^hx^-cx^ ayi + hy^-cy^ \ 

\ a + 6 — c '• a-^b — c / 

99. As a numerical example consider the case of the 
triangle formed by the straight lines 

3a;+4y-7 = 0, 12a; + 5y-17=0 and 5a: + 12y- 34 = 0. 

These three straight lines being BC,. CA, and AB 
respectively we easily obtain, by solving, that the points 
A, By and C are 

/2 19\ /-52 67\ . n ^^ 
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Hence 

iT^ ,v /67 r\» IW~hV 

^ = VV16"'V''V16"V^V16«^T6-^ 



and 



/72 52y /1 9 67y_^ /3 96» + 16y 

^^ V V7^W ■*'VT""T6y "V "~TT2^ 



Hence 



33 .^ 429 



85 2 170 85 19 1615 



«»^=T«^ 7 = TTo; «yi = T-c^Tr 



16 7 112' ^' 16 7 ~ 112 ' 

13 -52 676 , _13 67 _ 871 
6a:,-yx-j-g - j-j-g; '•y«-T'*T6~il2' 

429 , 429 

*^ = TT2' ^*^ '^' = Ti2- 

The coordinates of the centre of the incircle are therefore 

170 _ 676 429 1615 871 429 

112 1 12"^ 112 , 112 "^ 112"^ 112 

^ 1^ 429 ^^^ &5 13 429 > 
16"*" 7 ■*■ 112 16"*" 7 "*"112 

-1 ^ 265 
^ and j^. 

The length of the radius of the incircle is the perpen- 
dicular from ( — T^> TTq) ^P^^ *^® straight line 

3a; + 4y-7 = 0, 



and therefore 
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(-4)*(-fg)-' 



21 + 1060-784 255 51 



5x112 ~5xll2~112' 

The coordinates of the centre of the escribed circle 
^which touches the side BG externally are 

_170_676 429 __1615 871 429 

112 112'*'112 112 "^ 112"^ 112 

_85 13 42^ ^"""^ 85 13 429 ' 

le"*" 7 ■*" 112 16"*" 7 "^112 

_417 J -315 
__ and -J2-. 

Similarly the coordinates of the centres of the other 
escribed circles can be written down. 

lOO. Bz. Find the radius^ and the coordinates of the centre, of 
the circle circumscribing the triangle formed by the points 
(0, 1), (2, 3), and (3, 6). 
Let (xj, y^) be the required centre and B the radius. 
Since the distance of the centre from each of the three points is the 
same, we have 

V+(yi-l)"=(^i-2)«+(yi-3)«=(xi-3)«+(yi-6)«=B»...(l). 
From the first two we have, on redaction, 

From the first and third equations we obtain 

6a?i+8yi=33. 
Solying, we have ari= - f and yj^=^. 
Substituting these values in (1) we get 
i2=4N/10. 

lOl* Bac Prove that the middle points of the diagonals of a com- 
plete qtuidrilateral lie on the same straight Une, 

[Oomplote qnad r lla t araL Bef. Let OACB be any quadrilateral. 
Let AC and OB be produced to meet in E, and BG and OA to meet in 
jP. Join AB, OCt and EF. The resulting figure is called a complete 
quadrilateral ; the lines AB, OC, and EF are called its diagonals^ and 
die points E^ F, and JP (the int^section of AB and OC) are called its 
vertices.] 
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Take the lines OAF and QBE as the axes of x and y, 
/Y 




F X 



Let 0A=2a and 0JB=2&, so that ^ is the point (2a, 0) and B is 
the point (0, 25) ; also let C be the point (2^, 2k). 

Then L, the middle point of OCt is the point {h, k), and Jlf, the 
middle point of AB, is (a, &). 

The eqnation to LM is therefore 

».«. (^-o)y-(A;-6)a;=6A-aife (1). 

Again, the eqnation to BC iay-2h= -t-~sb. 

Putting y =0, we have a? = -^ — r » so that JT is the point 

(2a*\ 
0, - r ) . 

Hence Ny the middle point of EF^ is ( ^—j- , -^^ — } . 

These coordinates clearly satisfy (1), Le, N lies on the straight 
lineliif. 

EXAMPLES. X. 

1, A straight line is such that the algebraic snm of the perpen- 
diculars let fell upon it firom any numb^ of fixed points is zero ; 
shew that it always passes through a fixed point. 

2. Two fixed straight lines OX and OF are cut by a variable line 
in l^e points A and B respectively and P and Q are the feet of the 
perpendiculars drawn from A and B upon the lines OBY and OAX, 
Shew that, if AB pass through a fixed points then PQ will also pass 
through a fixed point. 
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3. If the equal si^efl AB and il(7 of an iaoaeeles triangle be |nro- 
dnoed to E and F so that BE . CF = AB^, shew that the line EF will 
always pass through a fixed point. 

4. If a straight line move so thai the sum of the per^ndicuUun 
let fall on it from the two fixed points (3, 4) and (7, 2) is equal to 
three times the perpendicular on it from a third fixed point (1, S), 
prove that there is another fixed point through which this line always 
passes and find its coordinates. 

Find the centre and radius of the circle which is inscribed in the 
triangle formed by the straight lines whose equations are 

5. 3a5+4y + 2=0, 3a?-4y + 12=0, and 4x-8y=0. 

6. 2a:+4y + 3=0, 4a; + 3y + 3 = 0, and ar+l=0. 

7. y=0, 12a;-6y=0, and 3aj+4y-7=0. 

8. Prove that the coordinates of the centre of the circle inscribed 
in the triangle whose angular points are (1, 2), (2, 8), and (3, 1) are 

8±NA0andi^:^. 
6 6 

Find also the coordinates of the centres of the escribed circles. 

9. Find the coordinates of the centres, and the radii, of the four 
circles which touch the sides of the triangle the coordinates of whose 
angular points are the points (6, 0), (0, 6), and (7, 7). 

10. Find the position of the centre of the circle circumscribing 
the triangle whose vertices are the points (2, 3), (3, 4), and (6, 8). 

Find the area of the triangle formed by the straight lines whose 
equations are 

11. y=Xy y=2a?, and y=8a:+4. 

12. y+a;=sO, y=a; + 6, and y = 7x+B. 

13. 2y + a;-6=0, y + 2x-7=0, and x-y-f 1=0. 

14. 3a: - 4y + 4a = 0, 2ip - 3y + 4a = 0, and 6x - y -f a = 0, proving also 
that the feet of the perpendiculars from the origin upon them are 
coUinear. 

15. y=ax-be, y=6x-ca, and y=cx-ab. 

16. y=mia?+~, y=i»VJ+--, and y=m^+^. 

17. y=mjpD+eit yssm^+e^, and the axis of y. 

18. y=mi»+<Ji, y=mja;+(jj, and y=m^ + e^, 

19. Prove that the area of the triangle formed by the three straight 
HnesajX + ^iy+CisO, a^ + h^+e2=0, and a^ + b^+c^=:0 is 

Oj, ftj, Ci 
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20. Prove that the area of the triangle formed by the three straight 
lines 

^oosa+^sina-j>i=:0, xooBp+yaiip-'P2=0, 

and a5C087+yBin7-p,= 0, 

jg , {l)iSin(7-j8)+p88m(a-7)-fj?,siD(/3~a)}« 

^ sin (7 - p) sin (a - 7) sin (/3 - a) 

21. Prove that the area of the parallelogram contained by the 
lines 

4y-8a;-a=0, %-4flj+a=0, 4y-3a;-8a=0, 

and 3y-4a?+2a=0 is fi«. 

22. Prove that the area of the parallelogram whose sides are the 
straight lines 

and a^+b^+d2=0 

^ (di"gi)(da~ca) ^ 

23. The vertices of a quadrilateral, taken in order, are the points 
(0, 0), (4, 0), (6, 7), and (0, 3) ; find the coordinates of the point of 
intersection of the two lines joining the middle points of opposite 
sides. 

24. The lines x+2/ + 1=0, a; -y + 2=0, 4a:+2y + 3=0, and 

aj + 2y-4=0 

are the equations to the sides of a quadrilateral taken in order ; find 
the equations to its three diagonals and the equation to the line on 
which their middle points lie. 

25. Shew that the orthocentre of the triangle formed by the three 
straight lines 

y=mjX-{- — , y=m^+--, and y=m,aj+^ 

fill m2 fn^ 

is the point 

\-'ata(— + — + — + )> . 

26. ^ ft&d B are two fixed points whose coordinates are (8, 2) and 
(5, 1) respectively ; ABP is an equilateral triangle on the side of AB 
remote from the origin. Find the coordinates of P and the orthor 
centre of the triangle ABP, 

102. Ex. The base of a triomgle is fixed; find the 
locus of the vertex when one base angle is double of the 
other. 
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Let AB be the fixed base of the triangle; take its 
middle point as origin, the direc- 
tion of OB as the axis of x and a ^ 
perpendicular line as the axis of y, ^-^.^ 

Let AO=OB = a, ^^-"""^^j 

If P be one position of the A O B N X 
vertex, the condition of the problem then gives 

lPBA^^lFAB, 
i.e. 7r-^ = 2^, 
^.c, — tan^=:tan2^ 

Let F be the point (A, k). We then have 

■= = tan $ and -7 = tan d>, 

h + a h — a 

Substituting these values in (1), we have 
h h + a 2(A + a)ife 

T 



.(1). 



h-a 



1 



U + J 



(A+a)«-*«' 



Le. -(A + a)» + A:» = 2(A«-a>), 

^.6. ifc«-3A»-2aA + a* = 0. 

But this is the condition that the point (A, k) should lie 
on the curve 

y"-3a^-2aa; + a« = 0. 
This is therefore the equation to the required locus. 

103. Ex. From a point P perpendiculars FM and 
FN are drawn upon two fixed lines which are indi'Md at an 
angle <t> a/nd meet in a fixed point ; if F move on a fiaced 
straight line, find the hcus of the middle point of MN. 

Let the two fixed lines be taken as the axes. Let the 
coordinates of P, any position of the 
moving point, be (A, /j). 

Let the equation of the straight 
line on which F lies be 

-4aj + % + (7-0, 
BO that we have 

Ah-¥Bk-\-G^O (1). 

L. 




p 

(h.k) 
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Draw PL and PL' parallel to the axes. 
We then have 

0M= OL + LM = OL + LP cos<o = h + k cos w, 
and 0F= OL' '\'LN--=^LP + Z'P cos « = /j + A cos <u. 

M is therefore the point {h-^h cos w, 0) and N is the point 
(0, A; + A cos 0)). 

Hence, if (a;', y') be the coordinates of the middle point 
of MN^ we have 

2a;' = A + A: cos o) (2), 

and 22/' = A: + A cos 0) (3). 

Equations (1), (2), and (3) express analytically all the 
relations which hold between a;', y\ h, and h 

Also h and h are the quantities which by their variation 
cause Q to take up different positions. If therefore between 
(1), (2), and (3) we eliminate h and k we shall obtain a 
relation between x' and y' which is true for all values of h 
and Aj, i. e. a relation which is true whatever be the position 
that P takes on the given straight line. 

From (2) and (3), by solving, we have 

^^ 2(a;'-y'coso)) ^^^ ^^ ^ 2 (i/ - x' co& ni) 
sin' CD sin* co 

Substituting these values in (1), we obtain 

2 A {x' - y' cos (o) + 2B {y' -x' co8w) + C sin* w = 0. 

But this is the condition that the point {x\ y') shall 
always lie on the straight line 

2A(x — y cos id) -{■ 2B {y — X cos w) + (7 sin^ w = 0, 
i. e. on the straight line 

a; (.4 — 5 cos a>) + y (^ - il cos 0)) + ^ C sin^ (0 = 0, 
which is therefore the equation to the locus of Q, 

104. XiX. A straight line u dravm parallel to the 
base of a given triangle and its extremities are joined trans- 
versely to those of the base/ Jmd the locus of the point 
of intersection of tlie joining lines. 
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Let the triangle be OAB and take as the origin and 
the directions of OA and OB 
as the axes of x and y. 

Let OA=a and OB=h, 
so that a and h are given 
quantities. 

Let A'B be the straight 
line which is parallel to the 
base AB, so that 

OA' OB' ^ ^ . 
OA=OB = ^^'^^^^ 
and hence OA' = Xa and OB' = XJb, 

For different values of A. we therefore have different 
positions of A'B'. 

The equation to AB' is 




a Xb 



•(1). 



and that to A'B 






.(2). 



Since P is the intersection of AB^ and A'B its coordi- 
nates satisfy both (1) and (2). Whatever equation we 
derive from them must therefore denote a locus going 
through P. Also if we derive from (1) and (2) an equation 
which does not contain X, it must represent a locus which 
passes through P whatever be the value of X; in other 
words it must go through all the different positions of the 
point P. 

Subtracting (2) from (1), we have 



l('-MS-)=°. 



I.e. 



y 



This then is the equation to the locus of P. 
always lies on the straight line 

h 



Hence P 



5—2 
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which is the straight line OQ where OAQB is a parallelo- 
gram. 

Aliter. By solving the equations (1) and (2) we 
easily see that they meet at the point 

(aTi"'xIiO- 

Hence, if P be the point (A, k\ we have 

h = r — L a and k = r — =- 6. 
X+1 X+1 

Hence for all values of X, i.e. for all positions of the 
straight line A'F^ we have 

h_k 

a b ' 

But this is the condition that the point (A, k)y i.e. P, 
should lie on the straight line 

X y 
a^b' 
The straight line is therefore the required locus. 

105. Ex. A variable straight line is dratvn through 
a given point to crit two fixed straight lines in B and S ; 
on it is taken a point P stich that 

'0P~ OE'^ OS' 

shew that the locus of Pis a third fixed straight line. 

Take any two fixed straight lines, at right angles and 
passing through 0, as the axes and let the equation to the 
two given fixed straight lines be 

ila; + % + (7=0, 

and A'x + Fy + G'=^0. 

Transforming to polar coordinates these equations are 

1 AcmO + Bsme J 1 ^'costf + ^sintf 
-=-- C »^d -=- c^ • 
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If the angle XOR be 6 the values of -^r^ and ^r^ are 

UK I/O 

therefore 

^cos^+^sin^ , A' cmO + B'^ivLe 
— and ^ • . 

c c 

"We therefore have 

2 AcoaO + BainO A' cob + £' sia 

0P~ G C 

(A A'\ . ^£ £'\ . . 

The equation to the locus of P is therefore, on again 
transforming to Cartesian coordinates, 

„ /A A'\ (B B\ 

and this is a fixed straight line. 
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The base BC (=2a) of a triangle ABC is fixed; the axes being 
BC and a perpendicular to it through its middle point, find the looas 
of the vertex A, when 

1. the difference of the base angles is given (=a). 

2. the product of the tangents of the base angles is given (=X). 

3. the tangent of one base angle is m times the tangent of the 
other. 

4. m times the square of one side added to n times the square of 
the other side is equal to a constant quantity cK 

From a point P perpendiculars PM and PN are drawn upon two 
fixed lines which are inclined at an angle », and which are token as 
the axes of coordinates and meet in ; find the locus of P 

5. if OM+ONhe equal to 2c. 6. if OM-ONhe equal to 2d. 
7. if P3f + P2^ be equal to 2c. 8. if PM - PN be equal to 2c. 
9. if MN be equal to 2c. 

10. if MN pass through the fixed point (a, &). 
XI. if MN be parallel to the given line ys=mx. 
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12. Two fixed points A and B are taken on the axes Buch that 
OAz=.a. and 0£=&; two variable points A' and B* are taken on the 
same axes; find the locas of the intersection of AB* and A'B 

(1) when OA'^OB'^OA^OB, 

and (2) when ^,_^, = ^_^. 

13. Through a fixed point P are drawn any two straight lines to 
cnt one fixed straight line OX in A and B and another fixed straight 
line or in C and D ; prove that the locus of the intersection of the 
straight lines AC and BB is a straight line passing through 0. 

14. OX and OY are two straight lines at right angles to one 
another; on OF is taken a fixed point A and on OX any point B\ 
on AB an equilateral triangle is described, its vertex C being on the 
side of AB away from 0. Shew that the locus of C7 is a straight 
line. 

15. If a straight line pass through a fixed point, find the locus of 
the middle point of the portion of it which is intercepted between two 
given strai^t lines. 

16. A and B are two fixed points; if BA and BB intersect a 
constant distance 2c from a given straight line, find the locus of P. 

17. Through a fixed point are drawn two straight lines at right 
angles to meet two fixed straight lines, which are also at right angles, 
in the points P and Q. Shew that the locus of the foot of the 
perpencUcular from on PQ is a straight line. 

18. Find the locus of a point at which two given portions of the 
same straight line subtend equal angles. 

19. Find the locus of a point which moves so that the difference 
of its distances from two fixed straight lines at right angles is equal 
to its distance from a fixed straight line. 

20. A straight line AB^ whose length is c, slides between two 
given oblique axes which meet at 0; find the locus of the orthocentre 
of the triangle OAB. 

21. Having given the bases and the sum of the areas of a number 
of triangles which have a common vertex, shew that the locus of this 
vertex is a straight line. 

22. Through a given point O a straight line is drawn to cut two 
given straight lines in B, and S ; find the locus of a point P on this 
variable straight line, which is such that 

(1) 20P=OJ2 + 05, 

and (2) 01^=2 OR. OS, 
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23. Oiven n straight lines and a fixed point 0; through O is 
drawn a straight line meeting these lines in the points B^, R,^ R^y 
...R^ and on it is taken a point R such that 

shew that the loous of 22 is a straight line. 

24. A variable straight line oats off from n given oonoorrent 
straight lines intercepts the sum of the reciprocals of which is con- 
stant. Shew that it always passes through a fixed point. 

25. If a triangle ABC remain always similar to a given triangle, 
and if the point A be fixed and the point B always move along a 
given straight line, find the locus of the point C 

26. A right-angled triangle ABC, having C a right angle, is of 
given magnitude, and the angular points A and B slide along two 
given perpendicular axes; shew that the locus of C is the i>air of 

straight lines whose equations are y= ^-x, 

e 

27. ^wo given straight lines meet in 0, and through a given point 
P is drawn a straight line to meet them in Q and 12; if the 
parallelogram 0Q8R be completed find the equation to the loous 
of 5. 

28. Through a given point O is drawn a straight line to meet two 
given parallel straight lines in P and Q ; through P and Q are drawn 
straight lines in given directions to meet in 12 ; prove that the locus of 
12 is a straight line. 



CHAPTER VI. 

ON EQUATIONS REPRESENTING TWO OR MORE 
STRAIGHT LINES. 

106. Suppose we have to trace the locus represented 
by the equation 

y»-.3a:y + 2ar» = (1). 

This equation is equivalent to 

(y-a;)(y-2*) = (2). 

It is satisfied by the coordinates of all points which 
make the first of these brackets equal to zero, and also by 
the coordinates of all points which make the second 
bracket zero, i,e, by aU the points which satisfy the 
equation 

y-a: = 0..... (3), 

and also by the points which satisfy 

y-2x=:0 (4). 

Buty by Art. 47, the equation (3) represents a straight 
line passing through the origin, and so also does equa- 
tion (4). 

Hence equation (1) represents the two straight lines 
which pass through the origin, and are inclined at angles of 
45* and tan"^ 2 respectively to the axis of x, 

107. Sz. 1. Trace the locus xy = 0. This equation 
is satisfied by all the points which satisfy the equation 
33 = and by all the points which satisfy y = 0, i,e, by 
all the points which lie either on the axis of y or on the 
axis of X, 
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The required locus is therefore the two axes of coordi- 
nates. 

Sz« 2. Trace the locus a:' — 5a; + 6 = 0. This equation 
is equivalent to (a; — 2) (a? — 3) = 0. It is therefore satisfied 
by all points which satisfy the equation a; — 2 = and also 
by all the points which satisfy the equation a; — 3 = 0. 

But these equations represent two straight lines which 
are parallel to the axis of y and are at distances 2 and 3 
respectively from the origin (Art. 46). 

Sz. 3. Trace the locus ajy - 4a; - 5y + 20 = 0. This 
equation is equivalent to (a:— 5)(y — 4) = 0, and therefore 
represents a straight line parallel to the axis of ^ at a 
distance 5 and also a straight line parallel to the aids of x 
at a distance 4. 

108. Let us consider the general equation 

aa^+2hxy + hy^ = (1). 

On multiplying it by a it may be written in the form 

(aV + 2ahxi/ +. hy) -(h^-ah)y' = 0, 

Le. {{ax + hy) + f/Jh^'-ab} {(ax + hy) -yjh^-ah} = 0. 

As in the last article the equation (1) therefore repre- 
sents the two straight lines whose equations are 

ax-hhy + yjh^-ab = (2), 

and ax + hy-^y Jh^ — a6 = (3), 

each of which passes through the origin. 

For (1) is satisfied by all the points which satisfy (2), 
and also by all the points which satisfy (3). 

These two straight lines are real and different if h^>ab, 
real and coincident if h^ = a5, and imaginary if h^<ab, 

[For in the latter case the coefficient of y in each of the 
equations (2) and (3) is partly real and partly imaginary.] 

In the case when h^<ah, the straight lines, though 
themselves imaginary, intersect in a real point. For the 
origin lies on the locus given by (1), since the equation (1) 
is always satisfied by the values a? = and y = 0. 
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109. An equation such as (1) of the previous article, 
which is such that in each term the sum of the indices of x 
and y is the same, is called a homogeneous equation. This 
equation (1) is of the second degree; for in the first term 
the index of a; is 2 ; in the second term the index of both x 
and y is 1 and hence their sum is 2 ; whilst in the third 
term the index of y is 2. 

Similarly the expression 

3af» + 4arV - Sicy^ ^ 9^ 
is a homogeneous expression of the third degree. 
The expression 

Sas* + is(?y — 5ajy* + 91/* — Txy 

is not however homogeneous; for in the first four terms 
the sum of the indices is 3 in each case, whilst in the last 
term this sum is 2. 

From Art. 108 it follows that a homogeneous equation 
of the second degree represents two straight lines, real and 
different, coincident, or imaginary. 

110. The aaces being recta/ngvlar, to find the angle 
between the straight lines given by the equation 

aa^-\-2hat^-\-by'=^0 (1). 

Let the separate equations to the two lines be 

y — rnripc = and y — m^x = (2), 

so that (1) must be equivalent to 

b {y -mjx) {y -m^) = (3). 

Equating the coefficients of ocy and a^ in (1) and (3), we 
have 

— b (mi + 7/?2) = 2A, and bm^^ = a, 

i.\. J. 2h ^ a 

so that mj + mg = — -^ , and m^m^ = v • 
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If ^ be the angle between the straight lines (2) we 
have, by Art. 66, 

1 + m^ma 1 + mjfn^ 



V 6« 



.(4). 



^ b 2Vfag-ab 

"" -, a a + b 

6 

Hence the required angle is found. 

111. Condition that the straight lines of the j/reviov^ 
article nuty he i^) perpendicular', and (2) coincident 

(1) If a + 6 = the value of tan ^ is oo and hence is 
90* ; the straight lines are therefore perpendicular. 

Hence two straight lines, represented by one equation, 
are at right angles if the algebraic sum of the coefficients of 
a? and y^ be zero. 

For example, the equations 

a^-y" = and 6ar* + lliBy-6y«=0 

both represent pairs of straight lines at right angles. 

Similarly, whatever be the value of A, the equation 

ar' + 2Aicy-y» = 0, 

represents a pair of straight lines at right angles. 

(2) If A^ = a&, the value of tan is zero and hence is 
zero. The angle between the straight lines is therefore 
zero and, since they both pass through the origin, they are 
therefore coincident. 

This may be seen directly from the original equation. 
For if h? = aby i,e. h = Jah, it may be written 

oaf + 2^a6 ojy + 6y*= 0, 

ix. {Jax + Jhyy=0, 

which is two coincident straight lines. 



92 



COORDINATE GEOMETRY. 



112. To find the equation to the straiglU Imea bisecting 
the cmgle between the straight lines given by 

aa?-^2hxy + bf = (1). 

Let the equation (1) represent the two straight lines 




L^OM^ and L^OM^ inclined at angles 0^ and 0^ to the axis 
of Xy so that (1) is equivalent to 

b{y^x tan 6^ (y — x tan O^) = 0. 
Hence 

tan^i + tan^2 = - -^ , and tan^i tan^a = Y ...(2). 

Let OA and OB be the required bisectors. 
Since lAOL^—lL^OA^ 

:. lAOX-O^^O^-lAOX. 
.-. 2/.AOX^ei-h0^, 
Also z BOX= 90*^ 4- z AOX. 

/. 2z^OX=180*' + ^i + «a. 

Hence, if stand for eithsr of the angles AOX or BOX, 
we have 

tan ^1 + tan ^2 _ 2h 
1 - tan Oi tan $2~ b — a^ 
by equations (2). 

But, if {x, y) be the coordinates of any point on either 
of the lines OA or OB, we have 

tan^ = ?^. 

X 



tan2^ = tan(^i + ^2)=; 
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2h . .. 2tan^ 
— V = tan 26 = -^ — r— 9-/1 



2? 



"TT? 



2ay 



a-b h 

This, being a relation holding between the coordinates 
of any point on either of the bisectors, is, by Art. 42, the 
equation to the bisectors. 

118. The foregoing equation may also be obtained in the follow- 
ing manner : 

Let the given equation represent the straight lines 

y-m^x^O and y-»i3ic=0 (1), 

so that i?ii+wij= --T- and mi^=r (2)« 

The equations to the biseotors of the angles between the straight 
lines (1) are, by Art. 84, 

or, expressed in one equation, 

i y-mix ^y-m^x\ l y-m^x y-^' \^Q 
[Ju-m^* >/r+Sij«) In/T+V >A+^'J ' 

l+wii^ 1+111,' * 

i.e. (l+W3»)(y2-2TOia^+V«')-(l+V)(i^*-2»naJ:y + iiia«xa)=0, 
i.e. (OTi2-ifia3)(as?-y«) + 2(mim,-l)(TOi-»gjry=0, 

i.e, (wii+fiij(x'-y') + 2(iiiiwia-l)a;ya0. 

Henoe, by (2), the required equation is 
-2fc , 
. b 



■(aJ«-y«) + 2(?-l)xy=0. 



"-1/2 



a-6 T' 
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EXAMPLES. XLL 

Find what straight lines are represented by the following equations 
and determine the angles between them. 

1. x^''7xy + 12y^=0, 2. 4««-24a;y+lly«=0. 

3. 33j;2-71a^-Uy2=0. 4, a:»-6a?«+lla;-6=0. 

5, y2-16=0. 6. y^-zy^-lix^y + 2^x^=0, 

7. x^-\-2xyseoe+y^=0. 8. x^+2xycot0+y^=O. 

9. Find the equations of the straight lines bisecting the angles 
between the pairs of straight lines given in examples 2, 3, 7, and 8. 

10. Shew that the two straight lines 

x^ (tan^^ + cos^ 6) - 2xy tan O+y^ sin* ^ = 

make with the axis of x angles such that the difFerenoe of their 
tangents is 2. 

11. Prove that the two straight lines 

(a;2 + y2) (cos^ $ sin^a + sin^ ^) = (a; tan a - y sin 6)^ 
include an angle 2a. 

12. Prove that the two straight lines 
a:2sin2aco8^^+4xysinasin^+2/^[4cosa-(l+oosa)"co8"^]=0 

meet at an angle a. 



GENERAL EQUATION OF THE SECOND DEGREE. 

114. The most general expression, which contains 
terms involving x and y in a degree not higher than the 
second, must contain terms involving a", on/, y^, x, y, and a 
constant. 

The notation vrhich is in general use for this ex- 
pression is 

aic* + 2Aajy + 6y* + 2gx + 2/y + c (1). 

The quantity (1) is known as the general expression of 
the second degree, and when equated to zero is called the 
general equation of the second degree. 

The student may better remember the seemingly 
arbitrary coefficients of the terms in the expression (1) 
if the reason for their use be given. 
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The most general expression involving terms only of 
the second degree in a^ y, and z is 

00* + 6^" + 025*+ 2^2? + 2^{Kc + 2Aay ('2), 

where the coefficients occur in the order of the alphabet. 

If in this expression we put z equal to unity we get 
aa? + 6y* + c + %fy + ^gx + 2Aa^, 
which, after rearrangement, is the same as (1). 

Now in Solid Geometry we use three coordinates a;, y, 
and z. Also many formulse in Plane Geometry are derived 
from those of Solid Geometry by putting z equal to unity. 

We therefore, in Plane Geometry, use that notation 
corresponding to which we have the standard notation in 
Solid Geometry. 

115. In general, as will be shewn in Chapter XV., 
the general equation represents a Curve-Locus. 

If a certain condition holds between the coefficients of 
its terms it wiU, however, represent a pair of straight lines. 

This condition we shall determine in the following 
article. 

116. To find the condition that the general equation 
of the second degree 

aoi?-\-2ho(yy-¥h^+2gx+ 2/y + c = (1) 

may represent two straight lines. 

If we can break the left-hand members of (1) into two 
factors, each of the first degree, then, as in Art 108, it 
will represent two straight lines. 

If a be not zero, multiply equation (1) by a and arrange 
in powers of x; it then becomes 

aW + 2ax {hy + ^) = — abt^ — 2afy — ac. 
On completing the square on the left hand we have 
aW + 2ax{hy + </) + {hy + gy = y^{h^-ab) 

+ 2y{(sih-af) + g^--ac, 
i.e, 

{ax-¥hy+g)=*,Jy'(h^^ab) + 2y(^h''a/) + g^-ac..,(2). 
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From (2) we cannot obtain x in terms of y, involving 
only terms of the first degree, unless the quantity under the 
radical sign be a perfect square. 

The condition for this is 

i. e. gVi^ - 2a/gh + a^P = g^h^ - cihg^ - acK^ + a^hc. 

Cancelling and dividing by a, we have the required 
condition, viz. 

abc + 2fj?h-'af2-bg2-chSsO (3). 

117. The foregoing condition may be otherwise obtained thus : 
The given equation, multiplied by (a), is 

a'x*+2afcFy + a6ya+2a^a; + 2a/y + a(?=0 (4). 

The terms of the second degree in this equation break up, as in 
Art.408, into the factors 

ox+fty-y ^7^8-06 and ax-vhy+y ,Jh^-ah, 

If then (4) break into factors it must be equivalent to 

{ax+{h-^^W^€^)y-VA}{ax + {h+slh^-aJb)y-{-B}:^(S, 

where A and B are given by the relations 

a(A+B)=^2ga (5), 

A{h+J}?^^) + B(h-Jh^-ah)^%fa (6), 

and AB=ac (7). 

The equations (5) and (6) give 

A+B=2g,^dA-B=^^^^M. 

The relation (7) then gives 

4ac = 4^B = (^ + 5)«- (.4-5)2 

which, as before, reduces to 

dbc + 2fgh - ap - 6^» - c/i^srO. 

Bz. If a be zero, prove that the general equation will represent 
two straight lines if 

2/p^-6ira-cft2=0. 

If both a and b be zero, prove that the condition is 13/y - e^=0. 
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118. The relation (3) of Art. 116 is equivalent to the 
expression 

a, K g 

K h f =0. 

This may be easily verified by writing down the value 
of the determinant by the rule of Art. 5. 

A geometrical meaning to this form of the relation (3) 
will be given in a later chapter. [Art 355.] 

The quantity on the left-hand side of equation (3) is 
called the Discriminant of the General Equation. 

The general equation therefore represents two straight 
lines if its discriminant be zero. 

XX9. Bx. 1. Prove that the equation 

12a;»+7a:y - lV+18a?+46y - 85=0 
represents two straight lines , and find the angle between them* 
Here 

a=12, h=\, 6=-10, ^=V. /=¥, and c=:-86. 
Hepoe ahc + 2fgh - o/^ - hg'^ - ch^ 

= 12x(-10)x(-86)+2xVxVx}-12x(V)«-(-10)x(V)' 

-(-S6)(J)« 
-4200+AjyuL-6076+iV*+i^ 

The equation therefore represents two straight lines. 
Solving it for «, we have 

_^ 7 y + 18 . /7y + 13V 10y«- 45y + 85 . /7y+18V 

^+"^-12- + V "24-y " — 12 — ■*■ v~24* ; 

_/ 23y-48 \» 
. ^. 7y + 18 _^ 28y--48 

• *+-i^-*~2r"' 

2y-7 -5y+6 

The given equation therefore represents the two straight lines 
3x=:2y-7 and 4«s-5y+5. 

L. 7 
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The **m'B'' of these two lines are therefore f and -f, and the 
angle between them, by Art. 66, 

= tan-i t:^i^jj=tan-i (- V-). 

3DZ. a. Find the value of h so that the equation 

6a:»+ 2/u:y + 12y«+ 22a?+ 31y + 20=0 

may represent two straight lines. 

Here 

a=6, 6=12, ^=11, /=V^, andc=20. 

The condition (3) of Art. 116 then gives 

20h^-Snh+^^=0, 

i.e. (;»-V)(20fc--171)=0. 

Hence fc=Jf or ^, 

Taking the first of these values, the given equation becomes 

6a!»+17«y + 12y2+22a; + 31y+20=0, 

i.e. (2a?+3y+4)(3x + 4y+6)=0. 

Taking the second value, the equation is 

20j;3 + 51xy +4fyy^+^six-\-^^y+ ^^ = 0, 

ue. (4a? + 6y + V)(5a;+8y + 10)=0. 

EXAMPLES, ym. 

Prove that the f ollowiog equations represent two straight lines ; 
find also their point of intersection and the angle between £em. 

1. 6y*-JBy-«* + 30y + 36=0. 2. a:*-6a^ + 4y'+a: + 2y-2=0. 

3. 3y»-8a?y-3a:»-29x + 3y-18=0. 

4. y'+iry-2jj*-5x-y-2=0. 

5. Prove that the equation 

a;*+6iry+9y*+4a?+12y-6==0 
represents two parallel lines. 

Find the valne of k so that the followmg equations may represent 
pairs of straight lines : 

6. 6a;»+lla!y-10y«+x + 31y+A;=0. 

7. 12a;«-10ary + 2y2+lla?-5y + A;=0. 

8. 12x>+fcFy + 2y>+lLr-6y + 2=0. 

9. 6a:»+iry + %«-lla;+43y-36=0. 
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10. kxy -Sx-Y-dy - 12 =sO, 

11. a^+i/-xy+y*-5x^7y + h=0. 

12. 12a:>+ajy-6y«-29a;+8y + *=0. 

13. 2a:«+«y-y>+*x + 6y-9=0. 

14. a:»+fcFy+y*- 6a: -7^ + 6=0. 

15. Prove that the eqaations to the straight lines passing through 
the origin which make an angle a with the straight uney+x=:0 are 
given by the equation 

x^-^2xy eeo2a+y^=0. 

16. What relations mnst hold between the coeffioients of the 
equations 

(i) cu^ + hy^+cx+cyszOj 

and (ii) ay*+bxy-^dy+ex=:0, 

so that each of them may represent a pair of straight lines ? 

17. The equations to a pair of opposite sides of a parallelogram 
are 

«»-7x + 6=0 and y«-Uy+40=0; 
find the equations to its diagonals. 

120. To prove that a homogeneous equation of the nth 
degree represents n straight lines^ real or imaginary, which 
all pass through the origin. 

Let the equation be 

3/* + uljay*-^ + ilaic«y*-' + J,jB»y»-" + . . . + -4^aJ* =-- 0. 

On division by a*, it may be written 

This is an equation of the nth degree in - , and hence 

must have n roots. 

Let these roots be m^, rn^, m^, ... m^. Then (C. Smith's 
Algebra, Art. 89) the equation (1) must be equivalent to 
the equation 

The equation (2) is satisfied by all the points which 
satisfy the separate equations 



X X 
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i.e, by all the points which lie on the n straight lines 

y-miX = 0, y-m^^O, ...y-m»a;=0, 

all of which pass through the origin. Conversely, the 
coordinates of all the points which satisfy these n equa- 
tions satisfy equation (1). Hence the proposition. 

xai. Bz. 1. The equation 

y» - Qxy^ + llx^y - Bx* = 0, 
which is equivalent to 

{y-x){y-2x)(y-Bx)=0, 
xepreaents the three straight lines 

y-a;=0, y-2x=0, and y-3x=0, 
all of which pass through the origin. 

Bz. a. The equation y^-5y^+&y= 0, 
ue. y(y-2)(y-3)=0, 

similarly represents the three straight lines 

y=0, y=2, and y=3, 
all of which are parallel to the axis of x, 

122. To find the equation to the tvx> straight lines 
joining the origin to the points in which the straight line 

Ix + my =n (1) 

meets the locus whose equation is 

aaj" + 2A£cy+6y» + 25'aj+2/y + c = (2). 

The equation (1) may be written 

^±^=1 (3). 

n ^ ' 

The coordinates of the points in which the straight line 
meets the locus satisfy both equation (2) and equation (3), 
and hence satisfy the equation 

......(4). 

[For at the points where (3) and (4) are true it is clear 
that (2) is true.] 

Hence (4) represents some locus which passes through 
the intersections of (2) and (3). 
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But, since the equation (4) is homogeneous and of the 
second degree, it represents two straight lines passing 
through the origin (Art. 108). 

It therefore must represent the two straight lines join- 
ing the origin to the intersections of (2) and (3). 

123. The preceding article may be illustrated geo- 
metrically if we assume that the equation (2) represents 
some such curve as PQRS in the figure. 




■TO ''^^x 



Let the given straight line cut the curve in the points 
Pand Q. 

The equation (2) holds for all points on the curve PQRS. 

The equation (3) holds for all points on the line PQ, 

Both equations are therefore true at the points of 
intersection P and Q. 

The equation (4), which is derived from (2) and (3), 
holds therefore at P and Q, 

But the equation (4) represents two straight lines, each 
of which passes through the point 0. 

It must therefore represent the two straight lines OP 
and OQ, 

124. Bz. Prove that the straight lines joining the origin to the 
points of intersection of the straight line x-y=2 and the curve 

5x^+12xy-By^+Bx-'4y+l2=0 
make equal angles unth the axes. 

As in Art. 122 the equation to the required straight lines is 



5x^ + 12xy-Sy^+{Sx-4Ly)'^ + 12(~yy^0 



.(1). 
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For this equation is homogeneoas and therefore represents two 
straight lines through the origin; also it is satisfied at the points 
where the two given equations are satisfied. 

Now (1) is, on reduction, 

so that the equations to the two lines are 

y=2x and y= -2aj. 
These lines are equally inclined to the axes. 

125. It was stated in Art. 115 that, in general, an 
equation of the second degree represents a curve-line, 
including (Art. 116) as a particular case two straight lines. 

In some cases however it will be found that such 
equations only represent isolated points. Some examples 
are appended. 

Ez. 1. What is represented by ths locus 

(aj^y-l-c)«4-(a;+y-c)« = 0? (1). 

We know that the sum of the squares of two real 
quantities cannot be zero unless each of the squares is 
separately zero. 

The only real points that satisfy the equation (1) 
therefore satisfy both of the equations 

x — y + c = and aj + y — c = 0. 

But the only solution of these two equations is 

x = 0, and y = c. 

The only real point represented by equation (1) is therefore 
(0, c). 

The same result may be obtained in a different manner. 
The equation (1) gives 

(a;-y + c)'^ = - (a? + y- c)^ 
1.6. x — y + c = ''B V— 1 (x + y — c). 

It therefore represents the two imaginary straight lines 

a:(l-^/=T)-y(l + V^) + c(l+N/iri) = 0, 
and aj(l + V^)-y(l-V^) + c(l- n/=^) = 0. 
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Each of these two straight lines passes through the 
real point (0, c). We may therefore say that (1) represents 
two imaginary straight lines passing through the point 
(0, c). 

Ex. 2. What is represented by the equation 

As in the last example, the only real points on the locus 
are those that satisfy holJh of the equations 

a:«-a» = and y«-6' = 0, 

i.e. sc = ±a, and y=z^h. 

The points represented are therefore 

(a, h\ (o, -6), (-a, h\ and (-a, -6). 

XiX. 3. What is represented hy the equation 

The only real points on the locus are those that satisfy 
all three of the equations 

05 = 0, y = 0, and a = 0. 

Hence, unless a vanishes, there are no such points, and 
the given equation represents nothing real. 
The equation may be written 

so that it represents points whose distance from the origin 
is asf-l. It therefore represents the imaginary circle 
whose radius is aij^ and whose centre is the origin. 

126. Bx. 1. Obtain the condition that one of the straight lines 
given hy the eqtuition 

ax^-\-2hxy + ly^=0 (I) 

may coincide with one of those given by the equation 

a'a^+2Vxy + 6y=0 (2). 

Let the equation to the eommon straight line be 

y-miX=0 (3). 

The quantity y-m^x must therefore be a factor of the left-hand of 
both (I) and (2), and therefore the value y=:m^x must satisfy both (1) 
and (2). 
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We therefore have 

6wii3+2/iwii + a=0 (4), 

and 6'mi2+2fc'mi+a'=0 (6). 

Solving (4) and (5), we have 

m^ _ % 1 

2(ha'-h'a) ^ah'-a'h ~ 2 (hhT^'h) ' 
. ha'-k'a _ a_ f ah'-^a'b 1« 

so that we must have 

(a6'-a'6)«=4 (W- A'a)(6A'-&'fc). 

Bx. 2. Prove that the equation 

represents three straight lines equally inclined to one another. 

Transforming to polar coordinates (Art. 35) the equation gives 
m (cos'^ - 3 COS ^ sin«^) + sin*^ - 3 oos'^ sin ^=0, 
i,e. m(l-3tan2^) + tan»^-3tan^=0, 

3tan^-tan8^ , „^ 

If m= tan a, this equation gives 

tan 3d = tan a, 
the solutions of which are 

36= a, or 180° + a, or 360° + a, 

i.e, d=^, or 60° + |, or 120° + |. 

The locus is therefore three straight lines through the origin 
inclined at angles 

|, 60° + ^, and 120° + | 

to the axis of x. 

They are therefore equally inclined to one another. 

Bz. 3. Prove that two of the straight lines represented by the 
equation 

ax^ + bx^y + cxy^ + dy^=0 (1) 

will be at right angles if 

a2 + ac + W + d2=0. 

Let the separate equations to the three lines be 

y-miar=0, y-m^=Qt and y-wijajsO, 
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8o that the equation (1) must be equivalent to 

d{y- mjx) iy - m^) {y - m,a;) sO, 

and therefore f74+iii3+in|= -^ (2), 

Tn^n^+m^mi+mjm2=-^ (o), 

and mjm^n^= -^ (4). 

If the firBt two of these straight lines be at right angles we have, 
in addition, 

iiijm,= -1 (6). 

From (4) and (5), we have 

a 

and therefore, from (2), 

e a e+a 
„i,+^= ___-=___. 

The equation (3) then becomes 
a i 






i.e. a' + oc + 6d+cP=0. 



EXAMPLES. XIV. 

1. Prove that the equation 

y»-a:» + 3a^(y-a;)=0 
represents three straight lines equally inclined to one another. 

2. Prove that the equation 

y' (cos a + a/^ sin a) cos a - ae^ (sin 2a - «y8 cos 2a) 

+ x^ (sin a - i^3 cos a) sin a = 
represents two straight lines inclined at 60® to each other. 

Prove also that the area of the triangle formed with them by the 
straight line 

(cos a - /^3 sin a) y - (sin a + ^3 cos a) ar + a r= 

4;/3' 

and that this triangle is equilateral. 

3. Shew that the straight lines 

form with the line Ax •\- By + 0=^0 an equilateral triangle whose area 
• ^ 
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^ 4. Fiiid the equation to the pair of straight lines joining the 
origin to the intersections of the straight line K=9itx+c and the cnire 

Prove Uiat they are at right angles if 
2c2=a«(l+m«). 

5, Prove that the straight lines joining the origin to the points 
of intersection of the straight line 

kx + hy=2hk 
with the curve {x - h)^ + (y - i)' = c' 

are at right angles if h^+k^= c^, 

6, Prove that the angle between the straight lines joining the 
origin to the intersection of the straight line y=:^+2 with the curve 

x^ + 2xyi-Sy^+4x+8y^ll=0 istan-^^. 

7. Shew that the straight lines joining the origin to the other two 
points of intersection of the carves whose equations are 

aafi+2hxy + by^ + 2gx=0 
and a'a^ + 2h'xy + 6'y' + 2^'« = 

will be at right angles if 

^(a'+6')-Sf'(a+6)=0. 
What loci are represented by the equations 

8. ix^-y*=0, 9. a^-xyssO. 10. jey-ay=0. 
11. «»-x«-ar + l = 0. 12. x^-xy^=0, 13. a*+y^=0. 
14. a^+y«=0. 15. a^ = 0. 16. (a:«-l)(y»-4)=0. 
17. (x»-l)»+(y«-4)«=0. 18. (y-iiia;-c)«+(y-wi'j;-c')'=0. 
19. (a;«-a«)2(x»-6«)a + c*(y''-a*)*=0. 20. {x-a)^-y*=0. 
21. (a5+y)2-c2=0. 22. r=a sec (^-o). 

23. Shew that the equation 

bx^-2hxy + a/y^=s0 
represents a pair of straight lines which are at right angles to the pair 
given by the equation 

ax* + 2hxy + by^=^0. 

24. If pairs of straight lines 

x*-2pxy-y^=0 and x*-2gary-y2«o 
be such that each pair bisects the angles between the other pair, prove 
thatjpg= -1. 

25. Prove that the pair of lines 

a^a^+2h{a + b)xy + h*y^=0 
is equally inclined to the pair 

€ufi+2hxy + bi^=:0. 
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26. Shew also that the pair 

is equally indined to the same pair. 

27. ^ one of the straight lines given by the equation 

adf»+2^ + 6y»=0 
ooincide with one of those given by 

a'aj« + 2Vicy + 6'y«=:0, 

and the other lines represented by them be perpendicular, prove that 

ha'h' h'ab , —r 

28. Prove that the equation to the bisectors of the angle between 
the straight lines ax*-^2hxy + by^=0 is 

h (x^ - y*) + (6 - a)xy=(cu^ - by^ cos w, 
the axes being inclined at an angle ta, 

29. Prove that the straight lines 

cu^+2hxy + by^=0 
make equal angles with the axis of x if h=saeoa<a, the axes being 
inclined at an angle <a. 

30. ^ the axes be inclined at an angle (a, shew that the equation 

a^+2xyooBia+y^0OB2ia=s0 
represents a pair of perpendicular straight lines. 

31. Shew that the equation 

cos 3a {afl-^xy^ + BmSa (y»- ar*y) + 3a (««+y«) -4a»=0 
represents three straight lines forming an eqmlateral triangle. 
Prove also that its area is 3 tJSaK 

32. Prove that the general equation 

aa^+2^ + 6y» + 2px+2^+c=0 
represents two parallel straight lines if 

h^=ab and bg'^=af*. 
Prove also that the distance between them is 

V a{a + b) 

33. If the equation 

€ufi+2hxy + bi^ + 2gx + 2fy + c=0 

represent a pair of straight lines, prove that the equation to the third 
pair of straight lines passing through the points where these meet the 
axes is 

aa^-2hxy + hy^+2gx + 2fy+c + — xy=0. 
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34. I^ the equation 

represent two straight lines, prove that the square of the distance of 
their point of intersection from the origin is 

35. Shew that the orthocentre of the triangle formed by the 
straight lines 

aaj*+2^ + 6y^=0 and to+my=l 

is a point (a/, y^ such that 

l" m" aw?- 2hlm + bP' 

36. Hence find the locus of the orthocentre of a triangle of which 
two sides are given in position and whose third side goes through a 
fixed point. 

37. Shew that ihe distance between the points of intersection of 
the straight line 

a; cos a + 2^ sin a - j> = 
with the straight lines aa?+2 kxy + 6y* = 

jg ^pjW^b 

& cos^a - 2A cos a sin a + a sin^ a ' 
Deduce the area of the triangle formed by them. 

38. Prove that the product of the perpendiculars let fall from the 
point {x'i y') upon the pair of straight lines 

aa? + 2hxy-\'}yy^=i(i 

aa^^-\-2}vx!y' + hy'^ 

" Ji,a-hf + W ' 

39. Shew that two of the straight lines represented by the 
equation 

ay* + bxy* + ca^y^ + dx^y + «aj* = 
will be at right angles if 

{b + d)(ad + he) + {e-a)*{a + e + e)=:0. 

40. Prove that two of the lines represented by the equation 

ax* + 6x'y + c«* y* + dary' + ay* = 
will bisect the angles between the other two if 
c + 6a=0 and b+d=0, 

41. Prove that one of the lines represented by the equation 

aa^+ba?y'{-cxy^ + dy^=0 
will biseot the angle between the other two if 

(3a + c)2(6c + 2c<2-3ad) = (6+3d)2(6c+2a6-8ad). 



CHAPTER VIL 



TRANSFORMATION OF COORDINATES. 



127. It is sometimes found desirable in the discussion 
of problems to alter the origin and axes of coordinates, 
either bj altering the origin without alteration of the 
direction of the axes, or bj altering the directions of the 
axes and keeping the origin unchanged, or by altering the 
origin and also the directions of the axes. The latter case 
is merely a combination of the first two. Either of these 
processes is called a transformation of coordinates. 

We proceed to establish the fundamental formulae for 
such transformation of coordinates. 

128. To alter the origin of coordinates tmthout altering 
the directions of the axes. 

Let OX and OY he the original axes and let the new 
axes, parallel to the original, be 
O'-T' and 0'7'. 

Let the coordinates of the new 
origin 0', referred to the original 
axes be h and k, so that, if O'L be 
perpendicular to OX, we have 
OL = h and LO' = k. 

Let P be any point in the plane 
of the paper, and let its coordinates, referred to the original 
axes, be x and y, and referred to the new axes let them be 
a/ and f/. 

Draw FN perpendicular to O-T to meet OX' in iV". 



Y' 
0' 




P 
N' 




X' 
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Then 

ON=x, NP^y, aN' = x\ and N'P^y', 

We therefore have 

x^ON=OL-^0'N' = h + x\ 

and y = NP=:LO' + N'P = k + y\ 

The origin is therefore transferred to the point {h, k) when, 
we substitute for the coordinates x and y the quantities 

x' -^h and y' + k> 

The above article is true whether the axes be oblique 
or rectangular. 

129. To change the direction of the aaces of coordinates, 
without changing the origin, both systems of coordinates being 
rectangtUar, 

Let OX and OYhe the original system of axes and OX' 
and OY' the new system, and let 
the angle, XOX\ through which 
the axes are turned be called 6, Y' 

Take any point P in the plane 
of the paper. 

Draw PN and PN' perpen- 
dicular to OX and 0X\ and also 
N*L and N'M perpendicular to OX and PN', 

If the coordinates of -P, referred to the original axes, 
be X and y, and, referred to the new axes, be a/ and y', we 
have 

ON=x, NP^y, ON'=^x\ and NT = y'. 

The angle 

JfPiV" = 90'*- z MNT= L MN'0= l XOX'^0, 

We then have 

x^ON^OL^MN' ^ON' Q.o^e^WP%\uB 

= x' coa$ — y' sinO (1), 

and y=NP=^LN'^MP= OiT' sin tf + iTT cos ^ 

= aj'sin^ + y'cosd (2). 
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If therefore in any equation we wish to turn the axes, 
being rectangular, through an angle we must substitute 

z'costf-ir'Bintf and z' iln tf + jr' COB tf 

for X and y. 

When we have both to change the origin, and also the 
direction of the axes, the transformation is clearly obtained 
by combining the results of the previous articles. 

If the origin is to be transformed to the point (A, 1c) 
and the axes to be turned through an angle tf, we have to 
substitute 

h + x' cos ^ — y' sin and Aj + a:' sin B •¥y' cos $ 

for X and y respectively. 

The student, who is aoquainted with the theory of projection of 
straight lines, will see that equations (1) and (2) express the fact that 
the projections of OP on OX and OF are respectively equal to the 
sum of the projections of ON' and N*P on the same two lines. 

130. Bz. 1. Transform to parallel axes through the point ( - 2, 8) 
the equation 

2a;« + 4a:y + 5y« - 4x - 22y + 7 = 0. 

We substitute x=:a/ -2 and y^y'+S, and the equation becomeB 

2(a;'-2)«+4(a:'-2)(3/'+3) + 6(y'+8)«-4(x'-2)-22(y' + 3)+7=0, 

i.e. 2x^+4x'y'+6y'»-22=:0. 

Bz. 2. Transform to axes inclined at 80° to the original axes the 
equation 

a^+2JZxy'^y^=2aK 

For X and y we have to substitute 

a/ cos 30° -y' sin 80° and x' sin 30° +y' cos 80°, 

"-Jj-y and ?jtl!V3. 
2 2 

The equation then becomes 

(a!'V8-yT+2V8{^V3-y')(ar' + yV3)-(«'+yV3)*=8a«, 

i^, x^-y'^ssa^ 
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EXAMPLEfl. XV. 

1. Transform to parallel axes through the point (1, -2) the 
equations 

(1) y«-4a; + 4y + 8 = 0, 
and (2) 2a;2+y*-4«+4y=0. 

2. What does the eqnation 

(a;-a)2+(y-6)«=c» 
become when it is transferred to parallel axes through 

(1) the point {a - c, 5), 

(2) the point (a, b-c)7 

3. What does the equation 

(a-6)(ar2 + y»)-2a6x=0 

become if the origin be moved to the point f — - , J ? 

4. Transform to axes inclined at 45° to the original axes the 
equations 

(1) a^-y^=a^ 

(2) 17ar8 - Uxy + ITy^^ 226, 
and (3) y^+x*+^y^=2, 

5. Transform to axes inclined at an angle a to the original axes 
the equations 

(1) ir»+ya=f», 

and (2) aE>+2ae^tan2a-^^=a^ 

6. If the axes be turned through an angle tan"^ 2, what docs the 
equation 4xy - 3a;' = a' become ? 

7. By transforming to parallel axes through a properly chosen 
point (^ k), prove that the equation 

12aj»-l(by + 2y» + lla!-6y + 2=0 
can be reduced to one containing only terms of the second degree. 

8. Find the angle through which the axes may be turned so that 
the equation Ax+By + C=0 

may be reduced to the form d;= constant, and determine the value of 
this constant. 

131. The general proposition, which is given in the 
next article, on the transformation from one set of ohlique 
axes to any other set of ohlique axes is of very little 
importance and is hardly ever required. 
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'^132. To chcmge from one set of aoces^ inclined at an 
cmgle q>, U> another set, inclined at an.offigle a>', the origin 
remaining unaltered 




'^^J^^rr- { / r 

O M N L X 

Let OX and 07 be the original axes, OX* and OY' the 
new axes, and let the angle XOX* be 6. 

Take any point P in the plane of the paper. 
Draw PN and PN' parallel to OT and 07' to meet OX 
and OX' respectively in N and N', PL perpendicular to OX, 
and N'M and N'M' perpendicular to OL and LP. 
Now 

LPNL^tYOX^i^, and PN'M'^^TOX =iJ -^6. 
Hence if 

ON=x, NP = y, ON'=:x', ^n^N'P=^y', 
we have y snuo = NP 81100 = LP = MI^' + If P 
= OiiT' sin ^ + N'P sin (a>' + $), 

so that y sin o) = sc' sin ^ + y' sin (cd' + ^) (1). 

Also 

x + ycoaio = 0]^-^NL=OL=OM+I^'M' 

= x' coa$ + t/ C08 (to + 0) (2). 

Multiplying (2) by sino, (1) by cosco, and subtracting, 
we have 

ojsin o) = 05' sin (o) — tf) + y' sin (o) - 10' — $) (3). 

[This equation (3) may also be obtained by drawing a perpen- 
dicular from P upon OT and proceeding as for equation (1).] 

The equations (1) and (3) give the proper substitutions 
for the change of axes in the general case. 

As in Art. 130 the equations (1) and (2) may be obtained by 
equating the projections of OP and of ON^ and N'P on OX and a 
straight line perpendicular to OX, 

L. 8 
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^133. Particular cases of the preceding a/rticle. 

(1) Suppose we wish to transfer our axes from a 
rectangular pair to one inclined at an angle co'. In this 
case (i> is 90°, and the formulas of the preceding article 
become 

x = x cos 6 -^y' cos (co' + ^), 
and y — x' sin + y' sin (w' + 0). 

(2) Suppose the transference is to be from oblique 
axes, inclined at cd, to rectangular axes. In this case cd' is 
90°, and our formulae become 

a; sin CD = x' sin (w — ^) — y' cos (w — 0), 

and y sin w = a' sin 6 ^-y' cos 6, 

These particular formulae maj easily be proved in- 
dependently, by drawing the corresponding figures. 

Bz. Transform the equation -5 - ^^=1 from rectangular axes to 
axes inclined at an angle 2a, the new axis of x being inclined at an angle 



-a to the old axes and sin a being equal to —y. _- . 



Here ^=: -a and (y=2a, so that the formulea of transformation 
(1) become 

x=(j/+y^oosa and y=(y'-x') sina. 

Since sin a= , , we have cos a=i . — = ., and hence the 

given equation becomes 

i,e. xy=i(a8 + 62). 

^134. Ths degree of an equation is tmchanged by a/ny 
transformation of coordinates. 

For the most general form of transformation is found 
by combining together Arts. 128 and 132. Hence the 
most general formulae of transformation are 



sin (i> sm o) 

- - , sin 5 ,sin(u)' + ^) 
and y = k-\-x --. — +v ^ ^. 



Sin CD sm CO 
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For X and y we have therefore to substitute expressions 
in a/ and y' of the first degree, so that bj this substitution 
the degree of the equation cannot be raised. 

Neither can, by this substitution, the degree be lowered. 
For, if it could, then, by transforming back again, the 
degree would be raised and this we have just shewn to be 
impossible. 

*185. If hy any change of aaes, without change of origin, the 
quantity aa^+^hxy + lyy^ become 

the axes in each case being rectangular, to prove that 

By Art. 129, the new axis of x being inclined at an angle to the 
old axis, we have to substitnte 

x^eoBd-y'BmB and a/sin^+y'oostf 
for x and y respeotively. 
Hence ox' + 2hxy + 6y' 
=a(a;' eoad-y^em d)*+2A (x'cos e-y'tanO) (x'sin d+y'coB 0) 

+ 6(a;'Bin^ + y'oos^)« 
= a?^ [a cos3 ^ + 2* cos ^ Bin ^ + 6 Bin" ^] 

+2xy [ - a COB ^ Bin ^+ A (cob" e - sin"^) + 6 cos ^ sin ^] 
+ y'" [a sin" ^ - 2A cos ^ Bin ^ + 6 cob" ^]. 
We then have 

a'^a cos"^ + 2h cob tf sin ^ + 5 sin" 

=i[{a+6) + (a-6)coB2^+2fc8m2^] (1), 

6'=a sin"^ - 2/i cos ^ sin ^ + 6 cos"^ 

=i[(a + 6)-(a-6)coa2^-2fcBin2^] (2), 

and A'= -acoB^sind + fc(ooB"^-sin"^) + 6coBdBin^ 

= J [2/1 cos 2^ -(a -6) sin 2^] (3). 

By adding (1) and (2), we have a'+&'=a+&. 
Also, by multiplying them, we have 

4fl'6'= (a+ 6)" - { (a - 6) cos 2^ + 2h sin 2^}". 
Hence 4a'6'-4/i'" 
= (a+6)"-[{2^Bin2^ + (a-6)cos2^}"+{2fccos2d-(a-6)Bin2^}2] 
= (a + 6)" _ [(a - 6)" + 4/i"] = 4a6 - 4/i", 
so that a'6'-A'3=a6-fe". 

186. To find the angle through which the ctxes must be turned so 
that the expression ax^ + 2hxy + by^ may become an expressi<m in which 
there is no term involving «y . 

8—2 
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ABSoming the work of the previoas article the coefficient of x*y* 
vanishes if V be zero, or, from equation (3), if 
2^ cos 2^ = (a - h) sin 2^, 

t.e. if tan 2^= — r. 

The required angle is therefore 

*137. The proposition of Art 135 is a particular 
case, when the axes are rectangular, of the following more 
general proposition. 

If hy any change of aaces, without change of origwiy the 
quantity aa? + ^Jtacy + hy^ becomes aV + 2h'xy + h'y^y then 
a + h — 2h cos (jh a' + 6' — 2A' cos «' 



a/nd 



sin^ (i> 8%n^ 0) 

ah-h^ a'h'-h'^ 



(0 aaid (a being the angles bettveen the original amd finail 'pairs 
of axes. 

Let the coordinates of any point P, referred to the 
original axes, be x and y and, referred to the final axes, let 
them be a;' and y\ 

By Art. 20 the square of the distance between F and 
the origin is as' + 2xy cos co + y*, referred to the original axes, 
and a;'' + 2a;y cos w' + y'*, referred to the final axes. 

We therefore always have 

03* + 2xy cos 0) + y' = ic'' + 2xy' cos w' + y'* (1). 

Also, by supposition, we have 

aa?+2kxy+hy' = a'x'^-\-2h'x'y'-^bY (2). 

Multiplying (1) by X and adding it to (2), we therefore have 
ic* (a + X) + 2xy (A + X cos w) + y' (6 + X) 

= a/« (a' + X) + 2a;y (A + X cos 0)') + y'» (6' + X) . . .(3). 
If then any value of X makes the left-hand side of (3) a 
perfect square, the same value must make the right-hand 
side also a perfect square. 

But the values of X which make the left-hand a perfect 
square are given by the condition 

(A + X cos iiif =i (a + X) (ft + X), 
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i,e. by 

X«(l - cos^ctf) + X (a + 6 - 2A cos w) + a6- A'-O, 

t.c. by X* + X j-5 + -T-i — = (4). 

sin 0) sin 0) 

In a similar manner the values of A, which make the 

right-hand side of (3) a perfect square are given by the 

equation 

,, ,a' + 6'-2A'cosoi' a'6'-A'« ^ ,., 

X' + \ .-^-7 + . , / =0 (5). 

sm'o) sin' CD ^ ^ 

Since the values of X given by equation (4) are the same 
as the values of X given by (5), the two equations (4) and 
(5) must be the same. 
Hence we have 

a + b-2 h COB 01 _ a' + b^-2h'co»fti' 
iin^ai ~ sin'oi' ' 

ab-W a'b'-h'« 



and 



■inSoi " whx^w 



EXAMPLES. XVL 

1. The equation to a straight line referred to axes inclined at 30^ 
to one another is y=:2x'{-l. Find its equation referred to axes 
inclined at 45% the origin and axis of x being unchanged. 

2. Transform the equation 2a^ + B jBxy + By^ =i 2 from axes 
inclined at 30° to rectangular axes, the axis of x remaining 
unchanged. 

3. Transform the equation x^+Qnf+y^=8 from axes inclined at 
60^ to axes bisecting the angles between the original axes. 

4. Transform the equation y* + iy cot a-4x=0 from rectangular 
axes to oblique axes meeting at an angle a, the axis of x being kept 
the same. 

5. If X and y be the coordinates of a point referred to a system of 
oblique axes, and x' and y' be its coordinates referred to another 
system of oblique axes with the same origin, and if the formula of 
transformation be 

x=mx^+ny* and y=:m'x'+ny^ 

^, ^ m^+m'S-l tow' 

prove that - « . ,» ^ = — r • 

*^ n^+n'2-1 nn 
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THE CIRCLE. 



138. Def. A circle is the locus of a point iivhich 
moves so that its distance from a fixed point, called the 
centre, is equal to a given distance. The given distance is 
called the radius of the circle. 

139. To find the equation to a circle, the aaces of coordi- 
nates being two straight lines through its centre at right 
angles. 

Let be the centre of the circle and let a be its radius. 

Let OX and OF be the axes of 
coordinates. 

Let F be any point on the circum- 
ference of the circle, and let its coordi- 
nates be X and y. 

Draw P-3f perpendicular to OX and 
join OP. 

Then (Euc. i. 47) 

OM^ + MP' = a\ 

i.e. x2 + y2 = a2. 

This being the relation which holds between the coordi- 
nates of any point on the circumference is, by Art. 42, the 
required equation. 

140. To find the equation to a circle referred to any 
rectam^gvlar axes. 
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Let OX and OYh^ the two rectangular axes. 

Let C be the centre of the 
circle and a its radius. ^ 

Take any point F on the 
circumference and draw per- 
pendiculars CM and PN upon 
OX'y let P be the point {x^ y). 

Draw CL perpendicular to 

Let the coordinates of (7 be 
h and k ; these are supposed to be known. 

We have CL = MN= ON- OM=x-h, 
and LP^NP-NL^NP-MG^y-k 

Hence, since CV + LP" = CP^, 
we have (z-h)S+ (7-k)S = a2 

This is the required equation. 

Ex. The equation to the circle, whose centre is the point ( - 3, 4) 
and whose radius is 7, is 

(^ + 3)»+(y-4)a=r', 

i.e. ar2+y*+6a;-8y = 24. 

141. Some particular cases of the preceding article may be 
noticed: 

(a) Let the origin O be on the circle so that, in this case, 

i.e. ^«+*;2=a2. 

The equation (1) then becomes 

(x-A)»+(y-*;)«=;i2+*;«, 

i.e. a^'\-y^-2hx~2ky=0. 

ifi) Let the origin be not on the curve, but let the centre lie on 
the axis of x. In this case A;=0, and the equation becomes 

(y) Let the origin be on the curve and let the axis of a; be a 
diameter. We now have A; = and a = /i, so that the equation becomes 

a;2+y2-2fcc=0. 



have 



((5) By taking at C, and thus making both h and h zero, we 
Uie case of Art. 139. 
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(c) The circle will touch the axis of x if MG be equal to the 
radius, t.e. if ^=a. 

The equation to a circle touching the axis of a; is therefore 

a^+y^'-2hx-2ky + h^=0. 

Similarly, one touching the axis of y is 

142. To prove that the equation 

a^ + t^ + 2gx'\'2/y + c = (1), 

always represents a circle for all valves of g^f, a/nd c, awe? to 
Jmd its centre amd radius. [The axes are assumed to be 
rectangular.] 

This equation may be written 

{p?'^2gx + g^ + {y'^2fy+ r)=.g'+r ^c, 

i.e. {X + gy + {y ^ff = {JfTT^cf, 

Comparing this with the equation (1) of Art. 140, we 
see that the equations are the same if 

h=^-g, k = -f and a = y/g'+f^-c. 

Hence (1) represents a circle whose centre is the point 
(— ^, — /), and whose radius is Jg^+f^ — c. 
If ^ +/' > c, the radius of this circle is real. 

If ^* +f^ = c, the radius vanishes, i. e. the circle becomes 
a point coinciding with the point (— ^, — /). Such a circle 
is called a point-circle. 

If g^ +/' < c, the radius of the circle is imaginary. In 
this case the equation does not represent any real geo- 
metrical locus. It is better not to say that the circle does 
not exist, but to say that it is a circle with a real centre 
and an imaginary radius. 

Bz. 1. The equation x^+y^ + ix-Qy=0 can be written in the 
form 

(a; + 2)a+(y-3)>=13=(^)2. 

and therefore represents a circle whose centre is the point ( - 2, 3) and 
whose radius is ^^13. 
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Bz. a. The equation 46a;* + 45y* - COa; + 86y + 19 » is equiyalent 
to 

i.e. («-f)'+(y+f)«=l+A-H=iVr. 

und therefore represents a circle whose centre is the point (|, - {) and 
whose radius is ^^ . 

143. Condition that the general equation of the second 
degree may represent a circle. 

The equation (1) of the preceding article, multiplied by 
any arbitrary constant, is a particular case of the general 
equation of the second degree (Art. 114) in which there is 
no term containing xy and in which the coefficients of a? 
and jf are equaL 

The general equation of the second degree in rectangular 
coordinates therefore represents a circle if the coefficients 
of z^ and y> be the same and if the coefficient of zy 
be zero. 

144. The equation (1) of Art. 142 is called the 
S^eneral equation of a curcle, since it can, by a proper 
choice of g, /, and c, be made to represent any circle. 

The three constants g, /, and c in the general equation 
correspond to the geometrical fact that a circle can be found 
to satisfy three independent geometrical conditions and no 
more. Thus a circle is determined when three points on it 
are given, or when it is required to touch three straight 
lines. 

145. To find the equation to the circle which is described on the 
line joining the points {x^, y^) and (x^, y^) as diameter. 

Let A be the point (x^, y^) and B be the point (x^, y^)^ and let the 
ooordinates of any point P on the circle be h and h. 
The equation to AP is (Art. 62) 

y-yi=|^|(^-^i) (1). 

and the equation to BP is 

y-ya= J^||(*-^2) (2). 

Bui, since APB is a semicircle, the angle APB is a right angle, 
and hence the straight lines (1) and (2) are at right angles. 
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Hence, by Art 69, we have 

h-Xi' h-x^ * 
i.e. {h^a^){h-x^) + {k-y^(h'-y^=0. 

But this is the condition that the point (h, k) may lie on the cnrve 
whose equation is 

(a: - Xj) (a; - Xj) + (y - yi) (y - ya) =0. 
This therefore is the required equation. 

146. IntereepU made on the axes hy the circle whose equation is 
ax^+ay^+2gx + 2fy + e=0 (1). 

The abscissA of the points where the circle (1) meets the axis of a?, 
{.«. y=0, are given by the equation 

aa:«+2ya;+c=0 (2). Y 

The roots of this equation being x^ and x^ , 
we have 



and 



^+^»=~ a' 



^1^8=: 



(Art. 2.) 




Hence 



iijii J = Xa - Xi = J{xi + Xj)* - 4xiXa 



"V a* 



a'' a a 

Again, the roots of the equation (2) are both imaginary if ^*<ac. 
In this case the circle does not meet the axis of x in real points, i.e. 
geometrically it does not meet the axis of x at all. 

The circle will touch the axis of x if the intercept AiA^ be just 
zero, i.e, iig^=:ac. 

It will meet the axis of x in two points lying on opposite sides of 
the origin if the two roots of the equation (2) are of opposite signs, 
t. tf . if c be negative. 

147. Ilz.1. Find the equation to the circle which poMses through 
thepoinU (1, 0), (0,-6), and (3, 4). 
Let the equation to the circle be 

x«+y«+2px+2/y + c=0 (1). 

Since the three points, whose coordinates are given, satisfy this 
equation, we have 

l + 2y + c=0 (2), 

36-12/+c=0 (3), 

and 25 + 6^+8/+c=0 (4). 
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Subtraoting (2) from (8) and (8) from (4), we hare 
2p + 12/=S6, 
and 6^ +20/= 11. 

Henoe /=V and ^= - V. 

Equation (2) then gives c = V • 
Snbstitating these valnes in (1) the required equation is 
4««+4y«-142x + 47«+138=0. 

Ex. a. Find the equation to the circle which touche$ the axi$ ofy 
at a distance +4/roin the origin and cuts off an intercept 6 from the 
axis of X, 

Any circle is x^+y^+2gx + 2fy+c=0. 

This meets the axis of y in points given by 

y'+2>y + c=0. 
The roots of this equation must be equal and each equal to 4, so 
that it must be equivalent to (y - 4)^=0. 
Henoe 2/= -8, and e=:16. 

The equation to the drole is then 

a^+y'+2^aj-8y + 16=:0. 
This meets the axis of op in points given by 
a5"+2^x+16=0, 
i.e. at points distant 

-g+Jg^-U and -g-Jg^-lQ. 
Hence 6=2V^a3Y6. 

Therefore g=i±6y and the required equation is 

a^+y«±10x-8y+16=0. 
There are therefore two circles satisfying the given oonditions. 
This IB geometrically obvious. 
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Find the equation to the circle 

1. Whose radius is 8 and whose centre is ( - 1, 2). 

2. Whose radius is 10 and whose centre is ( - 5, - 6). 

3. Whose radius is a + & and whose centre is (a, - h). 

4. Whose radius is Ja^-l^ and whose centre is ( - a, - &). 

Find the coordinates of the centres and the radii of the circles 
whose equations are 

5. a:»+ya-4x-8y=41. g. 8j:»+8y«-6x-6y+4=0, 
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7. it^+y^=^k{x + k). 8. a^+y^=2gx-2fy. 

9. Jl-{-rri^ {x^+y^ - 2cx--2mcy=0, 
Draw the circles whose equations are 
10. x^+y^=2ay. H. Sx^ + 3y^=^x. 

12. 6xa+6y2=2a? + 3y. 

13. Find the equation to the circle which passes through the 
points (1, - 2) and (4, - 3) and which has its centre on the straight 
line3aj+4y=7. 

14. Find the equation to the circle passing through the points 
(0, a) and {b, h), and having its centre on the axis of x. 

Find the equations to the circles which pass through the points 

15. (0, 0), (a, 0), and (0, b). 16. (1, 2), (3, - 4), and (6, - 6). 
17. (1,1),(2, -l),and(3,2). 18. (5, 7), (8, 1), and (1, 3). 

19. K &)i K -6)» and {a+b, a-b), 

20. ABCD is a square whose side is a; taking AB and AD as 
axes, prove that the equation to the circle circumscribing the square is 

21. Find the equation to the circle which passes through the 
origin and cuts off intercepts equal to 3 and 4 from the axes. 

22. Find the equation to the circle passing through the origin 
and the points (a, b) and {b, a). Find the lengths of the chords that 
it cuts off from the axes. 

23. Find the equation to the circle which goes through the origin 
and cuts off intercepts equal to h and k from the positive parts of the 
axes. 

24. Find the equation to the circle, of radius a, which passes 
through the two points on the axis of x which are at a distance b from 
the origin. 

Find the equation to the circle which 

25. touches each axis at a distance 5 from the origin. 

26. touches each axis and is of radius a. 

27. touches both axes and passes through the point ( - 2, - 3). 

28. touches the axis of x and passes through the two points 
(1, -2) and (3, -4). 

29. touches the axis of y at the origin and passes through the 
point {bf c). 
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30. toDches the axis of a; at a distanoe 8 from the origin and 
intercepts a distance 6 on the axis of y, 

31. Points (1, 0) and (2, 0) are taken on the axis of x, the axes 
being rectangular. On the line joining these points an equilateral 
triangle is described, its vertex being in the positiye quadrant. Find 
the equations to the circles described on its sides as diameters. 

32. If y^mx he the equation of a chord of a circle whose radius is 
a, the origin of coordinates being one extremity of the chord and the 
axis of X being a diameter of the circle, prove that the equation of a 
circle of which this chord is the diameter is 

(1 +wi») (oc^+y") - 2a (a;+iny)=0. 

33. Find the equation to the circle passing through the points 
(12, 43), (18, 89), and (42, 8) and prove that it also passes through 
the points ( - 64, - 69) and ( - 81, - 38). 

34. Find the equation to the circle drcumsoribing the quadrilateral 
formed by the straight lines 

2x+Sy=2, 3a;-2y=4, x+2y=sS, and 2x-y=S, 

35. Prove that the equation to the circle of which the points 
{xj , y^ and (x, , ^J are the ends of a chord of a segment containing an 
angle $ is 

{x-x^{x-x^ + {y-yj){y-y^ 

±cot^[(a;-ari)(y-ya)-(a;-a!j)(y-y,)]=0. 

36. Find the equations to the drdes in which the line joining the 
points (a, h) and (&, - a) is a chord subtending an angle of 45° at any 
point on its circumference. 

148. Tangent. Euclid in his Book III. defines the 
tangent at any point of a circle, and proves that it is always 
perpendicular to the radius drawn from the centre to the 
point of contact. 

From this property may be deduced the equation to the 
tangent at dny point (x\ y') of the circle a:* + y* = a*. 

For let the point P (Fig. Art. 139) be the point 
{x\yy 

The equation to any straight line passing through P is, 
by Art. 62, 

y-y' = m(a;-a;') (1). 

Also the equation to OP is 

y=i<» (2> 
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The straight lines (1) and (2) are at right angles, i.e, the 
line (1) is a tangent, if 

mx?^ = -l, (Art. 69) 

... x' 

%.e, if «* = — ,, 

y 

Substituting this value of m in (1), the equation of the 
tangent at {x\ y) is 

i.e, a»' + yy' = a;'2 + y" (3). , 

But, since (aj', y') lies on the circle, we have x" + y'' = a^ 
and the required equation is then 

149. In the case of most curves it is impossible to 
give a simple construction for the tangent as in the case of 
the circle. It is therefore necessary, in general, to give a 
different definition. 

Tangent. Def. Let P and Q be any two points, near 
to one another, on any curve. 

Join FQ; then PQ is called a , y^ 

secant. / >: 

The position of the line PQ when • y^x^^ 
the point Q is taken indefinitely close \/x^ 
to, and ultimately coincident with, the LQ 
point P is called the tangent at P. ^^\^ 

The student may better appreciate ^^^-^.^^^^^ 

this deGnition, if he conceive the curve 
to be made up of a succession of very small points (much 
smaller than could be made by the finest conceivable drawing 
pen) packed close to one another along the curve. The 
tangent at P is then the straight line joining P and the 
next of these small points. 

150. To find the equation of the tangent at the point 
(a^i y') of the circle aJ* + y" = a*. 
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Liet P be the given point and Q a point (a/', y") lying on 
the curve and close to P. 

The equation to PQ is then 

y-y'=^('«-»=') (!)• 

Since both {x'y y') and (x'\ y") lie on the circle, we have 

and aj"« + S^'» = a'. 

By subtraction, we have 

a;"«-x'» + y">-y'- = 0, 
t.6. (a;"~aj')(«" + a:') + (y"-y')(y" + yO = 0, 

*-^- a:"-a;'"" y" + y" 

Substituting this value in (1), the equation to PQ is 

y-y'=-^('«-'«') (2)- 

Now let Q be taken very close to P, so that it ulti- 
mately coincides with P, i, e. put x" = a;' and y" = y\ 
Then (2) becomes 

». e. yy' + xa/ = x'^ + y" = a'. 

The required equation is therefore 

xx'+yy' = a« (3). 

It will be noted that the equation to the tangent 
found in this article coincides with the equation found 
from Euclid's definition in Art. 148. 

Our definition of a tangent and Euclid's definition there- 
fore give the same straight line in the case of a circle. 

151. To obtain the equation of the tangent at any point 
(x\ y') lying on the circle 

a:* + y* + 25ra; + 2/y + c = 0. 
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Let F be the given point and Q a point (a;", y" ) lying on 
the curve close to F, 

The equation to FQ is therefore 

y-y'=^^ ('"-"='> <i)- 

Since both (a;', 2/) and (a;", y") lie on the circle, we have 

a;'« + y'* + 25ra:' + 2/3^' + c = (2), 

and a;"« + 2/" + 2^aj" + W + c = (3). 

By subtraction, we have 
a:"»-a:'« + y"»-y'« + 2<7(a:"-a:') + 2/(2/"-y') = 0, 
t.e. (aj"-a:')(a;" + a;' + 2^) + (y"-y')(y" + y' + 2/) = 0, 

Substituting this value in (1), the equation to FQ be- 
comes 

. a;" + aJ' + 2^. ,. ,.. 

v-^—f-:i^f<—) (*)• 

Now let Q be taken very close to P, so that it ultimately 
coincides with P, t.e. put a;" = a/ and y" = y'. 

The equation (4) then becomes 
i.e. y(y'+/) + a;(a5' + sr) = y'(y'+/)+a;'(a!' + sr) 

= -s'«'-/y'-c, 

by (2). 

This may be written 

«' + yy' + g(x + x') + f(y+y') + c = o 

which is the required equation, 

152. The equation to the tangent at (a;', y') is there- 
fore obtained from that of the circle itself by substituting 
a»c' for a:*, yy* for y", a; + a?' for 2a:, and y + y for 2y. 
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This ia a particular case of a general rule which will be 
found to enable us to write down at sight the equation to 
the tangent at (x\ y') to any of the curves with which we 
shall deal in this book. 

163. Points of vrUersectiony in general, of the atrcbight 



line 

tmth the circle 



'i/^mx + c. 



.(1), 
.(2j. 




"^^C^^ 



The coordinates of the points in which the straight line 
(1) meets (2) satisfy both equations (1) and (2). 

If therefore we solve them as simultaneous equations 
we shall obtain the coordinates of the common point or 
points. 

Substituting for y from (1) in (2), the abscissae of the 
required points are given by the equation 

m? + (mx + cy = a% 

i,e. a:* (1 + m') + 2mcx + c^ - a' = (3). 

The roots of this equation are, by Art. 1, real, coinci- 
dent, or imaginary, according as 

(2wc)* — 4 (1 + w*) (if — a*) is positive, zero, or negative, 

i.e. according as 

a* (1 + w") — c^ is positive, zero, or negative, 

i.e. according as 

c^ is < = or > a' (1 + m'). 

In the figure the lines marked I, II, and III are all 
parallel, i.e, their equations all have the same "m." 

L, 9 
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The straight line I corresponds to a value of c' which 
is <a' (1 + m^) and it meets the circle in two real points. 

The straight line III which corresponds to a value of c', 
> a' (1 + m*), does not meet the circle at all, or rather, as in 
Art 108, this is better expressed by saying that it meets 
the circle in imaginary points. 

The straight line II corresponds to a value of c', which 
is equal to a' (1 + m*), and meets the curve in two coincident 
points, i,e. is a tangent. 

164. We can now obtain the length of the chord inter- 
cepted by the circle on the straight line (1). For, if Xj and 
fiCj be the roots of the equation (3), we have 

2mc - c«-a2 

1 + w" 1 + w" 

Hence 

2 



2 



1 + m' ^ ^ ' 

If yi and yg be the ordinates of Q and H we have, since 
these points are on (1), 

Hence 

_ / a'(l+m«)-c' 
V 1 + m« • 

In a similar manner we can consider the points of inter- 
section of the straight line y = mx + k with the circle 

a* + y" + 2^a: + 2/y + = 0. 
155. The straight line 

y = mx + ajl + tw' 
is alwoAfs a tcmgent to the circle 

V + y" = a'. 
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As in Art. 153 the straight line 

y = mx + c 

meets the circle in two points which are coincident if 

c = a ^1 + w'. 

But if a straight line meets the circle in two points 
which are indefinitely close to one another then, by Art. 
149, it is a tangent to the circle. 

The straight line y = 971a; + c is therefore a tangent to the 
circle if 

i,e. the equation to any tangent to the circle is 

y = mx + a Vl + m' (1). 

Since the radical on the right hand may have the + or — 
sign prefixed we see that corresponding to any value of m 
there are two tangents. They are marked II and IV in 
the figure of Art. 153. 

156. The above result may also be deduced from the equation 
(3) of Art. 150, which may be written 

^=-?"V <')• 

Put - -,=m, so that xf= -my*, and the relation x^+y'^=a^ gives 

y'«(wi"+l)=a*, I.e. -,= s/T+mK 

The equation (1) then becomes 

y=mx + aAji+m^. 

This is therefore the tangent at the point whose coordinates are 

-ma _ a 

and 



157. If we assume that a tangent to a circle is always perpen- 
dicular to the radius vector to the point of contact, the result of 
Art. 155 may be obtained in another manner. 

For a tangent is a line whose perpendicular distance from the 
centre is equal to the radius. 

9—2 
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The straight line y:sfnx+c will therefore tonch the oirde if the 
perpendioular on it from the origin be equal to a, i.e. if 



i.«. if e=a fJl+mK 

This method is not however applicable to any other curve besides the 
circle. 

158. Bz. Find the equcOioru to the tangents to the circle 
a!?+y2_6a?+4y=12 
which are parallel to the straight line 

Any straight line parallel to the given one is 

4a; + 3y + C7=0 (1). 

The equation to the circle is 

(a;-3)»+(y + 2)«=6». 

The straight line (1), if it be a tangent, must be therefore such 
that its distance from the point (3, - 2) is equal to ;is6. 

Hence ^-; ^^— = ±5, (Art. 76). 

V4H3» 

so that G= - 6±25=19 or - 31. 

The required tangents are therefore 

4aj + 3y+19=0 and 4a; + 3y-31=0. 

159. Normal. Def. The normal at any point F of 
a curve is the straight line which passes through P and is 
perpendicular to the tangent at P. 

To find the equation to the normal at the point {x\ f/) of 
(1) the circle 

a^ + y^ = a% 
cmd (2) the circle 

a^ + j^ + 2gx + 2/y + c = 0. 

(1) The tangent at (a;', j/) is 

oox' + yy' = a\ 
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The equation to the straight line passing through {x\ y') 
perpendicular to this tangent is 

y-y' = m(x- 05'), 
where w* x f — ^ j = - 1, (Art. 69), 

The required equation is therefore 

i.e. . ody — xy'^^. 

This straight line passes through the centre of the circle 
which is the point (0, 0). 

If we assume Euclid's propositions the equation is at once 
written down, since the normal is the straight line joining 
(0, 0) to («', jf). 

(2) The equation to the tangent at (a;', y') to the circle 

05* + y" + ^gx + 2/y + c = 

The equation to the straight line, passing through the 
point (aJ', y') and perpendicular to this tangent^ is 

y - y' = m (re - a;'), 
where w x ^- ^^) = - 1, (Art. 69), 

X ■\- g 
The equation to the normal is therefore 

i.e. y{«f + g)-x(^+/)+/x'-gi/^0. 
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EXAMPLES. XVJLUL 

Write down the equation of the tangent to the oirde 

1. aj»+y»-3a;+10y=16 at the point (4, -11). 

2. 4aj2+4ya-16a?+24y=117 at the point (-4, - Y). 
Find the equations to the tangents to the circle 

3. :b'+2/^=:4 which are parallel to the line a; +2^ +3=0. 

4. a;^+y^+ ^gx + 2/y + c = which are parallel to the line 

a!+2y-6=0. 

5. Prove that the straight line y=x+c,J2 touches the circle 
x^+y^=c^, and find its point of contact. 

6. Find the condition that the straight line ex-by + b^=0 may 
touch the circle x*+y^=i€kx + by and find the point of contact. 

7. Find whether the straight line x+y=2+,J2 touches the circle 

j^+ya_2«-2y+l=0. 

8. Find the condition that the straight line Sx+^=k may 
touch the circle a;*+y*=10a?. 

9. Find the value otp so that the straight line 

ascosa+2^sina-jp=0 
may touch the circle 

a^+y^ - 2ax cos a - 2by sin a - a^ sin* a= 0. 

10. Find the condition that the straight line Ax-^By + G= may 
toudi the circle 

11. Find the equation to the tangent to the circle a^+y^=:a? 
which 

(i) is parallel to the straight line y=mx+c, 
(ii) is perpendicular to the straight line y=mx+c, 
(iii) passes through the point (&, 0), 
and (iv) makes with the axes a triangle whose area is a\ 

12. Find the length of the chord joining the points in which the 
straight line 

meets the circle «* + y* = r". 

13. Find the equation to the circles which pass through the origin 
and cut off equal chords a from the straight lines y^x and y= -x. 
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14. Find the equation to the straight lines joining the origin to 
the points in which the straight line y=mx + c cuts the oirde 

a^+y^=:2ax + 2hy. 

Hence find the condition that these points may snbtend a right 
angle at the origin. 

Find also the condition that the straight line may touch the 
circle. 

Find the equation to the circle which 

15. has its centre at the point (3, 4) and touches the straight line 

&c+12y = l. 

16. touches the axes of coordinates and also the line 

? + S?-l 

the centre being in the positive quadrant. 

17. has its centre at the point (1, - 3) and touches the straight 
line 2fl;-y- 4=0. 

18. Find the general equation of a circle referred to two perpen- 
dicular tangents as axes. 

19. Find the equation to a circle of radius r which touches the 
axis of ^ at a point distant h from the origin, the centre of the circle 
being in the positive quadrant. 

Prove also that the equation to the other tangent which passes 
through the origin is 

20. Find the equation to the circle whose centre is at the point 
(a, /9) and which passes through the origin, and prove that the 
equation of the tangent at the origin is 

ax+py=0. 

21. Two circles are drawn through the points {a, 5a) and (4a, a) 
to touch Hie axis of p. Prove that they intersect at an angle tan~^ V • 

22. A drde passes through the points ( - 1, 1), (0, 6), and (5, 5). 
Find the points on this circle the tangents at which are parallel to the 
straight Ime joining the origin to its centre. 

160. To shew tJuU from any point there ccm be drawn 
two taaigents, real or imaginan/y to a circle. 

Let the equation to the circle he a? +y^ = a% and let the 
given point be (ccj, j/i), [Fig. Art. 161.] 

The equation to any tangent is, by Art. 155, 
y = mx + a Jl + mK 
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If this pass through the given point (xi, yi) we have 
yi = mXi-{-aJl-{-m^ (1). 

This is the equation which gives the values of m corre- 
sponding to the tangents which pass through (a^, y^). 

Now (1) gives 

i,e. y^ — 2mx^i + w^x^ = a' + a?rn^, 

i.e. m^{xi^ — a^) — 2mxyyi+yi^ — a^=:0 (2), 

The equation (2) is a quadratic equation and gives 
therefore two values of m (real, coincident, or imaginary) 
corresponding to any given values of aj^ and yi. Por each 
of these values of m we have a corresponding tangent. 

The roots of (2) are, by Art. 1, real, coincident or 
imaginary according as 

{^a^iY — 4 {^ — ^^) {yi — a') is positive, zero, or negative, 

i,e. according as 

a' (— a^ + Xi^ + yi) is positive, zero, or negative, 

i,e, according as a^' + y^^ ^ a\ 

If Xi^ + yi' > a', the distance of the point (o^, y^) from 
the centre is greater than the radius and hence it lies outside 
the circle. 

If x^ + y^= a^y the point (a^, y^) lies on the circle and 
the two coincident tangents become the tangent at (a^, y^). 

If x^ + yi* <a^ the point (a^, y^) lies within the circle, 
and no tangents can then be geometrically drawn to the 
circle. It is however better to say that the tangents are 
imaginary. 

161. Chord of Contact. Def. If from any point 
T without a circle two tangents TF and TQ be drawn to 
the circle, the straight line FQ joining the points of 
contact is called the chord of contact of tangents from 7!. 

To find the equation of the chord of contort of tangents 
dravm to the circle a^ + y^ = a^ from the external point 
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•(3). 
.(4). 



Let T be the point (a^, yi), and F and Q the points 
(«', %f) and (a/', y") respectively. 

The tangent at P is 

xa^ + yy'^d" (1), 

and that at Q is 

^*^yf^a^ (2). 

Since these tangents pass through 
Ty its coordinates (a^, y^ must satisfy 
both (1) and (2). 

Hence x^ + y^ = o* . 

and Qn^' + y^y" = a' , 

The equation to PQ is then 

anii+yyi = a« (5). 

For, since (3) is true, it follows that the point (re', y), 
t.6. P, lies on (6). 

Also, since (4) is true, it follows that the point («", y"\ 
%,e, Qy lies on (5). 

Hence both JP and Q lie on the straight line (5), «.e. 
(5) is the equation to the required chord of contact. 

If the point (xiy y^) lie within the circle the argument 
of the preceding article will shew that the line joining the 
(imaginary) points of contact of the two (imaginary) 
tangents drawn from (aj^, y^) is ajXj + yyi = a\ 

We thus see, since this line is always real, that we may 
have a real straight line joining the imaginary points of 
contact of two imaginary tangents. 

162. Pole and Polar. Def. If through a point 
P (within or without a circle) there be drawn any straight 
line to meet the circle in Q and It, the locus of the point of 
intersection of the tangents at Q and B is called the polar 
of F 'y also F is called the pole of the polar. 

In the next article the locus will be proved to be a 
straight line. 



138 



COORDINATE GEOMETRY. 



163. To find the eqtuxHon to the pola/r of the point 
(aa> Vi) ^^A respect to the circle a? + ^ = a\ 





Let QB be any chord drawn through F and let the 
tangents at Q and H meet in the point T whose coordinates 
are {h, k). 

Hence QB is the chord of contact of tangents drawn 
from the point (A, k) and therefore, by Art. 161, its 
equation is xh + f/k = a\ 

Since this line passes through the point (a%, ^J we 
have 

Xjh + yik = a^ (1). 

Since the relation (1) is true it follows that the 
variable point {hy k) always lies on the straight line whose 
equation is 

anLi+yyi = a2 (2). 

Hence (2) is the polar of the point (x^y y^. 

In a similar manner it may be proved that the polar of 
(a^, yi) with respect to the circle 

aj» + y*+ 2^05+ 2/y + c = 

is xx^ + yyi-^g {x + Xj) -\-/{y + yi) + c = 0. 

164. The equation (2) of the preceding article is the 
same as equation (5) of Art. 161. If, therefore, the point 
(jCi, yi) be without the circle, as in the right-hand figure, 
the polar is the same as the chord of contact of the real 
tangents drawn through (a^, y^. 

If the point (aji, y^) be on the circle, the polar coincides 
with the tangent at it. (Art. 150.) 
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If the point (o^, y^) bd within the circle, then, as in 
Art. 161, the equation (2) is the line joining the (imaginary) 
points of contact of the two (imaginary) tangents that can 
be drawn from (a^, y^). 

We see therefore that the polar might have been 
defined as follows: 

The polar of a given point is the straight line which 
passes through the (real or imaginary) points of contact of 
tangents drawn from the given point ; also the pole of any 
straight line is the point of intersection of tangents at the 
points (real or imaginary) in which this straight line meets 
the circle. 

165. Geometrical construction for the poltw of a point. 
The equation to OP, which is the line joining (0, 0) to 



t.c. 






.(1). 




Also the polar of P is 



.(2). 



By Art. 69, the lines (1) and (2) are perpendicular to 
one another. Hence OP is perpendicular to the polar 
of P. 

Also the length OP - Jx^^Ty}^ 
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and the perpendicular, ON^ from upon (2) 



V^a' + yi'' 
Hence the product ON, OF = a\ 

The polar of any point P is therefore constructed thus : 
Join OP and on it (produced if necessary) take a point iV 
such that the rectangle ON, OP is equal to the square of 
the radius of the circle. 

Through N draw the straight line LL' perpendicular to 
OP; this is the polar required. 

[It will be noted that the middle point N of any ohord LV lies on 
the line joining the centre to the pole of the chord.] 

166. To jmd the pole of a given line with respect to 
cmy circle. 

Let the equation to the given line be 

ilrB + % + C7=0 (1). 

(1) Let the equation to the circle be 

and let the required pole be {o^, y^). 

Then (1) must be the equation to the polar of («i, y^ 
i,e. it is the same as the equation 

xiKi + t/yi-a^ = (2). 

Comparing equations (1) and (2), we have 

afi _ yi _ - a^ 

so that Xi = — j^a^ and yi = -jya\ 

The required pole is therefore the point 

(2) Let the equation to the circle be 

a? + y'+2gx + 2Jy + c=0, 
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If (iCiy yi) be the required pole, then (1) must be 
equivalent to the equation 

%.e. a;(iBi+5') + y(yi+/) + pa^+/yi + c = (3). 

Comparing (1) with (3), we therefore have 

A '^ B " G 

By solving these equations we have the values of Xi 
and j/i. 

Bz. Find the pole of the itraight line 

9a;+y-28=0 (1) 

with retpect to the circle 

2aj8+2y»-3a: + 6y-7=0 (2). 

If {x^, y^ be the required point the line (1) must oomoide with the 
polar of {xi, y^, whose equation is 

2xaJi+2yyi-}(«+aJi)+f(y+yi)-7=0, 

i.e. «(4a;i-8) + y(4yi+6)-3aji+62/i-14=0 (3). 

Binoe (1) and (3) are the same, we have 

4x^-3 4y^+5_ -Sar^+Syj-H 
9 ^~ -28 

Hence Xi=9yi + 12, 

and 3a?i- 117^1 =126. 

Solving these equations we have 07^=3 and yi= -1, so that the 
required point is (3, - 1). 

167- If the polar of a point P pass through a point T, 
then the polar of T passes through P. 

Let P and T be the points (o^, y^ and (oj, y^ re- 
spectively. (Fig. Art 163.) 

The polar of (ajj, y^ with respect to the circle 
a? + y" = a* is 

This straight line passes through the point T if 

av»i + yj^, = a« (1). 
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Since the relation (1) is true it follows that the point 
{xi, y^j i.e, F, lies on the straight line xx^ + yy^ = a*, whieh 
is the polar of (cca, yj), i.e. T, with respect to the circle. 

Hence the proposition. 

Cor. The intersection, T, of the polars of two points, 
P and Qy is the pole of the line FQ, 

168. To find the length of the tangent that can be 
draum from the point (o^, yi) to the cvrcUs 

(1) a^ + y'^a^ 

and (2) a* + y" + 2gx + 2/y + c==0. 

If r be an external point (Fig. Art. 163), TQ a tangent 
and the centre of the circle, then TQO is a right angle 
and hence 

Tg'=OT^'OQ^ 

(1) If the equation to the circle be oj^ + y^ = a*, is the 
origin, OT^ = an* + y^^ and OQ^ = a\ 

Hence T(^^x^ + y^-a\ 

(2) Let the equation to the circle be 

o^ + y^ + 2gx + 2/y + c = 0, 

i,e. {x + gy + {y+f)^ = g'+f-<^' 

In this case is the point (— g, —f) and 

0(^ = (radius)^ = g^^p-c. 
Hence 07^= [x^ - (- (7)]^ + {y^ - (-/)]« (Art. 20). 

Therefore TQ^=^{x^-\-gf+{y^+fY-{g'+p-c) 
= x^ + y^ + %aJi + 2/yi + c. 

In each case we see that (the equation to the circle 
being written so that the coefficients of a? and y^ are each 
unity) the square of the length of the tangent drawn to the 
circle from the point (a^, y^ is obtained by substituting a^ 
and yi for the current coordinates in the left-hand member 
of the equation to the circla 

*169. To fimd the equation to the pair of tangents that 
cam, he drawn from the point (asj, y^ to the circle oi^ + y'=a\ 
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Let (A, k) be any point on either of the tangents from 

Since any straight line touches a circle if the perpen- 
dicular on it from the centre is equal to the radius, the 
perpendicular from the origin upon the line joining (x^y y,) 
to {hy k) must be equal to a. 

The equation to the straight line joining these two 
points is 

k^V-i , 

Le. y{h-osi)-x{k-yi)+kXi-hyi = 0. 

Hence ^"^^ - rr, 

J{h^x,Y+{k^y,Y 

so that (kx, - hy,y = a« [{h - x^f + (A; ~ y,)']. 

Therefore the point (A, k) always lies on the locus 

{^-'Xy,y = a'[(x-x,y + (2/-^y,y] (1), 

This therefore is the required equation. 

The equation (1) may be written in the form 

= 2scya^i - 2a'a!Xi - 2a^i, 
i.e. (ic' + 3/»-a«)(aJi' + yi»-a») = a«a;i» + 3^i« + flr*+2ajya^i 

-2a^xx,-2ah/y^ = {xx, + yy^-aJ (2). , 

# 170. In a later chapter we shall obtain the equation to the pair 
of tangents to any curve of the second degree in a fonn analogous 
to that of equation (2) of the preyious article. 

Similarly the equation to the pair of tangents that can be 
drawn from (a?,, yj to the circle 

= {(^-f)(^-f)+{y-9)(jyi-9)-a^]* (1). 

If the equation to the oirde be given in the form 
i^+t^+2gx+2fy + e=0 
the equation to the tangents is, similarly, 

=[^+yyx+.fl'(«+ai)+/(y+yi)+cp (2). 
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ByAMPT,P,fl TTT 

Find the polar of the point 

1. (1, 2) with respect to the oirole afl+y*=7. 

2. (4, -1) with respect to the circle 2a^+2y»=ll. 

3. ( - 2, 3) with respect to the circle 

a52+y«-4a;-6y + 5=0. 

4. (5, - i) with respect to the circle 

3aj»+3y»-7a?+8y-9=0. 

5. (a> - &) ^th respect to the circle 

3e^+y^+2ax-2by + a^-b^=0, 

Find the pole of the straight line 

6. x + 2y=l with respect to the circle x^+y^= 5. 

7. 2a? - y = 6 with respect to the circle 6a;* + 6y* = 9. 

8. 2a; + y + 12 = with respect to the circle 

x^+y^-ix+Sy-l=0. 

9. 4Sx - 54y + 53 = with respect to the circle 

8a;« + 3y"+5a;-7y + 2=0. 

10. a« + 6y + 3a2 + 36* = with respect to the circle 

s^+y^+2ax+2hy=a^+b^, 

11. Tangents are drawn to the circle a^+y^=:12 at the ijoints 
where it is met by the circle a;*+y* - 6a; + 3y - 2=0 ; find the point of 
intersection of these tangents. 

12. Find the equation to that chord of the circle si^+y^=Sl which 
is bisected at the point ( - 2, 8), and its pole with respect to the circle. 

13. Prove that the polars of the point (1, - 2) with respect to the 
circles whose equations are 

«*+y*+6y + 6=0 and a;*+y'+2a;+8y+6=0 
coincide ; prove also that there is another point the polars of which 
with respect to these circles are the same and find its coordinates. 

14. Find the condition that the chord of contact of tang^ts from 
the point {x'^ y*) to the circle s^-{-y*=a^ should subtend a right ang^e 
at the centre. 

15. Prove that the distances of two points, P and Q, each from 
the polar of the other with respect to a circle, are to one another 
inversely as the distances of the points from the centre of the circle. 

16. Prove that the polar of a given point with respect to any one 
of the circles x^+y^-2kx+c^=0, where k is variable, always passes 
through a fixed point, whatever be the value of h. 
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17. Tangents are drawn from the point {h, k) to the circle 
a^-{'y^=a^; prove that the area of the triangle formed by them 
and the straight line joining their points of contact is 

find the lengths of the tangents drawn 

18. to the circle 2x^ + 2y2 = 3 from the point ( - 2, 3). 

19. to the circle Sx^ + Sy^ - 7a: - 6y = 12 from the point (6, - 7). 

20. to the circle x^+j/^+2bx- 3&> = from the point 

(a + 6, a-b), 

21. O^iven the three circles 

x^+y^-Ux+60=0, 

3a?+3y2_36a. + 81=0, 

and a^+y^'-lQx-12y+Si=0, 

find (1) the point from which the tangents to them are equal in 
length, and (2) this length. 

22. The distances from the origin of the centres of three circles 
x'^+y*'-2Xx=c^ (where c is a constant and X a variable) are in 
geometrical progression ; prove that the lengths of the tangents drawn 
to them from any point on the circle x^+y^=<^&reekiao in geometrical 
progression. 

23. ^ind the equation to the pair of tangents drawn 

(1) from the point (11, 3) to the circle x^+y^= 65, 

(2) from the point (4, 5) to the circle 

2ir2 + 2y«-ac + 12y + 21 = 0. 

171. To find the general eqmition of a circle referred 
to 'polar coordinates. 

Let be the origin, or pole, OX the initial line, G the 
centre and a the radius of the 
circle. 

Let the polar coordinates of G 
be R and a^ so that OG-R and 
lXOG^o., 

Let a radius vector through 
at an angle B with the initial line 
cut the circle in R and Q, Jjet 
OP, or OQ, be r. 

L. 10 
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Then (Trig, Art. 164) we have 

CP^ = OC^ + OP^ - 20C . OP cos OOP, 
Le, a^ = Ji^ + r^- 2Br cos (0 - a), 
le, r»-2^rcos(^-a)+i?«-a» = (1). 

This is the required polar equation. 



a=0, a 



172. Particular cases of the general equation inpolar coordinates. 
Let the initial line be taken to go through the centre C. Then 
/and the equation becomes 

r8-2Brcosd+i28-a»=0. 

(2) Let the pole be taken on the circle, so that 

R = OG=a, 
The general equation then becomes 

r^2arcos(d-a)=0, 
i,e. r=2acos(d-a). 

(3) Let the pole be on the circle and also let the initial line pass 
through the centre of the circle. In this case 

a=0, and B=ia. 

The general equation reduces then to the 
simple form r=2acos^. 

This is at once evident from the figure. Ol* 

For, if OCA be a diameter, we have 
OP=OAcoB0, 
ue, r=2aeoad, 

173. The equation (1) of Art. 171 is a quadratic 
equation which, for any given value of 0, gives two 
values of r. These two values in the figure are OP and 
OQ. 

If these two values be called r^ and rg, we have, from 
equation (1), 

rir2 = product of the roots = i?" — a^, 

i.e. OP.OQ^B^-a\ 

The value of the rectangle OP . OQ is therefore the 
same for all values of B, It follows that if we drew any 
other line through to cut the circle in P^ and Q^ we 
should have OP.OQ^ OP^ . OQ^. 

This is Euc. iii. 36, Cor. 
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174. Find the equation to the chord joining the points on the circle 
r=i2aco8 6 whose vectorial angles are $i arid 0^^ and deduce the equation 
to the tangent at the point B^. 

The equation to any straight line in polar coordinates is (Art. 88) 

li=r cos (d-a) (1). 

If this pass through the points (daoos^i, 9^ and (2a cos ^j, ^j), we 
have 

2aoosdi0os(^i-a)=jp=2acos^8 0oe(dj-o) (2). 

Hence cos (29^ - a) + cos a = cos (2^, - a) + cos a, 
i.«. 2di-a=-(2dj-o), 

since 0^ and ^3 are not, in general, equal. 

Hence a=di+^a, 

and then, from (2), j9=2a cos 0^ cos 9,. 

On sabstitation in (1), the eqnation to tiie required chord is 

rcos(^-^i-^2)=2acos9iCos^2 (3). 

The equation to the tangent at the point 0^ is found, as in 
Art. 150, by putting ^2=^1 in equation (8). 

We thus obtain as the equation to the tangent 

r COS {0 - 2^1) = 2a cos^ 9^ . 

As in the foregoing article it could be shewn that the equation to 
the chord joining the points 0^ and 0^ on the circle r=2acos (0~y) is 

rcos[^-di-^a+7]=2acos(di-7)cos(da-7) 

and hence that the equation to the tangent at the point 9^ is 

r cos (^ - 2^1 + 7) = 2a cos' (0^ - 7). 



ByAMPT,P,« XX. 

1. Find the coordinates of the centre of the circle 

rs»A cos 0+B sin 0» 

2. Find the polar equation of a circle, the initial line being a 
tangent. What does it become if the origin be on the circumference? 

3. Draw the loci 

(1) r=a; (2) r=:a sin ^; (3) r=a cos ^; (4) r=a secl9; 
(6) r=:aco8(9-a); (6) r=a sec (^- a). 

4. Vtove that the equations r=a cos (9 -a) and rs=&8in(d-a) 
represent two circles which cut at right angles. 

5. Prove that the equation r' cos ^ - ar cos 20 - 2a' cos 9^0 
represents a straight line and a circle. 

10--2 
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6. Find the polar equation to the circle described on the straight 
line joining the points (a, a) and {b, /3) as diameter. 

7. Prove that the equation to the circle described on the straight 
line joining the points (1, 60°) and (2, 30°) as diameter is 

r»-r[cos(d-60°)+2cos(^-30°)]+V3=0, 

8. Find the condition that the straight line 

-=acos^+&8m^ 
r 

may touch the circle r=2c cos $, 

176. To find the general equation to a circle re/erred to 
oblique aoces which meet at an cmgle cd. 

Let C be the centre and a the radius of the circle. Let 
the coordinates of C be (A, k) so 
that if CMy drawn parallel to the 
axis of y, meets OX in M^ then 
OM=h and MC:^k. 

Let P be any point on the 
circle whose coordinates are x and 
y. Draw PiT, the ordinate of P, 
and GL parallel to OX to meet 
PN'mL. 

Then GL = MN= ON- 0M= aj - A, 

and LP = NP-NL = NP--MG=y-k, 

Also L GLP=L ONP= IW - I PNX= 180'' - oi. 

Hence, since GL^ + LP^- 2GL . LP cos GLP = a\ 
wehave (z — h)3+ (y — k)3 + 2 (z — h) (y — k) cosoisa^^ 
ix. aj' + ^ + 2a^ cos w - 2a; (A + A; cos 0)) - 2y (A; + A cos cu) 

+ h^ +.P + Ihk cos a> = €?. 

The required equation is therefore found. 

176. As in Art. 142 it may be shewn that the 
equation 

0^-^- 2ajy cos w + y* + 2^a; + 2/y + c = 

represents a circle and its radius and centre found. 
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Sz. If the axt% be inclined at 6(F, prove that the equathn 

a:*+sry+y»-4«-fiy-2=80 (1) 

represents a circle and find its centre and radius. 

If w be equal to 60°, bo that oo8w=i, the equation of Art. 175 
becomes 

a^+xy+y^-x(2h+k)-y{2k-^h) + h^'hli^+hk=a*. 

This equation agrees with (1) if 

2h+k^4L (2), 

2*+fc=6 (8), 

and h^+k*-^hk-a^= -2 (4). 

Solving (2) and (3), we have ^=1 and A; =2. Equation (4) then 
gives 

a«=ft>+*«+^*+2=9, 
BO that a=3. 

The equation (1) therefore represents a circle whose centre is the 
point (1, 2) and whose radius is 3, the axes being inclined at 60°. 

EXAMPLES. ygT , 

Find the inclinations of the axes so that the following equations 
may represent circles, and in each case find the radius and centre ; 
1. ix^-a!y+f-2gx'2fy=0. 

3. The axes being inclined at an angle v, find the centre and 
radius of the circle 

«*+ 2a:y cos «+ y* - 2^05 - 2/y = 0. 

4. The axes being inclined at 45°, find the equation to the circle 
whose centre is the point (2, 3) and whose radius is 4. 

5. The axes being inclined at 60°, find the equation to the circle 
whose centre is the point ( - 3, - 5) and whose radius is 6. 

6. Prove* that the equation to a circle whose radius is a and 
which touches the axes of coordinates, which are inclined at an angle 
)Wt is 

a:»+2xj(cos«+y*-2a(a?+y)cot|+a«cot«|=0. 

7. Prove that the straight line y=mx will touch the drole 

sfi+2xyooB<a+y^+2gx + 2fy-hc^0 
if {0 +fm)^=e (1 + 2m cos « + ni*) . 

8. The axes being inclined at an angle w, find the equation to the 
circle whose diameter is the straight line joining the points 

(:.^,y')and(»",y"). 
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Coordlnatei of a point on a circle ezprenied in 
terms of one single variable. 

177. If, in the figure of Art. 139, we put the angle 
MOP equal to a, the coordinates of the point P are easily 
seen to be a cos a and a sin a. 

These equations clearly satisfy equation (1) of that 
article. 

The position of the point P is therefore known when 
the value of a is given, and it may be, for brevity, called 
"the point a." 

With the ordinary Cartesian coordinates we have to 
give the values of two separate quantities x' and ^' (which 
are however connected by the relation a^ =- J a^ — y'^) to 
express the position of a point P on the circle. The 
above substitution therefore often simplifies solutions of 
problems. 

178. To find the equation to the straight line joining 
two pointSy a and ft, on the circle a;? + y* = a\ 

Let the points be P and Q, and let OiT be the perpen- 
dicular from the origin on the straight line PQ ; then ON 
bisects the angle POQ, and hence 

I XOI^==^( I XOP + I XOQ) = i{a + P), 
Also Oir= OP cos J^OP= a cos ?^ . 
The equation to PQ is therefore (Art. 53), 



a 



' l_ at aim !_ — y» r*r\a • 



a cos — ^ + ysin— ^ =acos — ^ . 

If we put ^ = a we have, as the equation to the tangent 
at the point a, 

X cos a + y sin a = a. 

This may also be deduced from the equation of Art. 150 
by putting x' = a cos a and y' = a sin a. 

179. If the equation to the circle be in the more 
general form 

(x - hy + (y - ky = a«, (Art. 140), 
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we may express the coordinates of P in the form 

(A + a cos a^ k + a sin a). 

For these values satisfy the above equation. 

Here a is the angle LCF [Fig. Art. 140], 

The equation to the straight line joining the points a and 
fi can be easily shewn to be 

(a;~A)cos— y^ + (y-A;)sm— 2^=acos — o^, 

and so the tangent at the point a is 

(jc — A) cos a + (y — A;) sin a = a. 



*180. Common tangents to two clrclei. If O^ 

and Os be the centres of two circles whose radii are r^ and 
r3, and if one pair of common tangents meet 0^0^ in Ti 
and the other pair meet it in T^j then, by similar triangles, 

we have ^-^= - = -p— . The points T^ and T^ therefore 

divide 0^0^ in the ratio of the radii. 

The coordinates of Ty^ having been found, the corre- 
sponding tangents are straight lines passing through it, 
such that the perpendiculars on them from 0^ are each 
equal to r^. So for the other pair which pass through T^ 

Bz. Find thefowr common tangents to the circles 

«»+y>-22a;+4y+100=0, and ««+y«+22a;-4y- 100=0. 

The eqaations may be written 

(a;-ll)>+0^+2)a=5». and (a; + ll)»+ (y-2)«=16«. 

The centre of the first is the point (11, - 2) and its radius is 5. 

The centre of the second is the point ( - 11, 2) and its radius is 15. 

Then 7, is the point dividing internally the Une joining the centres 
in the ratio 5 : 15 and hence (Art. 22) its coordinates are 

15xll + 5x(-ll ) ^ 15x(-2) + 5x2 
16 + 6 ^""^ 16 + 6 

that is, T^ is the point {^, - 1). 
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Similarly Ti is the point dividing this line eztemslly in the ratio 
5 : 15, and henoe its ooordinates are 

15xll-5x(-ll) , 15x(-^2)-5x2 
16_6 ^^ 15^5 

that is, T^ is the point (2d, - 4). 

Let the equation to either of the tangents passing through T, be 

y+l=m(x-W ; (1). 

Then the perpendicular from the point (11, - 2) on it is equal to 
:1s 5, and hence 

w(ll-W^(-2+l) _^g 

On solving, we have m = - ^ or f . 

The required tangents through T, are therefore 
24aB+7y = 126, and4a;-3y=26. 
Similarly the equations to the tangents through Tj are 

y+4=m(a;-22) (2), 

where 'iilLl^l^izllf) . .5. 

On solving, we have m= ^ or - {. 

On substitution in (2), the required equations are therefore 

7x - 24y = 250 and 3x + 4y - 50. 
The four common tangents are therefore found. 

181. We shall conclude this chapter with some mis- 
cellaneous examples on loci. 

Bz. 1. Find the locus of a point P whieh moves so that its distance 
from a given point O is always in a given ratio (n : 1) to its distance 
from another given point A. 

Take O as origin and the direction of OA as the axis of x. Let 
the distance OA be a, so that if is the point {a, 0). 

If (x, y) be the ooordinates of any position of P we have 
OP^^n^.AP^, 

i.e. (a7«+y«)(n2-l)-2an»a;+n«a*=0 (1). 

Henoe, by Art. 143, the locus of P is a circle. 

Let this circle meet the axis of x in the points C and D. Then OG 

and OD are the roots of tiie equation obtained by putting y equal to 

zero in (1). 

*, ^^ na - __ na 

Hence 0C= ^ and 0D= -. 

n+1 n-1 
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We therefore have 

CA=-^ and AD = -^. 
n+1 n-1 

„ OC OD 

The points C and D therefore diyide the line OA in the given ratio, 
and the required oircle is on CD as diameter. 

Bz. 2. From any point on one given circle tangents are drawn to 
amother given circles prov0 that the loeua of the middle point of the 
chord of contact it a third circle. 

Take the centre of the first eirole as origin and let the axis of x 
pass through the centre of the second oircle. Their equations are 
then 

a^+y*=a« (1). 

and («-c)«+y>=6> (2). 

where a and b are the radii, and c the distance between the centres, of 
the oirdes. 

Any point on (1) is (a cos ^, a sin $) where B is yariable. Its chord 
of contact with respect to (2) is 

{x-c){acoB$-c)+yaBia0=l^ (8). 

The middle point of this chord of contact is the point where it is 
met by the perpendicular from the centre, vie. the pomt (c, 0). 
The equation to this perpendicular is (Art. 70) 

-{x-c)atm$+{aooa$-c)y=0 (4). 

Any equation deduced from. (8) and (4) is satisfied by the coordi- 
nates of the point under consideration. If we eliminate from them, 
we shall have an equation always satisfied by the coordinates of the 
point, whatever be the value of 0. The result will thus be the equation 
}b the required locus. 

Solving (8) and (4), we have 

• /. ^ 

asm^sr a . / — vi» 
y^+{x-c)^* 

and acos^-c=-,-^^-^j„ 

BO that acos0^c^^^. 

Hence 

a^==a« COS" ^+ aasin« ^=ca+ 2c6a -^-^=^ + -5--^^ 
The required locus is therefore 

(a» - c^ [y»+ (a? - c)»]=2c6> {x-c)+ 6*. 
This is a oircle and its centre and radius are easily found. 
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Bz. 8. Find the locm of a point P which is such that its polar, with 
respect to one circle touches a second circle. 

Taking the notation of the last artide, the eqaations to the two 
oiroles are 

x^+y^=a^ (1). 

and (x-e)^+y^=b^ (2). 

Let (ft, *) be the coordinates of any position of P. Its polar with 
respect to (1) is 

xh+yk=a^ (3). 

Also any tangent to (2) has its equation of the form (Art. 179) 

(aj-c)cos^+y sind=6 (4). 

If then (3) be a tangent to (2) it mnst be of the form (4). 

^ J, cos ^ sin ^ ccos^+6 

Therefore —-—=-—— = ^ — . 

h k a^ 

These eqaations give 

cos ^ (a*- eft) = 6ft, and sin ^ (a' - eft) = 6A;. 

Squaring and adding, we have 

{a^'-ch)^=b^(h^+k^ (6). 

The locus of the point (ft, ft) is therefore the curve 

62(a;2 + y2) = (a«_ca;)2. 

Alitar. The condition that (3) may touch (2) may be otherwise 
found. 

For, as in Art. 153, the straight line (3) meets the cirde (2) in tt|9 
points whose abscissaa are given by the equation 
ft2(a;-c)«+(a2-fta;)2=62^2^ 

t. e. x^ (ft2 + ft2) - 2x (cft2 + a2ft) + (ft%» + a* - 62^2) ^q. 

The line (3) will therefore touch (2) if 

(cft2+a«ft)2=(ft2+fta) (ft«c«+a*- 62^2), 
»,e.if ft«(ft3+jb8) = (cft-a2)2, 

which is equation (6). 

Bx. 4. is a fixed point and P any point on a given circle ; OP 
is joined and on it a point Q is taken so that OP. OQ = a constant 
quantity k^; prove that the locus of Q is a circle which becomes a 
straight line when O lies on the original circle. 
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Let O be taken as pole and the line through the centre C as the 

initial line. Let 00= d, and let the p 

radius of the circle be a. Q^ 

The equation to the circle is then ^^ 

a«=r»+d«-2rdcos^, (Art. 171), 0\d C" 

where OP=r and jlPOC=z0. 

Let OQ be p, so that, by the given 

condition, we have rp=k^ and hence r=s— . 

P 
Substituting this value in the equation to the circle, we have 

«*=?+^-2— cosd (1). 

r P 

BO that the equation to the locus of Q is 

k*d k^ 
f«-2:= — -roosd=-j=^ (2). 

But the equation to a circle, whose radius is a' and whose centre is 
on the initial line at a distance d', is 

r>-2rd'cos^=a'«-d'« (8). 

Comparing (1) and (2), we see that the required locus is a circle, 
such that 

d'=35 i and a'^-df^^ --= j,. 

d*-a' d'-a* 

Hence a^=ji — • 35 — ^a-l =735 — «•• 

The required locus is therefore a circle, of radius ^_ ^ , whose 

centre is on the same line as the original centre at a distance -= — « 

tP — a' 

from the fixed point. 

When lies on the original circle the distance d is equal to a, and 
the equation (1) becomes k^=2drcoB$, i.6., in Cartesian coordinates, 

^"■2d* 

In this case the required locus is a straight line perpendicular 
to OC. 

When a second curve is obtained from a given curve by the above 
geometrical process, the second curve is said to be the Invenw of the 
first curve and the fixed point O is called the centre of inversion. 

The inverse of a circle is therefore a circle or a straight line 
according as the centre of inversion is not, or is, on the circumference 
of the original circle. 
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Bx. 6. PQ it a straight line drawn through 0, one of the common 
points of two circles, and meets them again in P and Q; find the locus qf 
the point S which bisects the line PQ. 

Take O as the origin, let the radii of the two eiroles be R and R, 
and let the lines joining their centres to O make angles a and a' with 
the initial line. 

The equations to the two circles are therefore, {Art 172 (2)}, 

r=2JBcos(^-a), and r=2JS'cos(d-o'). 

Hence, if 5 be the middle point of PQ, we have 

206f=OP+OQ=2iJcos(d-a)+2J2'cos(d-a'). 

The locus of the point S is therefore 

r=R cos {e - a) + JS' cos {B - o') 

= (iJ cos a + U' cos o') cos ^ + (iJ sin a + iJ' sin a') sin ^ 

=2ii"oos(d-o") (1), 

where 2JB" cos a" = B cos a + iJ' cos o', 

and 2JS"8ina"=i2Bina + i2'sina'. 



Hence jr= J V-K«+i^+2i2i2' cos (a - a'), 

- - // iisino + iJ'sina' 

and tan a"= = -^, , . 

jBcoso + i2 cosa' 

From (1) the locus of iS is a circle, whose radius is Ef', which 
passes through the origin O and is such that the line joining O to its 
centre is inclined- at an angle a" to the initial line. 

EXAMPLES. Tcirn. 

1. A point moves so that the sum of the squares of its distances 
from the four sides of a square is constant ; prove that it always lies 
on a cirde. 

2. A point moves so that the sum of the squares of the perpendi- 
culars let fall from it on the sides of an equilateral triangle is constant; 
prove that its locus is a circle. 

3. A point moves so that the sum of the squares of iter distances 
from the angular points of a triangle is constant ; prove that its locos 
is a oirde. 

4. Find the locus of a point which moves so that the square of 
the tangent drawn from it to the circle a^+y*=a^ is equal to c times 
its distance from the straight line Ix+my+nszO. 

5. Find the locus of a point whose distance from a fixed point is 
in a constant ratio to the tangent drawn from it to a given oinde. 
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6. Find the looas of the vertex of a triangle, given (1) its base and 
the snm of the sqaares of its sides, (2) its base and the sum of m times 
the sqaare of one side and n times the sqnare of the other. 

7. A point moves so that the sum of the squares of its distances 
from n fixed points is given. Prove that its locus is a circle. 

8. Whatever be the value of a, prove that the locus of the inter- 
section of the straight lines 

X cos a +2( sin a=:a and xmna-ycoQa=^b 
is a circle. 

9. From a point P on a circle perpendiculars PM and PN are 
drawn to two radii of the circle which are not at right angles ; find 
the locus of the zniddle point of MN, 

10. Tangents are drawn to a circle from a point which always 
lies on a given line ; prove that the locus of the middle point of the 
chord of contact is another circle. 

11. Find the locus of the middle points of chords of the circle 
a?-{-y^=a^ which pass through the fixed point (A, *). 

12. Find the locus of the middle points of chords of the drde 
aE^+y^=a^ which subtend a right angle at the point (c, 0). 

13. is a fixed point and P any point on a fixed circle ; on OP 
is taken a point Q such that OQ is in a constant ratio to OP ; prove 
that the locus of Q is a circle. 

14. is a fixed point and P any point on a given straight line ; 
OP is joined and on it is takeu a point Q such that OP. OQ=k^; 
prove that the locus of Q, i. e, the inverse of the given straight line 
with respect to 0, is a circle which passes through O. 

15. One vertex of a triangle of given species is fixed, and another 
moves along the circumference of a fixed circle ; prove that the locus 
of the remaining vertex is a circle and find its radius. 

16. is any point in the plane of a circle, and OP^P^ any chord 
of the circle which passes through O and meets the circle in P. and 
P,. On this chord is taken a point Q such that OQ is equal to (1) the 
arithmetic, (2) the geometric, and (3) the harmonic mean between OP^ 
and OP2 ; in each case find the equation to the locus of Q, 

17. Find the locus of the point of intersection of the tangent to 
any circle and the perpendicular let fall on this tangent from a fixed 
point on the circle. 

18. A circle touches the axis of x and cuts off a constant length 
21 from the axis of y ; prove that the equation of the locus of its centre 
is y^-- 0^=1^ cosec^ w, the axes being inclined at an angle (a. 
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19« A straight line moves so that the product of the perpendi- 
culars on it from two fixed points is constant. Prove that the locus 
of the feet of the perpendiculars from each of these points upon the 
straight line is a circle, the same for each. 

20. is a fixed point and AP and BQ are two fixed parallel 
straight lines; BOA is perpendicular to both and POQ is a right 
angle. Prove that the locus of the foot of the perpendicular drawn 
from O upon PQ is the circle on AB as diameter. 

21. Two rods, of lengths a and &, slide along the axes, which are 
rectangular, in such a manner that their ends are always conqyolic; 
prove Siat the locus of the centre of the circle passing through these 
ends is the curve 4 {x^ - y') = a* - 6*. 

22. Shew that the locus of a point, which is such that the 
tangents from it to two given concentric circles are inversely as the 
radii, is a concentric circle, the square of whose radius is equal to the 
sum of the squares of the radii of the given circles. 

23. Shew that if the length of the tangent from a point P to the 
circle Qi^-\-y^=.c?^ be four times the length of the tangent from it to the 
circle (a; - a)*+y^=a2, then P lies on the circle 

16a;* + 16y» - 32aa; + a>=0. 

Prove also that these three circles pass through two points and that 
the distance between the centres of the first and third circles is 
sixteen times the distance between the centres of the second and 
third circles. 

24. Find the locus of the foot of the perpendicular let fall from 
the origin upon any chord of the circle aj*+y^+2^aj+2/y+c=0 which 
subtends a right angle at the origin. 

Find also the locus of the middle points of these chords. 

25. Through a fixed point O are drawn two straight lines OTQ, 
and ORS to meet the circle in P and Q, and IL and 5, respectively. 
Prove that the locus of the point of intersection of FS and Q% as also 
that of the point of intersection of FB. and QjSf, is the polar of with 
respect to the circle. 

26. AfB, Ct and D are four points in a straight line; prove that 
the locus of a point P, such that the angles APB and CPD are equal, 
is a circle. 

27- The polar of P with respect to the circle «*+y^=a* touches 
the cirde {x-af+(y- /3)>= h^ ; prove that its locus is tibe curve given 
by the equation {ax-bPy-a^^=b^{x^+y^> 

28. A tangent is drawn to the circle (x -a)^+y^=i^ and a perpen^ 
dicular tangent to the circle (x+a)*+y*=c^; find the locus of tiieir 
point of intersection, and prove that the bisector of the angle between 
them always touches one or other of two fixed circles* 
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29. -^ ^T^y oirole prove that the perpendicular from any pomt of 
it on the line joining the points of contact of two tangents is a mean 
proportional between the perpendiculars from the point upon the two 
tangents. 

30. From any point on the circle 

x^+y^+2gx+2fy+e=0 
tangents are drawn to the circle 

a5*+y»+2^a;+2/y+csin2tt + (p»+/*)oo8«a=0; 
proTe that the angle between them is 2a. 

31. The angular points of a triangle are the points 

(a cos a, a sin a), (acos/S, asin/S), and (a cos 7, a sin 7); 

prove that the coordinates of the orthooentre of the triangle are 

a (cos a + cos /3+ COS 7) and a (sin a + sin /3+ sin 7). 

Hence prove that if A ^ By Cy and D be four points on a circle the 
orthocentres of the four triangles ABC, BCD, CDA, and DAB lie on 
a circle. 

32. A variable circle passes through the point of intersection O 
of any two straight lines and cuts off from them portions OP and OQ 
Buoh that m,OP+n,OQ is equal to unity; prove that this circle 
always passes through a fixed point. 

33. Find the length of the common chord of the circles, whose 
equations are (x -af+y^=a^ and x* + (y - 6)* = 6", and prove that the 
equation to the circle whose diameter is this common chord is 

(tt> + 6») (a;" + y») = 2a6 (hx + ay). 

34. Prove that the length of the common chord of the two circles 
whose equations are 

{x-a)2+(y-6)>=c2 and (x-6)«+(y-a)a=c> 

is sj4c^-2(a-b)K 

Hence find the condition that the two circles may touch. 

35. Find the length of the common chord of the circles 

«'+y^-2aiB-4ay-4a*=30 and aj^+y'-3ajj+4ay=0. 

Find also the equations of the common tangents and shew that 
She length of each is 4a. 

36. Find the equations to the common tangents of the circles 

(1) ««+y«-2a;-6y+9=0 and a;2+y2+6a;-2y+l=0, 

(2) flj»+y«=c« and (a?-o)a+y«=6«. 




CHAPTER IX. 

SYSTEMS OF CIRCLES. 

[This chapter may be omitted by the student on a first 
reading of the subject.] 

182. Orthogonal Circles. Def. Two circles are 
said to intersect orthogonally when 
the tangents at their points of 
intersection are at right angles. 

If the two circles intersect at 
P, the radii O^P and O^P, which 
are perpendicular to the tangents 
at P, must also be at right angles. 

Hence 0^0^ = O^P^ + O^P^, 

i,e, the square of the distance between the centres must be 
equal to the sum of the squares of the radii. 

Also the tangent from 0^ to the other circle is equal to 
the radius a^, i-e, if two circles be orthogonal the length of 
the tangent drawn from the centre of one circle to the 
second circle is equal to the radius of the first. 

Either of these two conditions will determine whether 
the circles are orthogonal. 

The centres of the circles 

a;2+y«+2gfa? + 2/y + c=0 and x^ + y^+2g*x + 2fy + c'=0, 

are the points (-y, -/) and (-/, -/'); also the squares of their 
radii axeg^+P-c Andg'^+f'^-e\ 
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They therefore out orthogonally if 

i,e. if 2p^+2jOr'=c + c'. 

183. Radical Azii. Def. The radical axis of 
two circles is the locus of a point which moves so that the 
lengths of the tangents drawn from it to the two circles are 
equal. 

Let the equations to the circles be 

a^ + y' + 2gx + 2fy + c = (1), 

and x' + y' + 2g^x + 2/^ + c^ = (2), 

and let {x^ y^ be any point such that the tangents from it 
to these circles are equal. 

By Art. 168, we have 

^-^Vi + 2gx^ + 2^1 + c = x^-\-y^ + 2g^x^ + 2/,yi + Cj, 

i.e. 2xy (g - g^) + 2y^ (/-/i) + c - Cj = 0. 

But this is the condition that the point (a?!, yi) should 
lie on the locus 

2«(<7-^i) + 2y(/-/i) + c-Ci = (3). 

This is therefore the equation to the radical axis, and it 
is clearly a straight line. 

It is easily seen that the radical axis is perpendicular 
to the line joining the centres of the circles. For these 
centres are the points (—g, ^f) and (— ^i, — ^). The 

"i»" of the line joining them is therefore -^ — ; '' { . 

9-9x 

The «w" of the Hne (3) is -^P^- 

The product of these two " m's " is - 1. 

Hence, by Art. 69, the radical axis and the line joining 
the centres are perpendicular. 

L. 11 



162 



COORDINATE GEOMETRY. 



184. A geometrical construction can be given 
for the radical axis of two circles. 




Fig. 1. 



Fig. 2. 



If the circles intersect in real points, P and Q, as in 
Fig. 1, the radical axis is clearly the straight line PQ. 
For if T be any point on PQ and TR and TS be the 
tangents from it to the circles we have, by Euc. iii. 36, 

TB^ = TP.TQ = TS\ 

If they do not intersect in real points, as in the second 
figure, let their radii be o^ and a,, and let T be a point such 
that the tangents TR and TS are equal in length. 

Draw TO perpendicular to OiO^- 

Since TR^=TS\ 

we have TO^^ - O^R^ = TO^^ - O^S^, 

U TO^ + 0^0^ - V = TO^ + 00^ - a^, 

i.e, 0^0^-00^^ = a,^-a^\ 

(0^0 - 00^) (0^0 + OO;) = a^^- ai, 



%,e. 



%.e. 



a^ — aJ 
OiO — OO2 = ^ ^ = a constant quantity. 
U1U2 



Hence is a fixed point, since it divides the fixed 
straight line O1O2 into parts whose difference is constant. 

Therefore, since OiOT is a right angle, the locus of T, 
i.e, the radical axis, is a fixed straight Ime perpendicular to 
the line joining the centres. 
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185. If the equations to the circles in Art 183 be 
written in the form S=0 and S' = Oj the equation (3) to 
the radical axis may be written S—S' = 0, and therefore 
the radical axis passes through the common points, real or 
imaginary, of the circles S = and S' = 0. 

In the last article we saw that this was true geometri- 
cally for the case in which the circles meet in real points. 

When the circles do not geometrically intersect, as in 
Fig. 2, we must then look upon the straight line TO as 
passing through the imaginary points of intersection of the 
two circles. 

1-86. The radical axes of three circles, taken in pairs, 
meet in a point. 

Let the equations to the three circles be 

S-^ (1), 

^ = (2), 

and ^' = (3). 

The radical axis of the circles (1) and (2) is the straight 
line 

S-S'^O (4). 

The radical axis of (2) and (3) is the straight line 

S'^S" = (5). 

If we add equation (5) to equation (4) we shall have the 
equation of a straight line through their points of inter- 
section. 

Hence S-S" = ^ (6) 

is a straight line through the intersection of (4) and (5). 

But (6) is the radical axis of the circles (3) and (1). 

Hence the three radical axes of the three circles, taken 
in pairs, meet in a point. 

This point is called the Radical Centre of the three 
circles. 

This may also be easily proved geometrically. For let 
the three circles be called A, B, and (7, and let the radical 
axis of A and B and that of B and C meet in a point 0. 

" 11—2 
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By the definition of the radical axis, the tangent from 
to the circle A = the tangent from 
to the circle B^ and the tangent 
from to the circle J? = tangent 
from it to the circle C, { ^ \ \E 

Hence the tangent from to 
the circle A = the tangent from it 
to the circle (7, i.e, is also a 
point, on the radical axis of the 
circles A and C. 

187. If S^ cmd S^ = be the equations of two circles^ 
the equation of cmy circle through their points of inter- 
section is S = XS', Also the equation to any circle^ such that 
the radical axis of it and S= is u = 0, is S •i-Xu-O, 

For wherever S=0 and S'=0 are both satisfied the 
equation S=XS' is clearly satisfied, so that S=XS' is some 
locus through the intersections oi S = and <S"= 0. 

Also in both S and S' the coefficients of a^ and y^ are 
equal and the coefficient of ocy is zero. The same statement 
is therefore true for the equation S=\S\ Hence the 
proposition. 

Again, since u is only of the first degree, therefore in 
S-\-\u the coefficients of a^ and ^ are equal and the 
coefficient of a^ is zero, so that ^ + Xw = is clearly a circle. 
Also it passes through the intersections oi S=^0 and u = 0, 

EXAMPLES. XXm. 

ProTe that the following pairs of oiroles intersect orthogonally : 

1. iB*+y*-2oa? + c=0 and a^+y8+26y-c=0. 

2. «*+y'-2ax + 26y + c=0 and x^+y^+2hx + 2ay-e^0. 

3. Find the equation to the circle which passes through the origin 
and oats orthogonally each of the circles 

aj>+ya_6a? + 8=0 and x^+y*-'2x-2y^l. 
Find the radical axis of the pairs of circles 

4. aB8+y»=144 and a;2+y«-15a;+lly=0. 

6. «'+y*-3fls-4y + 6=0 and 8a;2+8y«-7a? + 8y + ll=0. 
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6. a5*+y2-a;y + 6a;-7y + 8=0 and x^+y^-xy-i^O, 
the axes being inoUned at 120^ 

Find the radical centre of the sets of circles 

7. x^+y^+x + 2y + S=zO, a:»+y9 + 2x + 4y + 6=0, 
and a;«+y*-7aj-8y-9=0. 

8. (aj-2)« + (y-3)«=36, (a; + 8)« + (y + 2)^=49, 
and (a;-4)>+(y + 5)«=64. 

9. Prove that the square of the tangent that can be drawn from 
any point on one circle to another circle is equal to twice the product 
of the perpendicular distance of the point from the radical axis of the 
two circles, and the distance between their centres. 

10. ProTC that a common tangent to two circles is bisected by the 
radical axis. 

11. Find the general equation of aU circles any pair of which have 
the same radical axis as the circles 

aa+y»=4 and a^+y»+2x + 4y=6. 

12. Find the equations to the straight lines joining the origin to 
the points of intersection of 

iB*+y"-4a5-2y=4 and ar'+y5-2aj-4y-4=0. 

13. The polars of a point P with respect to two fixed circles meet 
in the point Q. Prove that the circle on PQ as diameter passes 
through two fixed points, and cuts both the given circles at right 
angles. 

14. Prove that the two circles, which pass through the two points 
(0, a) and (0, - a) and touch the straight Une y=fnx-\-Cf will cut ortho- 
gonally if c2= a^ (2 + m*). 

15. Find the locus of the centre of the circle which cuts two given 
circles orthogonally. 

16. If two circles cut orthogonally, prove that the polar of any 
point P on the first circle with respect to the second passes through 
the other end of the diameter of the first circle which goes through P. 

Hence, (by considering the orthogonal circle of three circles as 
the locus of a point such that its polars with respect to the circles 
meet in a point) prove that the orthogonal circle of three circles, 
given by the general equation is 
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188. Coaxal Circles. Def. A system of circles 
is said to be coaxal when they have a common radical axis, 
i,e. when the radical axis of each pair of circles of the 
system is the same. 

To find the eqvMion of a system, of coaxal circles. 

Since, by Art. 183, the radical axis of any pair of the 
circles is perpendicular to the line joining their centres, it 
follows that the centres of all the circles of a coaxal system 
must lie on a straight line which is perpendicular to the 
radical axis. 

Take the line of centres £^s the axis of x and the radical 
axis as the axis of y (Figs. I. and II., Art. 190), so that O 
is the origin. 

The equation to any circle with its centre on the axis 
of X is 

x'+y^-2gx + c = (1). 

Any point on the radical axis is (0, y^). 

The square on the tangent from it to the circle (1) is, 
by Art. 168, yj^ + c. 

Since this quantity is to be the same for all circles of 
the system it follows that c is the same for all such circles ; 
the different circles are therefore obtained by giving dif- 
ferent values to g in the equation (1). 

The intersections of (1) with the radical axis are then 
obtained by putting a? = in equation (1), and we have 

y = ±J-c, 

If c be negative, we have two real points of intersection 
as in Fig. I. of Art. 190. In such cases the circles are said 
to be of the Intersecting Species. 

If c be positive, we have two imaginary points of in- 
tersection as in Fig. II. 

189. Limiting points of a coaxal qyatem. 

The equation (1) of the previous article which gives any 
circle of the system may be written in the form 
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It therefore represents a circle whose centre is the point 
(^, 0) and whose radius is J^—c, 

This radius vanishes, i,e, the circle becomes a point- 
circle, when ^ = c, i.e, when ^ = + Jc, 

Hence at the particular points (+ Jc^ 0) we have point- 
circles which belong to the system. These point-circles are 
called the Limiting Points of the system. 

If c be negative, these points are imaginary. 

But it was shown in the last article that when c is 
negative the circles intersect in real points as in Fig. I., 
Art. 190. 

If c be positive, the limiting points Z^ and Z, (Fig. 11.) are 
real, and in this case the circles intersect in imaginary points. 

The limiting points are therefore real or imaginary 
according as the circles of the system intersect in imaginary 
or real points. 

190. Orthogonal circleB of a coaxal qyatem. 

Let T be any point on the common radical axis 
of a system of coaxal circles, and let TR be the tangent 
from it to any circle of the system. 




Fig. L 

Then a circle, whose centre is T and whose radius is TR^ 
will cut each circle of the coaxal system orthogonally. 
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[For the radius TR of this circle is at right angles to 
the radius O^By and so for its intersection with any other 
circle of the system.] 

Y 




Fig. 11. 

Hence the limiting points (being point-ctrcZc* of the 
system) are on this orthogonal circle. 

The limiting points are therefore the intersections with 
the line of centres of any circle whose centre is on the 
common radical axis and whose radius is the tangent from 
it to any of the circles of the system. 

Since, in Fig. I., the limiting points are imaginary these 
orthogonal circles do not meet the line of centres in real 
points. 

In Fig. II. they pass through the limiting points L^ 
and Jvj. 

These orthogonal circles (since they all pass through two 
points, real or imaginary) are therefore a coaxal system. 

Also if the original circles, as in Fig. I., intersect in 
real points, the orthogonal circles intersect in imaginary 
points; in Fig. II. the original circles intersect in imaginary 
points, and the orthogonal circles in real points. 

We therefore have the following theorem : 

A set of coaxal circles can be cut ort/iogonaUy by another 
set of coaxal circles^ the centres of each set lying on the 
radical axis of the other set ; also one set is of the limiting- 
point species and the other set of the other species. 
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!•!. Without referenoe to the limiting points of the original 
system, it may be easily foand whether or not the orthogonal circles 
meet the original line of centres. 

For the circle, whose centre is T and whose radios is TR, meets 
or does not meet the line OjO^ according as TB^ is > or < T0\ 

ue, according as TOj^ - O^R^ is > TO^, 

i. e, according as TO^ + 00^^ - O^R? is 5 TO", 

t.c. according as 00^ is 5 OyR^ 

i.e. according as the radical axis is without, or within, each of the 
circles of the original system. 

192. In the next article the above results will be 
proved analytically. 

To find the equation to any circle which ctUs two given 
circles orthogonally. 

Take the radical axis of the two circles as the axis of y, 
so that their equations may be written in the form 

a^-^2^-2gx + c = (1), 

and a?-\-y^-2g^x+c = (2), 

the quantity c being the same for each. 

Let the equation to any circle which cuts them or- 
thogonally be 

{x-^Ay + {y-By = B' (3). 

The equation (1) can be written in the form 

{«-ffy + y'=[J7^T (4). 

The circles (3) and (4) cut orthogonally if the square of 
the distance between their centres is equal to the sum of 
the squares of their radii, 

i.e.ii {A-gf + &-^E' + [Jj::^f, 

Le. if A^ + B'-^Ag^E'-^c (5). 

Similarly, (3) will cut (2) orthogonally if 

il«+J?2-2il^i = i?'-c (6). 

Subtracting (6) from (5), we have -4 (^ - ^i) = 0. 

Hence il=0, and B^^&'^c. 
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Substituting these values in (3), the equation to the 
required orthogonal circle is 

aj> + y«-2%-c = (7), 

where Bis any quantity whatever. 

Whatever be the value of £ the equation (7) represents 
a circle whose centre is on the axis of y and which passes 
through the points (+ tjc, 0). 

But the latter points are the limiting points of the 
coaxal system to which the two circles belong. [Art. 189.] 

Hence any pair of circles belonging to a coaxal system 
is cut at right angles by any circle of another coaxal 
system ; also the centres of the circles of the latter system 
lie on the common radical axis of the original system, and 
all the circles of the latter system pass through the limiting 
points (real or imaginary) of the first system. 

Also the centre of the circle (7) is the point (0, B) and 
its radius is JB^ + c. 

The square of the tangent drawn from (0, B) to the 
circle (1) = ^ + c (by Art. 168). 

Hence the radius of any circle of the second system is 
equal to the length of the tangent drawn from its centre to 
fiuiy circle of the first system. 

193. The equation to the system of circles which cut 
a given coaxal system orthogonally may also be obtained 
by using the result of Art. 182. 

For any circle of the coaxal system is, by Art. 188, 
given by 

cc»-fy«-2^jc + c = (1), 

where c is the same for all circles. 

Any point on the radical axis is (0, y'). 

The square on the tangent drawn from it to (1) is 
therefore y'* + c. 

The equation to any circle cutting (1) orthogonally is 
therefore 

Le. a^ + f^—2yy' — c = 0. 
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Whatever be the value of y' this circle passes through 
the points (+ Jc, 0), i.e, through the limiting points of the 
system of circles given by (1). 

194. We can now deduce an easy construction for the 
circle that cuts any three circles orthogonally. 

Consider the three circles in the figure of Art. 186. 

By Art. 192 any circle cutting A and B orthogonally 
has its centre on their common radical axis, i,e. on the 
straight line OD, 

Similarly any circle cutting B and C orthogonally has 
its centre on the radical axis OE, 

Any circle cutting all three circles orthogonally must 
therefore have its centre at the intersection of OD and OEy 
i,e. at the radical centre 0, Also its radius must be the 
length of the tangent drawn from the radical centre to 
any one of the three circles. 

Ex. Find the eqwUion to the circle which cuts orthogonally ecLch 
of the three circlei 

«8+2^H2« + 17y+ 4=0 (1), 

a;«+y»+7x+ 6y + ll=0 (2), 

x^+y^^ x + 22y-\- 8=0 (3). 

The radical axis of (1) and (2) is 

6a;-lly + 7=0. 
The radical axis of (2) and (3) is 

ac-16y + 8=0. 
These two straight lines meet in the point (3, 2) which is therefore 
the radical centre. 

The sqnare of the length of the tangent from the point (3, 2) to 
each of the given circles = 57. 

The required equation is therefore {x - 9)*+(y - 2)'= 57, 
i.e. aj«+ya-6a;-4y-44=0. 

105. Bz. Find the locus of a point which moves so that the length 
of the tangent drawn from it to one given circle is X times the length of 
the tangent from it to another given circle. 

As in Art. 188 take as axes of x and y the line joining the centres 
of the two circles and the radical axis. The equations to the two 
ciroles are therefore 

x^+y^-2gjX-{-e=0 (1), 

and a;2+ya-2^j^ + c=0 (2). 
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Let (h, &) be a point such that the length of the tangent from it to 
(1) is always X times the length of the tangent from it to (2). 

Then h^+k'^-2gjh'{'C=\^[h*+k^--2gJi+c], 

Hence (/i, X;) always lies on the circle 



x^+y^-2x^^-^^-^e=0 (3). 



This circle is clearly a circle of the coaxal system to which (1) and 
(2) belong. 

Again, the centre of (1) is the point 07i» 0), the centre of (2) is 
(^„ 0), whilst the centre of (3) is {^^^ . 0^ . 

Hence, if these three centres be called 0^, 0^, and 0,, we have 

and o,0,=^-^^-p,=^^G7,-i/J, 

so that 0^0^ : OjO, : : X» : 1. 

The required locns is therefore a circle coaxal with the two given 
circles and whose centre divides externally, in the ratio X^ : 1, the line 
joining the centres of the two given circles. 

EXAMPLES. XXIV. 

1. Prove that a common tangent to two circles of a coaxal 
system subtends a right angle at either limiting point of the system. 

^ 2. Prove that the polar of a limiting point of a coaxal system 
with respect to any circle of the system is the same for all circles of 
the system. 

3. Prove that the polars of any point with respect to a system of 
coaxal circles all pass through a fixed point, and that the two points 
are equidistant from the radical axis and subtend a right angle at a 
limiting point of the system. If the first point be one limiting point 
of the system prove that the second point is the ol^er limiting point. 

4. A fixed circle is cut by a series of circles all of which pass 
through two given points ; prove that the straight line joining the 
intersections of the fixed circle with any circle of the system always 
passes through a fixed point. 

5. Prove that tangents drawn from any point of a fixed drde of 
a coaxal system to two other fixed circles of the system are in a 
constant ratio. 
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6. Proye that a system of coaxal oiroles inveorts with respect to 
either limiting point into a system of concentric circles and find the 
position of the common centre. 

7. A straight line is drawn tonching one of a system of coaxal 
circles in P and catting another in Q and R, Shew uiat PQ and PR 
subtend equal or supplementary angles at one of the limiting points 
of the system. 

8. Find the locus of the point of contact of parallel tangents 
which are drawn to each of a series of coaxal circles. 

9. Prove that the circle of similitude of the two circles 

a;«+y'-2fci;+«=0 and ix^+y*-2k'x + 8=:0 

(i.«. the locus of the points at which the two circles subtend the same 
angle) is the coaxal curole 

10. From the preceding question shew that the centres of simili- 
tnde (t.e. the points in which the common tangents to two circles 
meet the line of centres) divide the line joining the centres internally 
and externally in the ratio of the radii. 

11. If «+y /y^=tan(i*+i; ij-l), where x, y, u, and t; are all 
real, prove that the curves u= constant give a family of coaxal circles 
passing through the points (0, ±1), and that the curves v=: constant 
give a system of circles cutting the first system orthogonally. 

12. Find the equation to the circle which cuts orthogonally each 
of the circles 

and a^+y*+2fc« + 2Ay+a=0. 

13. Find the equation to the circle cutting orthogonally the 
three circles 

gA+yi^a^ (aj-c)8+y2=a«, and «»+(y-6)«=a*. 

14« Find the equation to the circle cutting orthogonally the 
three circles 

a»+y«-2x+3y-7=0, ar»+y«+5«-6y + 9=0, 

and x^+y^+lx -9y + 29=0, 

15, Shew that the equation to the circle cutting orthogonally the 
circles 

(a!-a)«+(y-6)»=6«, («-6)3+(y-a)«=a*, 

and (a:-a-6-c)*+y*=a6+c*, 

is a;»+y2_2a;(a+6)-y(a + 6)+a*+3a6+6*=0. 



CONIC SECTIONS. 



CHAPTER X. 

THE PARABOLA. 

196. Conic Section. Def. The locus of a point 
P, which moves so that its distance from a fixed point is 
always in a constant ratio to its perpendicular distance 
from a fixed straight line, is called a Conic Section. 

The fixed point is called the FOCUB and is usually 
denoted by S. 

The constant ratio is called the XSccentricity and is 
denoted by e. 

The fixed straight line is called the Directrix 

The straight line passing through the Focus and per- 
pendicular to the Directrix is called the AzLs. 

When the eccentricity e is equal to unity, the Conic 
Section is called a Parabola. 

When e is less than unity, it is called an Ellipse. 

When e is greater than unity, it is called a H3rper- 
bola. 

[The name Conic Section is derived from the fact that 
these curves were first obtained by cutting a cone iii 
various ways.] 
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197. To find the equation to a Parabola, 

Let S be the fixed point and ZM the directrix. We 
require therefore the locus 
of a point F which moves 
BO that its distance from S 
is always equal to FM, its 
perpendicular distance from 
ZM. 

Draw SZ perpendicular 
to the directrix and bisect 
SZ in the point A ; produce 
ZA toZ. 

The point A is clearly a 
point on the curve and is ** "^***^*^*wF' 

called the Vertex of the 
Parabola. 

Take A as origin, AX as the axis of a;, and AY^ 
perpendicular to it, as the axis of y. 

Let the distance ZA^ or AS^ be called a, and let F be 
any point on the curve whose coordinates are x and y. 

Join /S'P, and draw FN and FM perpendicular respec- 
tively to the axis and directrix. 

We have then SF^ = FM\ 

i.e. {x-af + y^=ZN^ = (a + x)\ 

y« = 4ax (1). 

This being the relation which exists between the co- 
ordinates of any point F on the parabola is, by Art. 42, the 
equation to the parabola. 

Cor. The equation (1) is equivalent to the geometrical 
proposition 

FN^ = ^AS.AN. 



198. The equation of the preceding article is the 
simplest possible equation to the parabola. Throughout 
this chapter this steuidard form of the equation is assumed 
unless the contrary is stated. 
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If instead of AX and Jl^ we take the axis and the 
directrix ZM as the axes of coordinates, the equation 
would be 

(a:-2a)« + y' = a;», 

t.e. y^ = 4«(a; — a) (1). 

Similarly, if the axis 8X and a perpendicular line SL 
be taken as the axes of coordinates, the equation is 

i.e, y* = 4a (a; + a) (2). 

These two equations may be deduced from the equation 
of the previous article by transforming the origin, firstly to 
the point (- a, 0) and secondly to the point (a, 0). 

!••. The equation to the parabola referred to any focus and 
directrix may be easily obtained. Thus the equation to tibe parabola, 
whose focus is the point (2, 8) and whose directrix is the straight 
line a; -43^ + 3=0, is 



,..,,,^-.,.C_^y. 



[VP + 42 

%,e, 17[«»+y2-4a;-6y + 13]={aj2+%» + 9-8x2/ + 6a;-242/}, 
t.tf. 16a;« + 2/^ + 8a:y - 74a?- 78y + 212=0. 

200. To trace the curve 

y'=^ax (1). 

If X be negative, the corresponding values of y are 
imaginary (since the square root of a negative queuitity is 
unreal) ; hence there is no part of the curve to the left of 
the point A. 

If y be zero, so also is x, so that the axis of x meets 
the curve at the point A only. 

If a; be zero, so also is y, so that the axis of y meets 
the curve at the point A only. 

For every positive value of x we see from (1), by taking 
the square root, that y has two equal and opposite values. 

Hence corresponding to any point F on the curve there 
is another point P' on the other side of the axis which is 
obtained by producing PJV to P' so that FN and ilTP' are 
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equal in magnitude. The line I*F is called a doable 
ordinate. 

As X increases in magnitude, so do the corresponding 
values of y\ finally, when x becomes infinitely great, y 
becomes infinitely great also. 

By taking a large number of values of x and the 
corresponding values of y it will be found that the curve is 
as in the figure of Art. 197. 

The two branches never meet but are of infinite length. 

201. The qtumtity y^ — iaaf is negative, zero, or positive 
ticcording as the point {x\ y^) is within, upon, or without the 
panraholoh 

Let Q be the point {x', y') and let it be within the 
curve, i,e. be between the curve and the axis AX. Draw 
the ordinate QN and let it meet the curve in P, 

Then (by Art. 197), PN^= 4a . x'. 

Hence y'^, i.e, QN\ is < PN\ and hence is < ^ax\ 
.*. y'^ — iaaf is negative. 

Similarly, if Q be without the curve, then y'*, i,e, QIP, 
is > PN\ and hence is > ^aac\ 

Hence the proposition. 

202. Latus Rectum. Def. The latus rectum of 
any conic is the double ordinate LSV drawn through the 
focus S. 

In the case of the parabola we have SL = distance of L 
from the directrix = SZ= 2a, 

Hence the latus rectum = 4a. 

When the latus rectum is given it follows that the 
equation to the parabola is completely known in its 
standard form, and the size and shape of the curve 
determined. 

The quantity 4a is also often called the principal 
parameter of the curve. 

Focal Distance of any point. The focal distance 
of any point P is the distance SP. 

This focal distance ^PM^ZN=ZA'^AN'=a-^x. 
L. 12 
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Bz. Find the vertex, axU, focus, and lotas rectum of the parabola 

4y2+12a;-20y+67=0. 
The equation can be written 

Le. (y-|)»= -3x-¥-+^= -S{x+i). 

Transform this equation to the point (-{, |) and it becomes 
y^= -dx, which represents a parabola, whose axis is the axis of x 
and whose concavity is turned towards the negative end of this axis. 
Also its latus rectum is 3. 

Referred to the original axes the vertex is the point ( - ^ , |), the 
axis is ^=f , and the focus is the point ( - f - 1» f)» t.£. ( - ^^, f). 



EXAMPLES. XXV. 

Find the equation to the parabola with 

1. focus (3, - 4) and directrix 6x - 7y + 6 = 0. 

2. focus {a, b) and directrix - + 1=1. 

Find the vertex, axis, latus rectum, and focus of the parabolas 

3. y2=4x+4y. 4. a^+2y=Sx-l. 
5. x^-2ax + 2ay=0. 6. y^=4y-4a:. 

7. Draw the curves 

(1) y^=-4ax, (2) a?=^ay, and (3) x^=-4tay. 

8. Find the value of p when the parabola y^=z4px goes through 
the point (i) (3, - 2), and (ii) (9, - 12). 

9. For what point of the parabola y^=lSx is the ordinate equal 
to three times the abscissa? 

10. Prove that the equation to the parabola, whose vertex and focus 
are on the axis of x at distances a and a* from the origin respectively, 
is y^=^{a'-a)(x-a), 

11. In the parabola y^=Qx, find (1) the equation to the chord 
through the vertex and the negative end of the latus rectum, and 
(2) the equation to any chord l^ough the point on the curve whose 
abscissa is 24. 

12. Prove that the equation y^+2Ax + 2By'\-C=0 represents a 
parabola, whose axis is parallel to ue axis of x, and find its vertex and 
the equation to its latus rectum. 

13. Prove that the locus of the middle points of all chords of 
the parabola y^=4tax which are drawn through the vertex is the 
paraoola y*=2ax. 
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14. Prove that the locus of the centre of a circle, which intercepts 
a chord of given length 2a on the axis of x and passes through a given 
point on the axis of y distant b from the origin, is the carve 

ar»-2y6+6a=a2. 
Trace this parabola. 

15. PQ is a doable ordinate of a parabola. Find the locus of its 
points of trisection. 

16. Prove that the locus of a point, which moves so that its 
distance from a fixed line is equal to the length of the tangent drawn 
from it to a giv^U circle, is a parabola. Find the position of the 
focus and directfil. 

17. I' a circle be drawn so as always to touch a c^ven straight 
line and also a given circle, prove that the locus of its centre is 
a parabola. 

18. The vertex ^ of a parabola is joined to any point P on the 
carve and PQ is drawn at right angles to AP to meet the axis in Q, 
Prove that the projection of PQ on the axis is always equal to the 
latas rectum. 

19. If on a given base triangles be described such that the sum of 
the tangents of the base angles is constant, prove that the locus of 
the vertices is a parabola. 

20. A double ordinate of the curve y^=4kpx is of length Sp ; prove 
that the lines from the vertex to its two ends are at right angles. 

21. Two parabolas have a common axis and concavities in oppo- 
site directions; if any line parallel to the common axis meet the 
parabolas in P and P', prove that the locus of the middle point of PP' 
is another parabola, provided that the latera recta of the given para- 
bolas are unequal. 

22. A parabola is drawn to pass through A and B, the ends of 
a diameter of a given circle of radius a, and to have as directrix a 
tangent to a concentric circle of radius h ; the axes being AB and 
a i>erpendicular diameter, prove that the locus of the focus of the 

parabola is ^ + ^a=L 

203. To find the 'paints of intersection of any straight 
line with the ptMrahola 

y^ = 4cax (1). 

The equation to any straight line is 

y^mx-^c (2). 

The coordinates of the points common to the straight 
line and the parabola satisfy both equations (1) and (2), 
and are therefore found by solving them. 

12—2 
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Substituting the value of y from (2) in (1), we have 

(ma3 + cf = 4afic, 

t.e. wV+2aj(wc-2a) + c« = (3). 

This is a quadratic equation for x and therefore has two 
roots, real, coincident, or imaginary. 

The straight line therefore meets the parabola in two 
points, real, coincident, or imaginary. 

Tlie roots of (3) are real or imaginary according as 

{2(mc-2a)}«-4mV 

is positive or negative, i,e, according as — amc + a' is 
positive or negative, ».6. according as 97u; is ^ 4a. 

a04. To find the length of the chord intercepted by the parabola on 
the straight line 

y=zmx-k-e (1). 

If (^1) y^ and (x,, y^ be the common points of intersection, then, 
as in Art. 154, we nave, from equation (3) of the last article, 

(«i-«J'=(xi+a?a)'~^i«8 

_ ^{mc- 2ay 4c» _ 16a (a - mc) 

TO* TO^ TO* ' 

and yi-y9=»»(a:i-a:j). 

Hence the required length = \/(yi - ya)' + (^i " ^J* 

= Jl + m^ (^1 -«i) = ^ n/i + to» Ja{a--mc). 

205. To find the equation to the tangent at am,y point 
Wi y') of ^^^ parabola y* = iax. 

The definition of the tangent is given in Art. 149. 

Let F be the point [x, y') and Q a point (a", y") on the 
parabola. 

The equation to the line FQ is 

y-y'=!^'^(*-'"'> <^)- 

Since F and Q both lie on the curve, we have 

y"^ = 4aa:' (2), 

and y"» = 4aa;" (3). 
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Hence, by subtractioii, we have 

y"'-y^ = 4«(a:"-«!'), 

i.e. (y"-y')(y"+y') = 4«('«"-A 

and hence ^, — —, = -r, , . 

Substituting this value in equation (1), we have, as 
the equation to any secant PQ, 

Le. y (y' + y") = 4:oa; + yV + y'' - 4«ar' 

= 4aa; + yy' (4). 

To obtain the equation of the tangent at (a;', y') we take 
Q indefinitely close to P, and hence, in the limit, put y" = y'. 
The equation (4) then becomes 

2?/y' = y'* + 4aa; = 4aa; + 4aaj', 
i,e, y7'=s2a(z4-z'). 

Cor. It will be noted that the equation to the tangent 
is obtained from the equation to the curve by the rule of 
Art. 152. 



The equation to the tangent at the point (2, -4) of the 
parabola ^'=8d; is 

i/(-4)=4(a;+2), 
i.«. ar+y+2=0. 

The equation to the tangent at the point [ — ^ , — ] of the parabola 

y'=4aa; is 



^ m 



206. To find the condition that the straight line 

y = mx'\-c (1) 

mai/ touch the parabola y* = 4aa; (2). 

The abscisssB of the points in which the straight line (1) 
meets the curve (2) are as in Art. 203, given by the equation 
w'»a? + 2a;(mc-2a)+c» = (3). 
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The line (1) will touch (2) if it ineet it in two points 
which are indefinitely close to one another, i.e, in two 
points which ultimately coincide. 

The roots of equation (3) must therefore be equal. 

The condition for this is 

4 (mc — 2ay = 4m^c*, 

i,e. o? -, amc = 0, 

a 
so that c = — . 

w 

Substituting this value of c in (1), we have as the 
equation to a tangent, 

In this equation m is the tangent of the angle which 
the tangent makes with the axis of x. 

The foregoing proposition may also be obtained from the equation 
of Art. 205. 

For equation (4) of that article may be written 

2a 2flur' .,, 

y=7^+V* ^^' 

In this equation put — > =w, i.e. y'= — , 

- , , w'2 a , 2a4;' a 

and hence a;'=7— = — =, and — 7- = —. 

The equation (1) then becomes y =?im?+ — . 

Also it is the tangent at the point (j/, y% Le, f — ^ , — j . 

207. Eqv,ation to the normal at (x, y\ The required 
normal is the straight line which passes through the point 
(a/, y') and is perpendicular to the tangent, i,e, to the 
straight line 

y^-.{x + x). 

Its equation is therefore 

y-y'=m!{x-x% 

where m' x — 7 = - 1, f.e. 'm' = — ^ , (Art. 69.) 

y 2a ^ ^ 
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and. the equation to the normal is 

7-7-=^ («-x') (1). 

208a To express the equation of the normal in the form 

y = mx — 2am — am,K 
In equation (1) of the last article put 

-^ = m, i,e, y' = — 2am. 
Za 



Hence aj' = ^ 






ia 

The normal is therefore 

y + 2am = m (a; — am% 
i.0. J =s mx — 2am — am', 

aaid it is a normal at the point {am\ — 2am) of the curve. 

In this equation m is the tangent of the angle which 
the normal makes with the axis. It must be carefully 
distinguished from the m of Art. 206 which is the tangent 
of the angle which the tangent makes with the axis. The 
" m " of this article is - 1 divided hj the " m " of Art. 206. 

209. Subtangent and Subnormal. Def. If 

the tangent and normal at any point P of a conic section 
meet the axis in ^ and G respectively and PiV be the 
ordinate at P, then NT is called the Subtangent and NG the 
Subnormal of P. 

Tofmd the length of the siibtangent a/nd subnormal. 

If P be the point (x\ y') the equation to TF is, by 
Art. 205, 

yy' = 2a(a; + a;') (1). 

To obtain the length of AT^ we 
have to find the point where this 
straight line meets the axis of a;, . 
i,e. we put y = Oin (1) and we 
have 

a: = -a/ (2). 

Hence AT = AN, 
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[The negative sign in equation (2) shews that T and 
i\r always lie on opposite sides of the vertex A."] 

Hence the subtangent iVT= 2-4i\r= twice the abscissa 
of the point P. 

Since TFG is a right-angled triangle, we have (Euc. vi. 8) 
PJP=TN.NG. 

Hence the subnormal NG 

The subnormal is therefore constant for all points on 
the parabola and is equal to the semi-latus rectum. 

aiO. Bz. ].. If a chord which is normal to the parabola at one 
end subtend a right angle at the vertex, prove that it is inclined at an 
angle tan"^ i,J2 to the axis. 

The equation to any chord which is normal is 
y=mx- 2am - am^t 
i,e. mx-'y= 2am+ am\ 

The parabola is y^=:4ax. 

The straight lines joining the origin to the intersections of these 
two are therefore given by the equation 

y* (2am + om') - 4aa; (mx - y) = 0. 
If these be at right angles, then 

2am + am^ - 4am = 0, 
i.e. m=±^/2. 

Bx. a. From the point where any normal to the parabola j^=4ax 
meets the oms is drawn a line perpendicular to this normal; prove that 
this line always touches an equal parabola. 

The equation of any normal to the parabola is 
y=mx-2am-amK 

This meets the axis in the point (2a + am^, 0). 

The equation to the straight line through this point perpendicular 
to the normal is 

y=mi{x-2a-am^), 
where mim=-l. 

The equation is therefore 



y=m,(x-2a.-^,). 
t/=7»i(x-2a)-~. 
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This straight line, as in Art. 206, always touches the equal parabola 
y«=-4a(a?-2a), 
whose vertex is the point (2a, 0) and whose ooncavity is towards the 
negative end of the axis of x. 
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Write down the equations to the tangent and normal 

1. at the point (4, 6) of the parabola ^'=9^;, 

2. at the point of the parabola y^=Qx whose ordinate is 12, 

3. at the ends of the latus rectum of the parabola y^==12x, 

4. at the ends of the latus rectum of the parabola y^ = 4a (j; - a). 

5. Find the equation to that tangent to the parabola y^=7x 
which is parallel to the straight line 4y-x + 3 = 0. Find also its 
point of contact. 

6. Atangent to the parabola y^=4ax makes an angle of 60° with 
the axis ; find its point of contact. 

7. A tangent to the parabola y^=6x makes an angle of 45° with 
the straight line y=Bx+6, Find its equation and its point of 
contact. 

8. Find the points of the parabola y^=^ax at which (i) the 
tangent, and (ii) the normal is inclined at 30° to the axis. 

9. Find the equation to the tangents to the parabola y^:=9x which 
goes through the point (4, 10). 

10. Prove that the straight line a;+y=l touches the parabola 

11. Prove that the straight line y=imx+e touches the parabola 

a 
y«=4a(a?+a) if c=wia+— . 
Ill 

12. Prove that the straight line lx+my+n=iO touches the parabola 
y^ = 4aa; if In = am^. 

13. For what point of the parabola y*=i^ax is (1) the normal equal 
to twice the subtangent, (2) the normal equal to the difference between 
the subtangent and the subnormal ? 

Find the equations to the common tangents of 

14. the parabolas y^ = 4aa; and x^ = 4kby , 

15. the circle afl + y^=4ax and the parabola y^=4ax, 

16. Two equal parabolas have the same vertex and their axes are 
at right angles ; prove that the common tangent touches each at the 
end of a latus rectum. 
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17. Prove that two tangents to the parabolas y^=^a{x+a) and 
y3=4a'(x+a'), which are at right angles to one another, meet on the 
straight line a? + a + a' = 0. 

Shew also that this straight line is the common chord of the two 
parabolas. 

18. PN is an ordinate of the parabola ; a straight line is drawn 
parallel to the axis to bisect NP and meets the curve in Q • prove 
that NQ meets the tangent at the vertex in a point T such that 
AT=%NP. 

19. Prove that the chord of the parabola y^=^ax, whose equation 
iay-x^2+4a^2=0f is a normal to the carve and that its length is 

20. If perpendiculars be drawn on any tangent to a parabola from 
two fixed points on the axis, which are equidistant from the focus, 
prove that the difference of their squares is constant. 

21. . If -P) Q) aiid R be three points on a parabola whose ordinates 
are in geometrical progression, prove that the tangents at P and B 
meet on the ordinate of Q, 

22. Tangents are drawn to a parabola at points whose abscissa 
are in the ratio fi:l; prove that they intersect on the curve 

23. If the tangents at the points (x', y') and [x", y'*) meet at the 
point (x^, yy) and the normals at the same points in (x^, 2^2)* pi^ve 
that 

(1) .,= y^.My,=t^', 

and hence that 

(3) X2=2a+^-x^ and yj= - ^^ . 

24. From the preceding question prove that, if tangents be drawn 
to the parabola y^=4ax from any point on the parabola y^=a(x+h), 
then the normsds at the points of contact meet on a f^ed straight 
line. 

25. Find the lengths of the normals drawn from the point on the 
axis of the parabola y^=Sax whose distance from the focus is 8a. 

26. Prove that the locus of the middle point of the portion of a 
normal intersected between the curve and the axis is a parabola whose 
vertex is the focus and whose latus rectum is one quarter of that of 
the original parabola. 

27. Prove that the distance between a tangent to the parabola and 
the parallel normal is a cosec 6 sec^ 6, where 6 is the angle that either 
makes with the axis. 
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28. PNP' is a doable ordinate of the parabola ; prove that the 
locus of the point of intersection of the normal at P and the diameter 
through P' is the equal parabola y^=ia {x - 4a). 

29. ^e normal at any point P meets the axis in O and the 
tangent at the vertex in O^ ; it A he the vertex and the rectangle 
AOQG' be completed, prove that the equation to the locus of Q is 

a^=2ax^+ayK 

SO, Two equal parabolas have the same focus and their axes are 
at right angles ; a normal to one is perpendicular to a normal to the 
other; prove that the locus of the point of intersection of these 
normals is another parabola. 

31. If a normal to a parabola make an angle with the axis, 
shew that it will cut the curve again at an angle tan~i (^ tan 4>), 

32. Prove that the two parabolas y^ = 4ax and y*=:ic{x- b) cannot 

have a common normal, other than the axis, unless > 2. 

a-c 

33. If a^>8&^ prove that a point can be found such that the two 
tangents from it to the parabola y^=iax are normals to the parabola 

34. Prove that three tangents to a parabola, which are such that 
the tangents of their inclinations to the axisi are in a given harmonical 
progression, form a triangle whose area is constant. 

35. Prove that the parabolas y^^iax and a^=^by cut one another 

, . , 3a*6* 

at an angle tan * — = j- . 

2(a* + 6*) 

36. Prove that two parabolas, having the same focus and their axes 
in opposite directions, out at right angles. 

37. Shew that the two parabolas 

x^+ia{y-2h-a)=0 and y*=46(a:-2a + 6) 

intersect at right angles at a common end of the latus rectum 
of eadi. 

38. A parabola is drawn touching the axis of x at the origin and 
having its vertex at a given distance k from this axis. Prove that the 
axis of the parabola is a tangent to the parabola x^= -Sk{y- 2k). 

211. Some properties of the Parabola. 

(a) If the tangent and normal at cmy point P of the 
pa/rahola meet the aocia in T and G respectively ^ then 

ST=SG^SF, 
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amd ike tangent at F is eqtuillf/ inclined to the axis and the 
focal diaUmce o/F, 
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Let F be the point {x\ j/)- 

Draw FM perpendicular to the directrix. 

By Art. 209, we have AT=AK 

.'. TS=TA + AS=Air+ZA=Z]!f=MF = SF, 
and hence z STF = l SFT, 

By the same article, NG = 2 AS = ZS. 

:. SG = SN'-^NG = ZS+SF=MF=^SF, 

(P) If the tangent at F meet the directrix in K, then 
KSP is a right angle. » 

For I SFT= I FTS^ l KFM. 

Hence the two triangles KFB and KFM have the two 
sides KF^ FS and the angle KFS equal respectively to the 
two sides KF, FM &nd the angle KFM. 

Hence z £SF = z KMF = a right angle. 

Also iSKF^lMKF. 

(y) Tangents ai the eodremities ofanyfocdL chord inter- 
sect at right angles in the directrix. 

For, if FS be produced to meet the curve in P', then, 
since i F'SK is a right angle, the tangent at F meets the 
directrix in K. 
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Also, by (^), L MKP = L SKF, 
and, similarly, z M^KF = i SEP'. 

Hence 

z PKF :=lL SKM + i ^ SKM' = a right angle. 

(8). IfSY he perpendumlar to the tangent at P, then Y 
lies on the tangent at the vertex amd ST^ = AS . SP, 
For the equation to any tangent is 

y=mx + ^ (1)- 

The equation to the perpendicular to this line passing 
.through the focus is 

y = -^{x^a) (2). 

The lines (1) and (2) meet where 

a \ , . 1 a 
m , m^ ' m m 
i. e. where x = 0. 

Hence Y lies on the tangent at the vertex. 
Also, by Euc. vi. 8, Cor., 

SY^ = SA.ST=AS.SP. 

212. To prove that throiigh any given point {xiy y^ 
there passy in general, two tangents to the pa^c^ola. 

The equation to any tangent is (by Art. 206) 

\ y=»w^ + - (1). 

If this pass through the fixed point (ajj, yi), we have 

m 
Le, m^iCi — myi + a = (2). 

For any given values of a^ and yi this equation is in 
general a quadratic equation and gives two values of m 
(real or imaginary). 

Corresponding to each value of m we have, by substi- 
tuting in (1), a different tangent. 
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The roots of (2) are real and diflFerent if y^ — 4«a3i be 
positive, i.e., by Art. 201, if the point (ajj, y^ lie without 
the curve. 

They are equal, %, e, the two tangents coalesce into one 
tangent, if y^—A:ax^ be zero, i,e, if the point (cci, y^ lie on 
the curve. 

The two roots are imaginary if y^ — Aiax^ be negative, 
Le. if the point (aji, y^ lie within the curve. 

213. Uqitation to the chord of contact of tcmgents 
d/rawn from a point (a^, y^. 

The equation to the tangent at any point §, whose 
coordinates are x' and y\ is 

yy' = 2a (a; + x'). 
Also the tangent at the point i?, whose coordinates are 
x" and y", is 

yy" = 2a (a; + x"). 

If these tangents meet at the point T^ whose coordi- 
nates are x^ and y^ we have 

y^' = 2a{x,^x') (1) 

and y^" = 2a{x^+x") (2). 

The equation to QR is then 

yyi = 2a(x+Xi) ...(3). 

For, since (1) is true, the point {x\ y') lies on (3). 

Also, since (2) is true, the point {x'\ y") lies on (3). 

Hence (3) must be the equation to the straight line 
joining (a;', y') to the point (a?", y"), Le. it must be the 
equation to QB the chord of contact of tangents from the 
point (a;^, y^). 

214. The polar of any point with respect to a para- 
bola is defined as in Art. 162. 

To find the equation of the polar of the point (a^, y^ 
with respect to the pa/rahola i/^ = 4aa;. 

Let Q and R be the points in which any chord drawn 
through the point jP, whose coordinates are (ajj, y^), meets 
the parabola. 



THE PARABOLA. POLE AND POLAR. 



191 



Let the tangents at Q and R meet in the point whose 
coordinates are {h, k). 



-mm 





We require the locus of (A, k). 

Since QR is the chord of contact of tangents from {h, k) 
its equation (Art. 213) is 

ky = '2,a{x + h). 

Since this straight line passes through the point (x^ , y^ 
we have 

%i = 2a(a:^ + A) (1). 

Since the relation (1) is true, it follows that the point 
(h, k) always lies on the straight line 

yyi = 2a(x + Xi) (2). 

Hence (2) is the equation to the polar of (o^j, y^. 

Cor. The equation to the polar of the focus, viz. the point (a, 0), 
is 0=j; + a, so tlmt the polar of the focus is the directrix. 

215. "When the point (aJi, yi) lies without the parabola 
the equation to its polar is the same as the equation to the 
chord of contact of tangents drawn from (xi, y^. 

When (iCi, y^ is on the parabola the polar is the same 
as the tangent at the point. 

As in Art. 164 the polar of (a^, y^ might have been 
defined as the chord of contact of the tangents (real or 
imaginary) that can be drawn from it to the parabola. 

216. Geometrical construction for the polar of a point 
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Let T be the point (a^, y^, so that its polar is 

yy^=-2a{x + x^ (1). 

Through T draw a straight line parallel to the axis ; its 
equation is therefore 

y=yi (2). 

Let this straight line meet the polar 
in V and the curve in P. 

The coordinates of F, which is the 
intersection of (1) and (2), are therefore 

Vl 
2a" 

Also P is the point on the curve 
whose ordinate is yi, and whose coordi- 
nates are therefore 

,s 



-x^ and yi 



.(3). 




Since abscissa of P= 

fore, by Art. 22, Cor., 
middle point of TV, 

Also the tangent at P is 



a and y.. 

abscissa of ^+ abscissa of V 



there- 



by] 



,^2aL 



x + 




which is parallel to (1). 

Hence the polar of T is parallel 
to the tangent at P, 

To draw the polar of T we therefore draw a line through 
Tj parallel to the axis, to meet the curve in P and produce 
it to F so that TP = PV; a line through F parallel to the 
tangent at P is then the polar required. 

a 17. If the polar of a point P passes through the point T, then 
the polar of T goes through P. (Fig. Art. 214). 
Let P be the point (o^, y{j and T the point (A, X;). 
The polar of P is yy^ =2a{x+ Xj). 
Sino6 it passes through T, we have 

y^k=z2a{xi+h) ...(1). 
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The polar of T is y&=2a (x+ h). 

Since (1) is true, this eqaation is satisfied by the coordinates Xj 
and y^. 

Hence the proposition. 

Cor. The point of intersection, T, of the polars of two points, 
P and Q, is the pole of the line PQ, 

218. To find the pole of a given straight line with respect to the 
parabola. 

Let the given straight line be 

Ax+By + O=0. 
If its pole be the point {x^, y^), it must be the same straight 
line as 

yyi=2a(x+Xj), 

i.e. 2ax-yyi + 2ax^=0. 

Since these straight lines are the same, we have 
2a _ -yi_ 2axi 

G , 2Ba 

t.e. xi^j and yi=- -^-. 

219. To find the equoMon to the pair of tangents that 
CCMZ be draum to the pwrabolafr&m the point (a^, y^). 

Let (h^ k) be any point on either of the tangents drawn 
from (iCj, yi). The equation to the line joining (x^, y^ to 
(A, k) is 

h — Xi h — iCi 

If this be a tangent it must be of the form 

a 

4.1. i. ^-yi J hyi — kxi a 

so that - — ^^ = m and -^ = — . 

h-Xi h — oci m 

Hence, by multiplication, 

^^ k-y^hy^-kxj^ 

h — Xi h — Xi ' 

i. e. a{h'- a^f ={k- y^) {hy^ ^ kx^). 

L. 13 
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The locus of the point {h, k) {i,e. the pcwr of tangents 
required) is therefore 

a(a:-ici)« = (y-yi)(ajyi-ya?0 (1). 

It will be seen that this equation is the same as 
(y« - ^ax) (y^ - ^aa^ = {yy^ - 2a (a + x^\\ 

220. To pr(ym thcU the middle points of a system of 
parallel chords of a pa/rahola all lie on a straight line which 
is paraMel to the axis. 

Since the chords are all parallel, they all make the same 
angle with the axis of x. Let 
the tangent of this angle be m. 

The equation to QB, any 
one of these chords, is there- — , 
fore 

y =mx-^c ^1), 

where c is different for the 
several chords, but m is the 
same. 

This straight line meets the parabola y* = 4aa; in points 
whose ordinates are given by 

g 4a 4ac ^ ,„. 

«.e. y^ y + — =0 (2). 

'' m^ m ^ ' 

Let the roots of this equation^ i.e. the ordinates of Q 
and By be y' and y", and let the coordinates of F, the 
middle point of QB, be (h, k). 

Then, by Art. 22, 

,_y' + y"_2a 

^"~2~-m' 
from equation (2). 

The coordinates of V therefore satisfy the equation 
2a 
^=m^ 
so that the locus of T is a straight line parallel to the axis 
of the curve. 
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The straight line y= — meets the curve in a point P, 

whose ordinate is — and whose abscissa is therefore — = . 

The tangent at this point is, by Art. 206, 

a 
^ m 

and is therefore parallel to each of the given chords. 

Hence the locus of the middle points of a system of 
parallel chords of a parabola is a straight line which is 
parallel to the axis and meets the curve at a point the 
tangent at which is parallel to the given system. 

221. To find the equation to the chord of the parabola which is 
bisected at any point {h, k). 

By the last article the required chord is parallel to the tangent at 
the point P where a line through (h, k) parallel to the axis meets the 
curve. 

Also, by Art. 216, the polar of {h, k) is parallel to the tangent at 
this same point P. 

The required chord is therefore parallel to the polar yh=s2a {x + h). 

Hence, since it goes through (ft, k), its equation is 

k{y-k)=:2a{x- h) (Art. 67). 

222. Diameter. Def. The locus of the middle points 
of a system of parallel chords of a parabola is called a 
diameter and the chords are called its double ordinates. 

Thus, in the figure of Art. 220, PT is a diameter and 
QR and all the parallel chords are ordinates to this 
diameter. 

The proposition of that article may therefore be stated 
as follows. 

Any diameter of a pa/rdbola is parallel to the axis amd 
the ta/ngent at the point where it meets the cv/rve ie parallel 
to its ordinates, 

223. The tangents at the ends of amy chord meet on 
the dicmheter which bisects the chord. 

Let the equation of QR (Fig., Art. 220) be 

y = wia5 + c (1), 

13—2 
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ajid let the tangents at Q and R meet at the point T 

Then QR is the chord of contact of tangents drawn 
from T^ and hence its equation is 

yy^ = 2a (a; + x^) (Art. 213). 

Comparing this with equation (1), we have 

2a , 2a 

-- = m, so that yi = — , 
Vi ^ 

and therefore 2^ lies on the straight line 

2a 

But this straight line was proved, in Art. 220, to be 
the diameter PV which bisects the chord. 

224. To find the eqtbation to a pa^abolay the axes 
being any diameter and the tangent to the parabola at the 
point where this diameter meets the curve. 

Let PVX be the diameter and PY the tangent at P 
meeting the axis in T, 

Take any point Q on the curve, 

and draw QM perpendicular to the 

axis meeting the diameter P Tin Z. 

LetPrbeaand VQhey. 

Draw PN" perpendicular to the 

axis of the curve, and let 

0=^1 YPX=lPTM, 
Then 

44^ . ^iT = PiT" = iT^ tan» ^ = 4^ir« . tan» ^. 
.-. AN = AS. cot'' e = aGot^e, 
and PN= JiAS. AF= 2a cot ^. 

Now QIP = ^AS.AM=4a,AM (1). 

Also 
QM=j^P-^LQ = 2acote+ F^sin^rr 2acot^+y sin^, 
and AM=A]V+PV+ VL =z a cot* + x + y cob 0. 
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Substituting these values in (1), we have 

(2a cotO+y8iaOy = 4M {a cot^ O + x + ycos 0), 

i,e. y* sin* = iax. 

The required equation is therefore 

y' = ^ (2), 

where 

p=-r^--a(l + cot^ 0)== a + AN'^SF (by Art. 202). 

The equation to the parabola referred to the above axes 
is therefore of the same form as its equation referred to the 
rectangular axes of Art. 197. 

The equation (2) states that 

QV^=^SF.PV, 

225. The quantity 4p is called the parameter of the 
diameter PV. It is equal in length to the chord which is 
parallel to PY and passes through the focus. 

For if Q'V'H' be the chord, parallel to PFand passing 
through the focus and meeting PFin V\ we have 
pr = ST=SP=p, 

so that ^ r»= 4p . pr = ^^ 

and hence Q'jB' = 2Q' F = 4p. 

226. Just as in Art. 205 it could now be shown that 
the tangent at any point {x\ y') of the above curve is 

yj/ = 2jp (a; + x'). 
Similarly for the equation to the polar of any point. 

EXAMPLES. ZXVn. 

1, Prove that the length of the chord joining the points of 
contact of tangents drawn from the point {x^, y^) is 

a 

2. Prove that the area of the triangle formed by the tangents 
from the point (x^, yj and the chord of contact is (y^-^ax^-i-^a. 
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3. If a perpendionlar be let fall from any point P upon its polar 
prove that tiie distance of the foot of this perpendicolar from the 
foons is eqnal to the distance of the point P from the directrix. 

4. What is the equation to the chord of the parabola y^^Sx 
which is bisected at the point (2, - 3) ? 

5. The general equation to a system of parallel chords in the 
parabola y^=z^x is 4iX'-y + k=0. 

What is the equation to the corresponding diameter? 

6. P, Q, and 12 are three points on a parabola and the chord PQ 
cuts the diameter through i2 in F. Ordinates PM and QN are drawn 
to this diameter. Prove that EM. RN^RVK 

7. Two equal parabolas with axes in opposite directions touch at 
a point O. From a point P on one of them are drawn tangents PQ 
and PQ' to the other. Prove that QQ' will touch the first parabola in 
P* where PP' is parallel to the common tangent at O. 

Coordinates of any point on the parabola ex- 
pressed in terms of one variable. 

227. It is often convenient to express the coordinates 
of any point on the curve in terms of one variable. 

It is clear that the values 

a 2a 

always satisfy the equation to the curve. 
Hence, for all values of m, the point 

2a\ 






lies on the curve. By Art. 206, this m is equal to the 
tangent of the angle which the tangent at the point makes 
with the axis. 

The equation to the tangent at this point is 

a 
^ m 

and the normal is, by Art. 207, found to be 

my + aj = 2a + — i . 
^ nr 
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228. The coordinates of the point could also be ex- 
pressed in terms of the m of the normal at the point ; in 
this case its coordinates are am' and — 2am. 

The equation of the tangent at the point {am^y — 2am) 
is, by Art 205, 

my + a; + arm? = 0, 

and the equation to the normal is 

y = mx — 2am — am^. 

229. The simplest substitution (avoiding both nega- 
tive signs and fractions) is 

z = at2 and y = 2at. 

These values satisfy the equation y' = iax. 

The equations to the tangent and normal at the point 
(o^, 2at) are, by Arts. 205 and 207, 

ty = x + €t^, 

and y + tx= 2a^ + o^. 

The equation to the straight line joining 

(a«i^ 2ati) and (at^^, 2a«,) 

is easily found to be 

y («i + <a) = 2iB + 2a«A. 

The tangents at the points 

(a^^ 2a^) and (a^^*, 2at^) 

are t^y = x + cU^, 

and t^ = x + at^' 

The point of intersection of these two tangents is clearly 

{a«i«j, a(iJi + «3)}. 

The point whose coordinates are (a^, 2a£) may, for 
brevity, be called the point "^" 

In the following articles we shall prove some important 
properties of the parabola making use of the above substi- 
tution. 
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280. If the tangents at P and Q meet in T, prove that 

(1) TP and TQ subtend equal angles at the focus 5, 

(2) ST^=8P,SQ, 
and (3) the triangles 8PT and 8TQ are similar. 

Let P be the point {at^\ 2atj), and Q be the 
point (atJ, 2at^)y so that (Art. 229) T is the point 
{atita, a(ti + «2)}. 

(1) The equation to 5P is y=—f^ (a; -a), 

i,e. (tj^ -l)y- 2tiX + 2ati=0. 

The perpendicular, TU", from T on this 
straight line 

^ o( ^^-l)(ti + g-2ti.atita + 2ati ^^ (ti8- ti%) + fti - g 

= a(ti-t,). 
Similarly TC7' has the same numerical value. 
The angles P8T and Q^fT are therefore equal. 

(2) By Art. 202 we have 8P=a {l + t^^) and 8Q=a{l + t^^). 
Also iSfr2=(ati«a- a)2+a» (<i + «a)« 

=a2 [tiV+ «i*+ <2' + l]=a' (1 + «i') (1 + «2')- 
Henoe 8T'=8P.8Q, 

(3) Since ^ = ^ and the angles TSP and T/SfQ are equal, the 
triangles SPT and 8TQ are similar, so that 

z 6fQr= z iSfrp and z iSrQ= z 5Pr. 

281. The area of the triangle formed by three points on a 
parabola is twice the area of the triangle formed by the tangents at 
these points. 

Let the three points on the parabola be 

{ati', 2ati), (at^\ 2a«j), and (af,8, 2atj^). 

The area of the triangle formed by these points, by Art. 25, 

=4 [a^i^ (2a«3 - 2a«8) + ^^^ (^^h " ^^h) + ^h^ i^h " ^a^a)] 

The intersections of the tangents at these points are (Art. 
the points 

{afjtj, a(«3+«s)}, {a«8<i, a(«8+*i)}» a°«l {«M2» «(«i + <2)}. 
The area of the triangle formed by these three points 

= J {atjtj (a«8 - atj) + aigfj [at^ - a<j) + atiig {at^-at^)} 

=K(«2-^8)(«8-«i)(«i-«2). 
The first of these areas is double the second. 
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282. The circle circumscribing the triangle formed by any three 
tangents to a parabola passes through the focus. 

Let P, Q, and i2 be the points at which the tangents are drawn 
and let their coordinates be 

(a«i», 2ati), W^ 2ag, and (a«,», 2at^. 
As in'Art. 229, the tangents at Q and B intersect in the point 

{atat,, a(«2+«,)}. 
Similarly, the other pairs of tangents meet at the points 

{at^hf «(<8 + <i)} and {atjt^,a{ti + t^)}. 
Let the equation to the circle be 

x^+y*+2gx'^2fy + c=0 (1). 

Since it passes through the above three points, we have 

a«t,V+«M«8+*8)'+%'fl«a«»+2/fl(e,+g+C5=0 (2), 

a%V+«'(<8+«i)*+2p««»<i+2/a(<j+«i) + c=0 (8), 

and aW^+a*{ti + t^'+2gatjtt+2fa{t^ + t^ + c=zO (4). 

Subtracting (3) from (2) and dividing by a (t, - 1^)^ we have 

«{V(*i+W + *i+«a+2«8}+2flft,+2/=0. 
Similarly, from (3) and (4), we have 

a{ti«(ta+<,) + tj+t,+2ti}+2^ti+2/=0. 
From these two equations we have 

2p=-a(l + «a«,+fc,«i + titj) and 2/= -a[<i + t,+«,-«il3«J. 
Substituting these values in (2), we obtain 

The equation to the circle is tiierefore 

which clearly goes through the focus (a, 0). 

288. If he any point on the axis and POP' he any chord 
passing through O, and if PM and P'M' be the ordinates of P and P', 
prove that AM. AM' =AO^, andPM.P'M'^ -U.AO. 

Let be the point (^, 0), and let P and P* be the points 

{at^, 2a«i) and (atfy 2atj). 
The equation to PP* is, by Art. 229, 

(«i+«i)y-2a;=2afi«,. 
If this pass through the point {h, 0), we have 
-2*=2ati«3, 

i.e. tit2=--. 
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and PJlf .P3f'=2a«i.2a<a. =4a« ( - ^)= -4a. 40. 

Oor. If O be the fooos, AO^a^ and we have 

/ a -2a\ 
The points (ati*, 2ati) and ( — 5, — — j are therefore at the ends 

of a focal chord. 

284. To prove that the orthocentre of any triangle formed by 
three tangents to a para^la lies on the directrix. 

Let the equations to the three tangents be 

2'="^^+^ <^>' 

2'='^+^ (2)» 

and y=m^+^ (3). 

The point of intersection of (2) and (3) is found, by solving them, 
to be 






The equation to the straight line through this point perpendicular 
'is (Art, " 



to(l) . ^ ^ 



t,e. 



y+*=„rl + l + ^_-| (4). 



Similarly, the equation to the straight line through the intersection 
of (3) and (1) perpendicular to (2) is 



a: /I 1 a \ 

y + — =a( — + — + ). 



.(5), 



and the equation to the strai^t line through the intersection of (1) 
and (2) perpendicular to (3) is 

y + ±=a('l + l + _?_) (6). 

The point which is common to the straight lines (4), (5), and (6), 
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i.e, the orthooentre of the triangle, is easily seen to be the point 
whose coordinates are 

/111 1 \ 

and this point lies on the directrix. 



1. II w be the angle which a focal chord of a parabola makes with 
the axis, prove that the length of the chord is 4a cosec'^ ta and that the 
perpendicular on it from the vertex is a sin w. 

2. A point on a parabola, the foot of the perpendicular from it 
upon the directrix, and the focos are the vertices of an eqoilateral 
triangle. Prove that the focal distance of the point is eqiuJ to the 
latnsrectmn. 

3. Prove that the semi-latns-rectam is a harmonic mean between 
the segments of any focal chord. 

4. If T be any point on the tangent at any point P of a parabola, 
and if TL be pearpendicnlar to the focal radius 8P and TN be perpen- 
dicular to the di]nBctrix, prove that SL—TN, 

Hence obtain a geometrical construction for the pair of tangents 
drawn to the parabola from any point T. 

5. Prove that on the axis of any parabola there is a certain point 
K which has- the property that, if a chord PQ of the parabcda be drawn 
through it, then 

1 1 

PK»^QK» 
is the same for all positions of the chord. 

6. The normal at the point {at^t 2ati) meets the parabola again 
in the point (at,^, 2at|) ; prove that 

7. A chord is a normal to a parabola and is inclined at an angle 
^ to the axis ; prove that the area of the triangle formed by it and 
the tangents at its extremities is 4a^ sec* $ coseo*^. 

8. If PQ be a normal chord of the parabola and if £f be the focus, 
prove that the locus of the centroid of the triangle 8PQ is the curve 

86ay» (3« - 5a) - 81y*= 128a*. 

9. Prove that the length of the intercept on the normal at the 
point {at^t 2at) made by &e oirde which is descri bed on the focal 
distance of the given point as diameter is a i^l + 1'. 



204 COORDINATE GEOMETRY. [EXB. 

10. Prove that the area of the triangle formed by the normals to 
the parabola at the points {ati\ 2at^, (at^, ^t^ and (at,^ 2a<^ is 



^*(«»-«»)(<3-«i)(«i-«i)(<i+«i+«»)'. 

11. Prove that the normal chord at the point whose ordinate 
is equal to its abscissa subtends a right angle at the focus. 

12. A chord of a parabola passes through a point on the axis 
(outside the parabola^ whose distance from the vertex is half the 
latus rectum ; prove tnat the normals at its extremities meet on the 
curve. 

13. The normal at a point P of a parabola meets the curve 
again in Q, and T is the pole of PQ ; shew that T lies on the diameter 
passmg through the other end of the focal chord passing through P, 
and that PT is bisected by the directrix. 

14. If from the vertex of a parabola a pair of chords be drawn at 
right angles to one another and with these chords as adjacent sides a 
rectangle be made, prove that the locus of the further angle of Uie 
rectangle is the parabola 

y«=4a(x-8a). 

15. A series of chords is drawn so that their projections on a 
straight line which is inclined at an angle a to the axis are all of 
constant length c ; prove that the locus of their middle point is the 
curve 

(y* - 4ax) (y cos a + 2a sin a)»+ a*c*=0. 

16. Prove that the locus of the poles of chords which subtend a 
right angle at a fixed point (h^ k) is 

aa:"-^y«+(4a8+2a*)a;-2ajfey+a (^*+*«)=0. 

17. Prove that the locus of the middle points of all tangents 
drawn from points on the directrix to the parabola is 

ya(2a;+a)=a(3aj+a)». 

18. Prove that the orthocentres of the triangles formed by three 
tangents and the corresponding three normsds to a parabola are 
equidistant from the axis. 

19. T is the pole of the chord PQ ; prove that the perpendiculars 
from P, r, and Q upon any tangent to the parabola are in geometrical 
progression. 

20. If ^1 and r, be the lengths of radii vectores of the parabola 
which are drawn at right angles to one another from the vertex, prove 
that 

21. A parabola touches the sides of a triangle ABC in the points 
D, E, and F respectively ; if DE and DF cut the diameter tiux>ugh the 
point Aiah and c respectively, prove that Bh and Cc are parallel. 
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22. Prove that all circles described on focal radii as diametera 
tonch the directrix of the curve, and that all cirdes on focal radii as 
diameters touch the tangent at the vertex. 

23. A drcle is described on a focal chord as diameter ; if m be the 
tangent of the inclination of the chord to the axis, prove that the 
equation to the circle is 

24. "LOV and MO^ are two chords of a parabola passing through 
a point O on its axis. Prove that the radical axis of the circles 
described on UJ and itOT as diameters passes through the vertex of 
the parabola. 

25. A circle and a parabola intersect in four points; shew that the 
algebraic simi of the ordinates of the four points is zero. 

Shew also that the line joining one pair of these four points and 
the line joining the other pair are equally inclined to the axis. 

26. Circles are drawn through the vertex of the parabola to out 
the parabola orthogonally at the other point of intersection. Prove 
that the locus of the centres of the circles is the curve 

ay* (2y»+«« - 12aa;) =aj? (3« - 4a)». 

27. Prove that the equation to the circle passing through the 
points (at^, ^at^ and (at^^ 2at^) and the intersection of the tan- 
gents to the parabola at these pomts is 

x»+y»-ax[(«i + y« + 2]-fly(ti + ta)(l-tiy+a»fi«,(2-tig=0. 

28. TP and TQ are tangents to the parabola and the normals at P 
and Q meet at a point R on the curve ; prove that the centre of the 
circle circumscribing the triangle TPQ lies on the parabola 

29. Through the vertex A of the parabola y*=iax two chords AP 
and AQ are drawn, and the cirdes on ^P and ilQ as diameters 
intersect in R. Prove that, if tfy 0^^ and be the angles made with 
tiie axis by the tangents at P and Q and by AR, then 

cot ^1 +oot ^a+2 tan 0=0. 

30. A parabola is drawn such that each vertex of a given triangle 
is the pole of the opposite side ; shew that the focus of the parabola 
lies on tiie nine-point circle of the triangle, and that the orthocentre of 
the triangle formed by joining the middle points of the sides lies on 
the directrix. 



CHAPTER XL 

THE PARABOLA (contmtied). 

[On a first reading of this Chapter, the student may, with 
advantage, omit from Art. 239 to the end.] 

Some examples of Loci connected with the 
Parabola. 

286. Bz. 1. Find the loetu of the intersection of tangents to the 
parabola y^=4tax, the angle between them being dbwaya a given angle a. 

The straight line y = mx + — is always a tangent to the parabola. 
tn 

If it pass through the point T {h, k) we 
have 

iii*^-ifiA; + a=0 (1). 

If m^ and m^ he the roots of this equation y 
we have (by Art. 2) (X^ 

wh+w»8 = S (2), 

and fi*iiiij = 2 (8), 

and the equations to TP and TQ are then 

y=iiijx+— and y=:m^-\--^. 
nil nij 

Henoe, by Art. 66, we have 

tftpg- ^""Hi ^ Ay(wh + wia)'-'*»>iiWa 




V: 



Sf_4o 

— T- = ^DJ- • "^ <2) and (8). 



'^l 
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Hence the ooordinates of the point T always satisfy the equation 

y' - 4ax = (a + «)^ tan' a. 

We shall find in a later chapter that this onrre is a hyperbola. 

As a particnlar case let the tangents intersect at right angles, so 
that 9111^3= - 1. 

From (3) we then have %:= - a, so that in this case the point T lies 
on the straight line x= > a, which is the directrix. 

Hence the loons of the point of intersection of tangents, which oat 
at right angles, is the directrix. 

Bz. 2. Prcme that the locua of the poles of chordi which are normal 
to tJie parabola y^=iax is the curve 

y8(a; + 2a) + 4a»=0. 

Let PQ be a chord which is normal at P. Its equation is then 

y=:fnx-2am~an^ (1). 

Let the tangents at P and Q intersect in T, whose coordinates are 
h and k, so that we require the locus of T. 

Since PQ is the polar of the point {h, h) its equation is 

yk=2a{x + h) (2). 

Now the equations (1) and (2) represent the same straight line, so 
that they must be equivident. Hence 

2a , „ 8 2a* 

ifi=-T-, and -2am-am*=-v-. 

Eliminating m, t. e. substituting the value of m from the first of 
these equations in the second, we have 

4a» 8a^_2a* 
k *»•"*' 

ue. *a(*+2a)+4a»=0, 

The locus of the point T is therefore 

y*(4:+2a)+4a»=0. 

Bz. 8. Find the locus of the middle points of chords of a parabola 
which subtend a right angle at the vertex, and prove that these chords aU 
pass through a fixed point on the axis of the curve. 



COORDINATE GEOMETRY. 



Pint mmtbod. Let PQ be any snoh dhord, and let its equation be 

y=zmx+c (1). 

The lines joining the vertex with the 
points of intersection of this straight line y 
with the parabola 

y*=^ax (2), 

are given by the equation 

y^c = iax {y - mx). (Art. 122) 

These straight lines are at right angles if 

c + 4am=0. (Art. Ill) 

Substituting this value of c in (1), the 
equation to PQ is 

y=m{x-4a) 

This straight line cuts the axis of a; at a constant distance 4a from 
the vertex, i.e. AA'=ia, 

If the middle point of PQ be {h, k) we have, by Art 220, 

2a 




fc=- 



(4). 
.(6). 



Also the point {h, k) lies on (3), so that we have 

k==m{h-4a) 

If between (4) and (5) we eliminate m, we have 

k=:^(h-ia), 

i.«. *8=2a(fc-4a), 

so that {h, k) always lies on the parabola 

y2=2o(a;-4a). 

This is a parabola one half the size of the original, and whose 
vertex is at the point A* through which all the chords pass. 

flaoond BflEethod. Let P be the point {at^\ 2at^ and Q be the point 
(ata«, 2ata). 

The tangents of the inclinations of AP and AQ to the axis are 

Since AP and ilQ are at right angles, therefore 



i.e. «i«j=-4 

As in Alt. 229 the equation to PQ is 

(ti+«Jy=2a!+2ot,f,. 



(6). 
(7). 
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This meets the axis of a; at a distance - atjt^, t.e., by (6), 4a, from 
the origin. 

Also, {h, k) being the middle point of PQ, we have 

and 2k=2a{t^+ti). 

Hence k'^-2ah=a^{ti + t^)^-a^(ti^+ti^) 

so that the loons of {h, k) is, as before, the parabola 
y»=2a(a?-4a). 

Third lC«thod. The equation to the chord which is bisected at 
the point (^ k) is, by Art. 221, 

k{y-k) = 2a{x-h), 

i.e. ky-2ax=k^-2ah (8). 

As in Art. 122 the equation to the straight lines joining its points 
of intersection with the parabola to the vertex is 

(A;« - 2ah) y* = 4ax {ky - 2ax). 

These lines are at right angles if 

(A;2-2afc) + 8a»=0. 

Haioe the locus as before. 

Also the equation (8) becomes 

ky-2ax= -8aK 

- This straight line always goes through the point (4a, 0). 



EXAMPLES. XXIZ. 

From an external point P tangents are drawn to the parabola ; find 
the equation to the locus of P when these tangents make angles ^^ and 
0^ witii the axis, such that 

1. tan $1 + tan 6^ is constant ( = b). 

2. tan $1 tan 0^ is constant (=c). 

3. cot 01 + cot 02 is constant ( = <2). 

4. 01 + 02 is constant ( s 2a). 

5. tan^ 0^ + tan^ 0^ is constant ( = X). 

6. cos 01 cos 02 is constant ( = /a). 

L. 14 
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7. Two tangents to ft parabola meet at an angle of 45° ; prove that 
the loons of their point of intersection is the curve 

If they meet at an angle of 60°, prove that the loons is 
ys _ 3a;a - lOaaj - 3a» = 0. 

8. A pair of tangents are drawn which are equally inclined to a 
straight line whose inclination to the axis is a ; prove that the loons 
of tibeir point of intersection is the straight line 

y = (x-a)tan2cu 

9. Prove that the locus of the point of intersection of two tangents 
which intercept a given distance 4c on the tangent at the vertex is an 
equal parabola. 

10. Shew that the locus of the point of intersection of two tangents , 
which with the tangent at the vertex form a triangle of constant area 
c*, is the curve s^ (y' - iax) =4c%'. 

11. If the normals at P and Q meet on the parabola, prove that 
the point of intersection of the tangents at P and Q lies either on a 
certain straight line, which is parallel to the tangent at the vertex, or 
on the curve whose equation is y^ (x + 2a) + 4a^ = 0. 

12. Two tangents to a parabola intercept on a fixed tangent 
segments whose product is constant ; prove that the locus of tibieir 
point of intersection is a straight line. 

13. Shew that the locus of the poles of chords which subtend a 
constant angle a at the vertex is the curve 

{x + 4a)^= 4 cot^ a {y* - iax), 

14. In the preceding question if the constant angle be a right angk' 
the locus is a straight line perpendicular to the axis. 

15. A point P is such that the straight line drawn through it 
perpendicular to its polar with respect to the parabola y^=4ax touohei 
the parabola x'=4by. Prove that its locus is the straight line 

2aar+6y + 4aa=0. 

•16. Two equal parabolas, A and B, have the same vertex and ax's 
but have their concavities turned in opposite directions ; prove that 
the locus of poles with respect to B of tangents to il is the parabola A, 

17. Prove that the locus of the poles of tangents to the parabola 
y^=4ax with respect to the circle x^+y^i=2€LX is the circle ic^+y*=ax, 

18. Shew the locus of the poles of tangents to the parabola 
y^=4ax with respect to the parabola y^=4bx is the parabola 

a 462 
y2= — X. 
' a 
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Find the locus of the middle points of chords of the parabola 
which 

19. P&S8 through the focus. 

20. pass through the fixed point (h, k). 

21. are normal to the curve. 

22. subtend a constant angle a at the vertex. 

23. su^ of given length I, 

24. are such that the normals at their extremities meet on the 
parabola. 

25. Through each point of the straight line x=my + h is drawn 
the diord of the parabola y^=4ax which is bisected at the point; 
prove that it always touches the parabola 

(y-2am)2=8rt(x-fc). 

26. Two parabolas have the same axis and tangents are drawn to 
the second from points on the first ; prove that the locus of the middle 
points of the chords of contact with the second parabola all lie on a 
fixed parabola. 

27. Prove that the locus of the feet of the perpendiculars drawn 
from the vertex of the parabola upon chords, which subtend an angle 
of 45° ai the vertex, is the curve 

r« - 24ar cos $ + I6a^ cos 2$ = 0. 

236. To prove that, in general, three normals can be 
drarvnjrom any point to the pa/rahola and that the algebraic 
aiMfn of the ordinates of the feet of these three normals is 
zero. 

The straight line 

y = mx — 2am — a 

is, by Art. 208, a normal to the 
parabola at the points whose coordi- 
nates are 

am^ and —2am (2). 

If this normal passes through 
the fixed point 0, whose coordinates 
are h and k, we have 

k = mh — 2am — aw', 
i. e. am? 4-(2a — A)m + A; = 

14—2 
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This equation, being of the third degree, has three 
roots, real or imaginary. Corresponding to each of these 
roots, we have, bn substitution in (1), the equation to a 
normal which passes through the point 0, 

Hence three normals, real or imaginary, pass through 
any point 0, 

If mi, m^y and tWj be the roots of the equation (3), we 
have 

mj + wja + wij = 0. 

If the ordinates of the feet of these normals be y^, y^^ 
and yjj "^® *^®^ have, by (2), 

yi + 2^2 + ^8 = - 2a (7?ii + ^ + Wis) = 0. 

Hence the second part of the proposition. 

We shall find, in a subsequent chapter, that, for certain 
positions of the point 0, all three normals are real ; for 
other positions of 0, one normal only will be real, and the 
other two imaginary. 

287. Bac TPind the locus of a point wfdeh is stick that (a) two of 
the normals dravm from it to the parabola are at right angles, 
(/3) the three normals through it cut the <ixis in points whose distances 
from the vertex are in arithmetical progression. 

Any normal is y^mx-^am-am^, and this passes through the 
point {h, k), if 

am«+(2a-fc)m+A;=0 (1). 

If then ntitm^, and m, be the roots, we have, by Art. 2, 

TOi+wia+m8=0 (2), 

2a -h ,_, 

W4w»3+mjmi+%m5= -— — , (3), 

and mim2m^=^ -- (4). 

(a) If two of the normals, say % and m,, be at right angles, we 
have iftimgs - 1, and hence, from (4), %&: - . 

The quantity - is therefore a root of (1) and benoe, by substitution, 
we have 

i,e. k^=::a{h-Sa). 
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The loouB of the point {h, k) is therefore the parabola y^=a{x-9a) 
whose vertex is the point (3a, 0) and whose latns reotnm is one-quarter 
that of the given parabola. 

The student should draw the figure of both parabolas. 

(/9) The normal y=mx-' 2am - aw? meets the axis of a; at a point 
whose distance from the vertex is 2a-{-am\ The oonditions of the 
question then give 

(2a + aOTi") + (2a + ainj*) = 2 (2a + am,') , 

i.e. m^+m^=^2m^ (6). 

If we eliminate fUj, m,, and nu from the equations (2), (3), (4), 
and (5) we shall have a relation between h and k. 
From (2) and (3), we have 

=m^m^+m^(mi-\rm^^m^m^---m^ (6). 

Also, (5) and (2) give 

2»ij'=(f»i+iii3)' - 2wiitii8=m2^- 2mifii3, 

i.«. ifi3iH2»iiWij=0 (7). 

Solving (6) and (7)i we have 

2a-^ - 3 - 2a-^ 
^\^=-^^ and »i,a=-2x-^^. 

Substituting these values in (4), we have 



2a-fc / 



^ 2a-; i^ k 
3a a' 



i,e. 27a*2=2(/i-.2a)», 

so that the required locus is 

27ay2=2(aj-2a)». 

288. Bz. If the normals at three poirUs P, Q, and R meet in a 
point O and S be thefoms, prove that 8P,SQ.8R=a. 8(P. 

As in the previous question we know that the normals at the 
points (am,^, -2ami), {am2^,-2am^ and (am8^-2ams) meet in the 
point {h, k) if 

mi+wi2+?iij=0 (1), 

2a -h 
»l2lM8 + l»8mi + WliWl2= -— (2), 

k 
and mim^nQ= — (3). 

By Art. 202 we have 

SP=a{l-{-m^^, 8Q=a{l-k-m^^), and 8R=a{l+m^^). 
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Hence ^^'^f •^^ = (l + mi»)(l + 0(l-Hn,«) 

= 1 + (iiii« + ?n3« + 111,2) + (inj^mj* + TOj^mi' + V »»2') + '"i''»a''»>»'- 
Also, from (1) and (2), we have 

wii* + wia* + tii8'= (wh + wia + mj)^ - 2 (wiawij + wigiiii + JiiiWij) 

and 

m^m^ + wis%i2 + m^m^ = (m^B + wIjOTi + mjWi,)* - 27149112)113 (wij + m, + »»3) 

= (?Ll2?y.by(l)and(2). 
Hence ?^l%^=l + 2^ir2?+ (Ib^ay ^*| 

U, 8P.SQ.SR = S0^.a. 

EXAMPLES. XXX. 

Find the loons of a point O when the three normals drawn from 
it are such tliat 

1. two of them make complementary angles with the axis. 

2. two of them make angles with the axis the product of whose 
tangents is 2. 

3. one bisects the angle between the other two. 

4. two of them make equal angles with the given line y—mx + e, 

5. the sum of the three angles made by them with the axis is 
constant. 

6. the area of the triangle formed by their feet is constant. 

7. the line joining the feet of two of them is always in a given 
direction. 

The normals at three points P, Q, and R of the parabola y^=^iax 
meet in a point whose coordinates are h and k ; prove that 

8. the centroid of the triangle PQR lies on the axis. 

9. the point and the orthocentre of the triangle formed by the 
tangents at P, Q, and R are equidistant from the axis. 
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10. if OP and OQ make oomplementaiy angles with the axis, then 
the tangent at J2 is parallel to SO, 

11. the smn of the intercepts which the normals cut off from the 
axis is 2(h+a)* 

12. the sum of the squares of the sides of the triangle PQIi is 
equal to 2 (/i - 2a) (h + 10a). 

13. the circle drcnmsoribing the triangle PQR goes through the 
vertex and its equation is 2a?2+2y>-2aj(/n-2a)-Afy=0. 

14. if P be fixed, then QR is fixed in direction and the locus of 
the centre of the cirde circumscribing PQR is a straight line. 

15. Three normals are drawn to the parabola y^=iax cos a from 
any point lying on the straight line j^ = 6 sin a. Prove that the locus 
of the orthocentre of the triangles formed by the corresponding tan- 

gents is the curve -^ + ^ =li the angle a being variable. 

16. Prove that the sum of the angles which the three normals, 
drawn from any point 0, make with the axis exceeds tiie angle which 
the focal distance of makes with the axis by a multiple of t. 

17. Two x>i the normals drawn from a point O to the curve make 
complementary angles with the axis ; prove that the locus of and 
the curve which is touched by its polar are parabolas such that their 
latera recta and that of the original parabola form a geometrical 
progression. Sketch the three curves. 

18. Prove that the normals at the points, where the straight line 
lx-\-my = \ meets the parabola, meet on the normal at the point 

—j^ , —J- J of the parabola. 

19. If the normals at the three points P, Q, and R meet in a point 
and if PP\ QQ\ and REf be chords parallel to QR, RP, and PQ 
respectively, prove that the normals at P\ Q\ and R' also meet in a 
point. 

20. If the normals drawn from any point to the parabola cut the 
line x=2a in points whose ordinates are in arithmetical progres- 
sion, prove that the tangents of the angles which the normals make 
with the axis are in geometrical progression. 

21. PG, the normal at P to a parabola, cuts the axis in G and is 
produced to Q so that GQ=iPG; prove that the other normals 
which pass through Q intersect at right angles. 

22. Prove that the equation to the circle, which passes through the 
focus and touches the parabola y^=4aa; at the point (at^, 2a£), is 

x^+y^-ax (3«2 + 1) - ay (St - «s) + daH^=^0, 
Prove also that the locus of its centre is the curve 
27ay2=(2aj-a)(ar-5a)2. 
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23. Shew thai three circles can he drawn to touch a parahola and 
also to toaoh at the fooas a given straight line passing through the 
focus, and prove that the tangents at the point of contact with the 
parabola form an equilateral triangle. 

24. Through a point P are drawn tangents PQ and PR to a 
parabola and circles are drawn through the focus to touch the para- 
bola in Q and R respectively ; prove that the common chord of these 
cirdes passes through the centroid of the triangle PQR, 

25. Prove that the locus of the centre of the circle, which passes 
through the vertex of a parabola and through its intersections with a 
normal chord, is the parabola 2y*=:ax-a\ 

26. A circle is described whose centre is the vertex and whose 
diameter is three-quarters of the latus rectum of a parabola ; prove 
^at the common chord of the oirde and parabola bisects tixe distance 
between the vertex and the focus. 

27. Prove that the sum of the angles which the four common 
tangents to a parabola and a circle make with the axis is equal to 
nT+2a, where a is the angle which the radius from the focus to the 
centre of the circle makes with the axis and n is an integer. 

28. PR cu^d QR are chords of a parabola which are normals at P 
and Q, Prove that two of the common chords of the parabola and 
the circle circumscribing the triangle PRQ meet on the directrix. 

29. The two parabolas y^=ia{x-l) and x^=ia{y-lf) always 
touch one another, the quantities { and V being both variable ; prove 
that the locus of their point of contact is the curve xy=4aK 

30. A parabola, of latus rectum Z, touches a fixed equal parabola, 
the axes of the two curves being paraJlel; prove that the locus of the 
vertex of the moving curve is a parabola of latus rectum 2U 

31. The sides of a triangle touch a parabola, and two of its angular 
points lie on another parabola with its axis in the same direction ; 
prove that the locus of the third augular point is another parabola. 

239. In Art. 197 we obtained the simplest possible 
form of the equation to a parabola. 

We shall now transform the origin and axes in the 
most general manner. 

Let the new origin have as coordinates (A, k), and let 
the new axis of a; be inclined at ^ to the original axis, and 
let the new angle between the axes be <a. 
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By Art. 133 we have for x and y to substitute 
a; cos tf + y cos (w + tf ) + A, 
and 05 sin ^ + y sin (o)' + d) + ^ 

respectively. 

The equation of Art. 197 then becomes 
{x sin ^ + y sin (w +0) + kY = 4a {a; cos tf + y cos (<o' + 0) + A}, 
i,e. 
{a: sin ^ + y sin (<o' + 0)Y+ 2x {kaiaO- 2a cos 0} 

+ 2y{A;sin(a)' + d)-2acos(<o' + ^)} + Ar»-4aA = 

(1). 

This equation is therefore the most general form of the 
equation to a parabola. 

We notice that in it the terms of the second degree 
always form a perfect square. 

240. To find the equation to a pa/rahola, cmy two 
tcmgenta to it being the aocea of coordinates and the points of 
contact being distant a and bfrom the origin. 

By the last article the most general form of the equa- 
tion to any parabola is 

{Ax+ Bi/Y + 2gx-i-2/y + c==0 (1). 

This meets the axis of x in points whose abscissae are 
given by 

^V + 2^a; + c = (2). 

If the parabola touch the axis of £t; at a distance a from 
the origin, this equation must be equivalent to 

A^x-aY = (3). 

Comparing equations (2) and (3), we have 

g = — A^a, and c = A^a^ (4). 

Similarly, since the parabola is to touch the axis of y 
at a distance b from the origin, we have 

/='-B'b, and c = ^6* (6). 
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From (4) and (5), equating the values of c, we have 

so that -^=±^5 ^^^* 

Taking the negative sign, we have 

B = -A^, g = -A\ f=-A^^, and c=A^a\ 



Substituting these values in (1) we have, as the required 
equation, 

/ a \^ a* 

(M)"-|-|-'-» <')• 

This equation can be written in the form 

^O.^ 1-4-9 /^ 

ah - Sf ah' 

(n/!-*v^)'='. 
<••• ^^Vf-l («)■ 

[The radical signs in (8) can clearly have both the positive and 
negative signs prefixed. The different equations thus obtained corre- 
spond to different portions of the curve. In the figure of Art. 243, 
the abscissa of any point on the portion PAQ is <a, and the ordinate 
< b, so that for this portion of the curve we must take both signs 

positive. For the part beyond P the abscissa is >a, and ->^, so 

that the signs must be + and -. For the part beyond Q the 

ordinate is > &, and 7 > - , so that the signs must be - and + . 

There is clearly no part of the curve corresponding to two negative 
signs.] 
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241. If in the previous article we took the positive 
sign in (6), the equation would reduce to 



%.e. 



(M)'-^M*'-«. 



This gives us (Fig., Art. 243) the pair of coincident 
straight lines FQ, This pair of coincident straight lines is 
also a conic meeting the axes in two coincident points at P 
and Q, but is not the parabola required. 

242. To find the equatwn, to the tcmgerU at any point 
(x\ j/) of the pa/rahola 



yiv?= 



1. 



Let (as", y") be any point on the curve close to {x\ y'). 
The equation to the line joining these two points is 

y-y'=w^'^''-'''^ (!)• 

But, since these points lie on the curve, we have 

so that -^^ — ^ = -^ (3). 

»Jx" — sjx' ija 

The equation (1) is therefore 

sjx — »Jx s/x + \lx 
or, by (3), 

'-'-i§T§^'-'^ «■ 
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The equation to the tangent at {pi^y f/) is then obtained 
by putting xf'==a/ and y" = y', and is 

This is the required equation. 

[In the foregoing we have assomed thai (a/, y') lies on the portion 
PAQ (Fig., Art. 243). If it lie on either of the other portions the 
proper signs most be afl^ed to the radicals, as in Art. 240.] 

az. To find the condition that the straight line -^ + ^= 1 may he a 
tangent. 

This line will be the same as (5), if 

f = Jax' and g^tjb^t 

Hence •^ + f = l. 

a b 

This is the required condition; also, since x'=:'^ and y'=~y 

the point of contact of the given line is y— t ^ ) . 

Similarly, the straight line lx-\-'my=in will touch the parabola if 

— ** — 1 
al hmT' 

243 . To find the focus of the panrahola 

Let S be the focus, the origin, and P and Q the 
points of contact of the parabola with the axes. 

Since, by Art. 230, the triangles OSP and QSO are 
similar, the angle SOP= angle SQO. 

Hence, if we describe a circle through 0, Qt and S^ then, 
by Euc. III. 32, OP is the tangent to it at 0. 
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Hence S lies on the circle passing through the origin 
O, the point Q, (0, &), and touching the axis of x at the 
origin. 

Y/ 




O 

The equation to this circle is 

03"+ 2a:yco8co -k-y^^by (1). 

Similarly, since i SOQ = L SFO, S will lie on the circle 
through and F and touching the axis of y at the origin, 
i,e. on the circle 

af-{- 2xycoao} +y' = ax (2). 

The intersections of (1) and (2) give the point required. 

On solving (1) and (2), we have as the focus the point 

/ a^ a»6 \ 

W+2abcoBia + b^' a^ + 2a5 cos co + 6 V ' 

244. To find tlie equation to the ajdi. 

If r be the middle point of PQy we know, by Art. 223, 
that F is parallel to the axis. 

Now F is the point (o* 9)- 

Hence the equation to F is y --x. 

The equation to the axis (a line through S parallel to 
OF) is therefore 

a^h h f gy \ 

+ 6' " a \ a' + 2a6 cos o> + 6V * 



^ a« + 2flt6 cos o> 
Le. 



'^"^^-a»+2aiooso, + ^- 
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245. To find the eqvMion to the directrix. 

If we find the point of intersection of OP and a 
tangent perpendicular to OP, this point will (Art. 211, y) 
be on the directrix. 

Similarly we can obtain the point on OQ which is on 
the directrix. 

A straight line through the point {f, 0) perpendicular 
to OX is 

y = m{x -f\ where (Art. 93) 1 + w cos co = 0. 

The equation to this perpendicular straight line is 
then 

x + yco8(o=/ (1). 

This straight line touches the parabola if (Art. 242) 

f f 1 • •£ /• <*^ cos CD 

a cos CO a + 6 cos a> 

The point ( = , ) therefore lies on the directrix. 

^ \a + 6 cos o> / 

Similarly the point ( 0, = ) is on it. 

•^ ^ \ + a cos (0/ 

The equation to the directrix is therefore 

x{a-\-h cos o)) + y (6 + a cos w) = db cos w (2). 

The latus rectum being twice the perpendicidar distance 
of the focus from the directrix = twice the distance of the 
point 

V + 2a6"cos CO + 6^ ' a^ + 2ah cos co + p) 
from the straight line (2) 

4a'6* sin' co 



(a' + 2a6cosco + 62)t' 
by Art. 96, after some reduction. 

246. To find the coordincUes of the vertex cmd the 
equation to the tomgent at the vertex. 
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The vertex is the intersection of the axis and the curve, 
i.e. its coordinates are given hy 

b a a*+2a6cos<o + 6' ^ '' 

G-h'J-'i <^)- 

From (1) and (2), we have 

_ a r - a^ — b^ 1 3 _ a6' (6 + a cos o))' 

^~4[ ~a«+2a6cos<«> + 6^J ~ (o2+~2a6 cos <«> + 6«)"« * 

^. ., , a*6 (a + 6 cos <u)' 

Szmdarly y =„^_ _V-^__^^^^. . 

These are the coordinates of the vertex. 

The tangent at the vertex being parallel to the directrix, 
its equation is 

, , V r al^ (b + a cos oiV "I 

(a + 6 cos w) a; - ^ \ , TaTa 

' L a^+2ab cos « + b'fj 

., \ r a»6 (a + 6 cos <u)2 "1 ^ 

4- (6 + a cos <u) y - j-^ — ^— ^ -'vjr, = 0, 

L (a + 2<^ cos o) + o*)'J 

a: V ab 

m ^ I *^ ^ 

b + a cos <o a + 6 cos <o a' + 2a6 cos co + ft* ' 
[The equation of the tangent at the vertex may also be 
written down by means of the example of Art. 242.] 

EXAMPLES. XX7CT. 

1. If a parabola, whose latus rectum is 4c, slide between two 
rectangular axes, prove that the locus of its focas is xhf^=z<^ («'+y^)» 
and that the curve traced oat by its vertex is 

,2. Parabolas are drawn to touch two given rectangular axes and 
their foci are all at a constant distance c from the origin. Prove that 
the locus of the vertices of these parabolas is the curve 
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3. The axes being reotangnlar, prove that the locus of the focuB 
of the parabola (- + | -1] = --^ , a and 6 being variables such 
that db=c^, is the curve (x^+y^^=chy, 

4. Parabolas are drawn to touch two given straight lines which 
are inclined at an angle u ; if the chords of contact lUl pass through 
a fixed point, prove that 

(1) their directrices all pass through another fixed point, and 
(2) their foci all lie on a circle which goes through the intersection of 
the two given straight lines. 

5. A parabola touches two given straight lines at given points ; 
prove that the locus of the middle point of ihe portion of any tangent 
which is intercepted between the given straight lines is a stnught 
line. 

6. TP and TQ are any two tangents to a parabola and the 
tangent at a third point R outs them in P* and Q' ; prove that 

TP^ TQ^ ' Q'T^P'P'^RP'' 

7. If a parabola touch three given straight lines, prove that each 
of the lines joining the points of contact passes through a fixed point. 

8. A parabola touches two given straight lines ; if its axis pass 
through the point (ft, A;), the given lines being the axes of coordinates, 
prove that the locus of the focus is the curve 

9. A parabola touches two given straight lines, which meet at O, 
in given joints and a variable tangent meets the given lines in P and 
Q respectively ; prove that the locus of the centre of the oircumcircle 
of the triangle OPQ is a fixed straight line. 

10. The ndes AB and ^C of a triangle ABC are given in position 
and the harmonic mean between the lengths AB and AC is also given; 
prove that the locus of the focus of the parabola touching the sides at 
B and C is a circle whose centre lies on the line bisecting the uigle 
BAG. 

11, Paiabolas are drawn to touch the axes, which are inclined at 
an angle w, and their directrices all pass through a fixed point {h, k). 
Prove that all the parabolas touch the straight line 

_y 



h+kaeow k+hseou 



=sl. 



CHAPTER XII. 



THE ELLIPSE. 



247. The ellipse is a conic section in which the 
eccentricity e is less than unity. 

To find the eqtuition to cm eUipse. 
Let ZK be the directrix, S the focus, and let SZ be 
perpendicular to the directrix. 




There will be a point A on SZ, such that 

SA = e.AZ. (1). 

Since e<l, there will be another point A\ on ZS produced, 
such that 

SA' = e.A'Z (2). 

L. 15 
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Let the length AA* be called 20^ and let C be the middle 
point of AA\ Adding (1) and (2), we have 

2a = ilil' = e(^-^ + il'^) = 2.6.C^, 

Le, CZ=^ (3). 

Subtracting (1) from (2), we have 

e{A'Z--AZ) = SA'-SA = {SC^CA')^(CA--CS), 

i.e. e.AA'=^2CS, 

and hence CS=a.e (4). 

Let C be the origin, CA' the axis of x, and a line through 
C perpendicular to AA^ the axis of y. 

Let P be any point on the curve, whose coordinates are 
X and y, and let PM be the perpendicular upon the directrix, 
and PIf the perpendicular upon AA\ 

The focus S is the point (— ae, 0). 

The relation SP^ = ^, PM* = e» . ^iV» then gives 

{x + aey + y' = e'(x + ^\ (Art. 20), 

If in this equation we put x = 0, we have 

shewing that the curve meets the axis of y in two points, 
B and B'y lying on opposite sides of C, such that 

BC = CB = ajr^\ U CB'^CA^-'CS'. 

Let the length CB be called 6, so that 

The equation (5) then becomes 

S+S=^ («)• 
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248. The equation (6) of the previous article may be 
written 



I.e. 



a* a' a' 

FN^ AN.NA' 



6" " a» ' 

le: PN^ : AN.NA' i: £G* : AC^. 

Def. The points A and A' are called the vertices of 
the curve, AA' is called the major axis, and BB* the minor 
axis. Also C is called the centre. 

249. Since S is the point (-od, 0), the equation to 
the ellipse referred to /S' as origin is (Art. 128), 



(x-aey y' 



The equation referred to ii as origin, and AX and a 
perpendicular line as axes, is 

(x-ay t^ 

Similarly, the equation referred to ZX and ^^ as axes is, 

since C7j^= — -, 
e 



H)' 



4'- 



The equation to the ellipse, whose fooas and direotrix are any 
given point and line, and whose eccentrioity is known, is easily 
written down. 

For example, if the foeus be the point ( - 2, 8), the directrix be 
the Ime 2«+S2(+4=0, and the ecoentrioity be f, the required eqna" 
tionis 

(«+2)«-H(y-8).=tt)«(??+5^. 

U. 261ii*+181v>-192xv + 1044a!-2SS4y+3969=:0. 

16—2 
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Generally, the equation to the ellipse, whose focus is the point 
{ft g), whose directrix is Ax+By + C=0, and whose eccentricity 

260. There exist a second focus cmd a second directrix 
for the curve. 

On the positive side of the origin take a point S\ which 
is such that SC = CS' = <w, and another point Z\ such that 

ZC = CZ'=:-. 

e 

Draw Z'K' perpendicular to ZZ'^ and PJf' perpen- 
dicular to Z'K\ 

The equation (6) of Art. 247 may be written in the 
form 

a^ - 2aex + aV + y® = e V - 2aex + a\ 

i.e. (a;-a6)* + y* = 6*f--a;j , 

i.e. S'I^ = ^.PM\ 

Hence any point P of the curve is such that its distance 
from S' \&e times its distance from Z'K\ so that we shoidd 
have obtained the same curve, if we had started with ^ as 
focus, Z'K' as directrix, and the same eccentricity. 

261. The sum of the focal distances of any point on the 
cu/rve is equal to the major axis. 

For (Fig. Art. 247) we have 

SP=e.PM, and S'P^e.PM'. 
Hence 

SP^S'P = e{PM-^PM') = e.MM' 

= e.ZZ'^2e. CZ = 2a (Art. 247.) 
= the major axis. 
Also BV = e.PM=6.NZ = e.CZ+e,CN:^VL'^ex^, 
and S'P = e.PJIf' = e.Jrir' = e.C.^'-«.Cir = a-ex', 
where »■ is the abscissa of P referred to the centre. 
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262. Mechanical construction fbr an ellipse. 

By the preceding article we can get a simple mechanical 
method of constructing an ellipse. 

Take a piece of thread, whose length is the major axis 
of the required ellipse, and fasten its ends at the points S 
and S' which are to be the foci. 

Let the point of a pencil move on the paper, the point 
being always in contact with the string and keeping the 
two portions of the string between it and the fixed ends 
always tight. If the end of the pencil be moved about on 
the paper, so as to satisfy these conditions, it will trace out 
the curve on the paper. For the end of the pencil will be 
always in such a position that the sum of its distances from 
S and S' will be constant. 

In practice, it is easier to fasten two drawing pins at S 
and S\ and to have an endless piece of string whose total 
length is equal to the sum of SS' and AA\ This string 
must be passed round the two pins at S and S' and then be 
kept stretched by the pencil as before. By this second 
arrangement it will be found that the portions of the curve 
near A and A' can be more easily described than in the first 
method. 

263. Latus-recttim of the ellipse. 

Let LSL' be the double ordinate of the curve which 
passes through the focus S, By the definition of the curve, 
the semi-latus-rectum SL 

== e times the distance of L from the directrix 

= e,SZ=e{CZ--CS) = e.CZ--e.CS 

= a — ae? (by equations (3) and (4) of Art. 247) 

= -. (Art. 247.) 

264. To trace the ctirve 

t'4-' (^^ 
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The equation may be written in either of the forms 



y=±6A/i-| (2). 

I ^ 

or « = + «A./l-io (3). 

▼ 

From (2), it follows that if »'>«', i.e. if a5>a or <:-a, 
then y is impossible. There is therefore no part of the 
curve to the right of A! or to the left of A. 

From (3), it follows, similarly, that, if y>6 or <-6, 
X is impossible, and hence that there is no part of the curve 
above B or below B. 

If X lie between -a and + a, the equation (2) gives two 
equal and opposite values for ^, so that the curve is sym- 
metrical with respect to the axis of x. 

If y lie between - h and + 6, the equation (3) gives two 
equal and opposite values for cc, so that the curve is sym- 
metrical with respect to the axis of y. 

If a number of values in succession be given to a;, and 
the corresponding values of y be determined, we shall 
obtain a series of points which will all be found to lie on a 
curve of the shape given in the figure of Art. 247. 

x^ V 
266. The qucmtity -^ + ^ - 1 is negative, zero, or 

positive, according as the point {(xf, y') lies within, upon, or 
tvithotU the ellipse. 

Let Q be the point (x\ ^), and let the ordinate QN 
through Q meet the curve in P, so that, by equation (6) of 
Art. 247, 

If Q be within the curve, then y', i,e, QN, is < PN, so 
that 

y'» PJP . , a;'» 
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Hence, in this case, 

i-e. — j + ^—lis negative. 

Similarly, if Q' be without the curve, y' > Pi\r, and then 

— r + ^ - 1 18 positive. 

256. To find the length of a radius vector from the 
centre drawn in a given direction. 

The equation (6) of Art. 247 when transferred to polar 
coordinates becomes 

r'cos'g r»8in»tf 

giving ^-JPcoB^e + a^sin^B' 

We thus have the value of the radius vector drawn at any 
inclination $ to the axis. 

Smce 7^ = =^ — 7-5 — ,,v . ^j i, we see that the greatest 
b^ + {a^-b^)sm^6^ ^ 

value of r is when ^ = 0, and then it is equal to a. 

Similarly, $ = 90* gives the least value of r, viz. b. 

Also, for each value of 0, we have two equal and opposite 
values of r, so that any line through the centre meets the 
curve in two points equidistant from it. 

257. Auxiliary circle. Def. The circle which is 
described on the major axis, AA\ of an ellipse as diameter, 
is called the auxiliary circle of the ellipse. 

Let NF be any ordinate of the ellipse, and let it be 
produced to meet the auxiliary circle in Q. 

Since the angle AQA' is a right angle, being the angle 
in a semicircle, we have, by Euc. vi. 8, QIP = AN, NA\ 
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SO that 



Hence Art. 248 gives 

PN^ : QN' :; B(? : AG\ 

PN_BO b 
QN"X3"a- 
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The point Q in which the ordinate N'P meets the 
auxiliary circle is called the corresponding point to P. 

The ordinates of any point on the ellipse and the 
corresponding point on the auxiliary circle are therefore to 
one another in the ratio h : a, i.e. in the ratio of the 
semi-minor to the semi-major axis of the ellipse. 

The ellipse might therefore have been defined as follows : 

Take a circle and from each point of it draw perpen- 
diculars upon a diameter ; the locus of the points dividing 
these perpendiculars in a given ratio is an ellipse, of which 
the given circle is the auxiliary circle. 

268. Eccentric Angle. Def. The eccentric angle 
of any point P on the ellipse is the angle NCQ made with 
the major axis by the straight line GQ joining the centre C 
to the point Q on the auxiliary circle which corresponds to 
the point P. 

This angle is generally called 0. 
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We have CN= (7$ . cos = a cos ^ 
and NQ = CQ sin = a sin 0. 

Hence, by the last article, 

a 

The coordinates of any point P on the ellipse are there- 
fore a cos and h sin ^. 

Since P is known when ^ is given, it is often called 
"the point «^." 

259. To obtain the eqtuztion of the straight line joining 
ttuo povnta on the ellipse whose eccentric angles are given. 

Let the eccentric angles of the two points, P and jP, be 
^ and 0', so that the points have as coordinates 

(a cos ^, b sin 0) and (a cos 0', b sin <f>y 

The equation of the straight line joining them is 

. . , b ain <l> " b sin d> , ,, 

y - 6 sin A = 77 ^ (a; — a cos <^) 

^ ^ acos<^ -aoos^^ ^' 



_6 2 cos ^(^ + ^0 sin ^(<^--^) 
"■a-2sini(* + *')sini(<^-i^')^'"~'''^*'^^ 

(« — ocos<^), 



= -^ oos_J(^+^') 
a ' sini(^' + <^) 



a; iL ■{■ itl y , di •\- 4> <^ + <^' , d>-\-d> 

- cos ^ ^ + f^ sin ^ ^ = cos cos ^ /^ + sin ^ sm 

= C08[^-^']=C08^' (1). 

This is the required equation. 

Cor. The points on the anziliary circle, corresponding to P and 
P', have as coordinates (a cos <f>, a sin 0) and (a cos ^', a sin 0'}. 

The equation to the line joining them is therefore (Art. 178) 



a 2 a 2 2 
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This straight line and (1) clearly make the same intercept on the 
major axis. 

Hence the straight line joining any two points on an ellipse, and 
the straight line joining the corresponding points on the auxiliaiy 
ciide, meet the major axis in the same pomt. 



EXAMPLES. ZZXn. 

1. Find the equation to the ellipses, whose centres are the 
origin, whose axes are the axes of coordinates, and which pass 
through (a) the points (2, 2), and (3, 1), 

and (p) the points (1, 4) and (-6, 1). 

Find the equation of the ellipse referred to its centre 

2. whose latus rectum is 6 and whose eccentricity is }, 

3. whose minor axis is equal to the distance between the foci and 
whose latus rectum is 10, 

4. whose foci are the points (4, 0) and (-4, 0) and whose 
eccentricity is i. 

5. Find the latus rectum, the eccentricity, and the coordinates 
of the foci, of the ellipses 

(1) x2+3ya=a«, (2) 6a^+4y«=l, and (3) 9««+6y»-30y=0. 

6. Find the eccentricity of an ellipse, if its latus rectum be equal 
to one half its minor axis. 

7. Find the equation to the ellipse, whose focus is the point 
(-1, 1), whose directrix is the straight line x-y+SsO, and whose 
eccentricity is i. 

8. Is the point (4, - 3) within or without the ellipse 

9. Find the lengths of, and the equations to, the focal radii drawn 
to the point (4 ^3, 5) of the ellipse 

26a^+ 16^2= 1600. 

10. Prove that the sum of the squares of the reciprocals of two 
perpendicular diameters of an ellipse is constant. 

11. Find the inclination to the major axis of the diameter of the 
ellipse the square of whose length is (1) the arithmetical mean, 
(2) the geometrical mean, and (3) the harmonical mean, between the 
squares on the major and minor axes. 

12. Find the locus of the middle points of chords of an ellipse 
which are drawn through the positive end of the minor axis. 

13. Prove that the locus of the intersection of AP with the 
straight line through A' perpendicular to AT is a straight line which 
is perpendicular to the major axis. 
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14. Q is the point on the auxiliary circle oorresponding to P on 
the ellipse; PLMIb drawn parallel to CQ to meet the axes inl> and Jf ; 
prove that PL = b and PM=- a. 

15. Prove that the area of the triangle formed by three points on 
an dlipse, whose eccentric angles are d, 0, and ^, is 



|a& sin ^ ^ ^ sm i-^— sm —^ . 



Prove also that its area is to the area of the triangle formed by the 
corresponding points on the auxiliary circle as ft : a, and hence that 
its area is a iwaTiTOnm when the latter triangle is eqnUateral, i.«. when 

16. Any point P of an ellipse is joined to the extremities of the 
major axis; prove that the portion of a directrix intercepted by them 
Bobtends a ri^t angle at the corresponding focus. 

17. Shew that the perpendiculars from the centre upon all chords, 
'wUch join the ends of perpendicular diameters, are of constant 
length. 

18. If a, /3, 7, and S be the eccentric angles of the four points of 
intersection of the ellipse and any circle, prove that 

a+/3+7+d is an even multiple 
of ir radians. 

[See Trigtmometryt Part II, Art. 81.] 

19. The tangent at any point P of a circle meets the tangent at a 
fixed point A in T, and T is joined to B, the other end of the 
diameter through A ; prove that the locus of the intersection of AP 

and BT is an ellipse whose eccentricity is -.^ . 

20. From any point P on the ellipse, PN is drawn perpendicular 
to ^e axis and produced to Q, so that NQ equals P/Sf, where iSf is a 
focus ; prove that the locus of Q is the two straight lines yJ^^ex + a^O. 

21. Given the base of a triangle and the sum of its sides, prove 
that the locus of the centre of its incircle is an ellipse. 

22. With a given point and line as focus and directrix, a series 
of ellipses are described; prove that the locus of the extremities of 
their minor axes is a parabola. 

23. A line of fixed length a+b moves so that its ends are always 
on two fixed perpendicular straight lines; prove that the locus of a 
point, which divides this line into portions of length a and b, is an 
ellipse. 

24. Prove that the extremities of the latera recta of all ellipses, 
having a given major axis 2a, lie on the parabola x^=-a(y-a). 
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260. To find the intersections of cmy straight line toith 
the ellipse 

^s-> <■)• 

Let the equation of the straight line be 

y = mx + c (2). 

The coordinates of the points of intersection of (1) and 
(2) satisfy both equations and are therefore obtained by 
solving them as simultaneous equations. 

Substituting for y in (1) from (2), the abscissae of the 
points of intersection are given by the equation 

i.e. x^ {a'tri' + ¥) + 2a^mGx + a» (c^ - 6') = (3). 

This is a quadratic equation and hence has two roots, 
real, coincident, or imaginary. 

Also corresponding to each value of x we have from (2) 
one value of y. 

The straight line therefore meets the curve in two points 
real, coincident, or imaginary. 

The roots of the equation (3) are real, coincident, or 
imaginary according as 

(2a'mc)*— 4 (6^+aW) x a* (c^—h^) is positive, zero, or negative, 

i.e, according as b^{b^+a^Tnr)—b^c^ is positive, zero, or negative, 

i,e, according as c^ is < = or > a^m^ + 6^. 

261. To find the length of the chord intercepted by the 
ellipse on the straight line y = mx + c. 

As in Art. 204, we have 

2a^mc , _a^(c^-b^) 

"^'^'^-'aW + b'' *'''* "^^^'aW + fc^^ 



so that Xi-Xi = 2 8,8 . 

a^nr + b^ 
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The length of the required chord therefore 

= >/(iKi-aa)^ + (yi-ya)'*=(a^-j«,) Vl+m« 

aW + b^ 

262. Tojmd the eqriation to the tangent at any point 
(x'y y*) of the ellipse. 

Let P and Q be two points on the ellipse, whose coordi- 
nates are (03', y') and (03", y"). 

The equation to the straight line PQ is 

2'-y=fc^<'"-*') <i>- 

Since both P and Q lie on the ellipse, we have 

S^S=l (2). 

-**^+^ = l (3)- 



Hence, by subtraction, 

— ^r— + — jT--". 

On substituting in (1) the equation to any secant PQ 
becomes 

, i^af' + af. ,. ... 

y-y^-a^fi^^"-''^ (*>• 

To obtain the equation to the tangent we take Q 
indefinitely close to P, and hence, in the limit, we put 
9{' = x' and y"=y\ 
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The equation (4) then becomes 



^ +^T = -, +|i = 1, by equation (2). 



The required equation is therefore 

Cor. The equation to the tangent is therefore ob- 
tained from the equation to the curve by the rule of 
Art. 152. 

263. To find the equation to a tangent in terms of the 
tcmgent of its inclination to the major aacis. 

As in Art. 260, the straight line 

y = mx + c (1) 

meets the ellipse in points whose abscissae are given by 

a» (6« + a»m«) + 2«ica«aj + a* (c» - 6«) = 0, 

and, by the same article, the roots of this equation are 
coincident if 

c = fjahn^ + b\ 

In this case the straight line (1) is a tangent, and 
it becomes 

ysmx+VaHna+b* (2). 

This is the required equation. 

Since the radical sign on the right-hand of (2) may 
have either + or — prefixed to it, we see that there are two 
tangents to the ellipse having the same m^ i,e. there are 
two tangents parallel to any given direction. 

The above form of the equation to the tangent may be dedaoed 
from the equation of Art. 262, as in the case of the parabda 
(Art. 206). It will be found that the point of contact is the point 
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264. By a proof similar to that of the last article, it 
may be shewn that the straight line 

XiCOBa + f/wna=^p 

touches the ellipse, if 

pS = a>coi^a + b<iin>a. 

Similarly, it may be shewn that the straight line 
Ix + my = n 
touches the ellipse, if a^P + 6*m' = n\ 

265. EqucUion to the ta/ngent at the point whose 
eccerUric (zngle is ^ 

The coordinates of the point are (a cos <^, 6 sin <^). 

Substituting a/ = a cos <f> and y' = h sin if> in the equation 
of Art. 262, we have, as the required equation, 

Jco.9> + |iln^ = l (1). 

This equation may also be deduced from Art. 259. 

For the equation of the tangent at the point "^" is 
obtained by making ^' = ^ in the result of that article. 

Bz. Find the inteneetion of the tangents at the poitOs ^ and ^'. 
The equations to the tangents are 

- cos ^+^ sin ^ - 1 =0, 

and -oos0'+|sin0'-l=O. 

The requized point is found by solying these equations. 
We obtain 
X y 

a h -1 1 

Bin0~sin!^ cos ^' - cos ^ sin 0' cos 0- cos ^' sin ^ Bin{^-<f/)* 

i.e. 

X y 1 

J|I^iri+?'Z^' ~26sin^'sinl:i^ 
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COBJ(0-0')' ^ OOSi(0-0') 

266. EqiuUion to the normal at the pomt {x\ j/). 

The required normal is the straight line which passes 
through the point (x\ y') and is perpendicular to the 
tangent, i,e. to the straight line 

Its equation is therefore 

y-y'=w(a:-a/), 

where m I — ^A = — 1, *.e. m, = j^, , (Art. 69). 

aV 
The equation to the normal is therefore y — y* = -j—^ {x - «'), 

ie. x-x-y-r 

267. Eqtbotion to the normal at the point wlwae eccentric 
angle is ^ 

The coordinates of the point are a cos ^ and b sin ^. 

Hence, in the result of the last article putting 

of =a cos if> and y' = b sin ^, 

. , , 05 — a cos ^ y — 6 sin <^ 

it becomes ^ ^ = ^ . , ^ , 

cos 9 sin <j^ ' 

cos<^ sm<^ 

The required normal is therefore 

az sec ^ - by cosec ^ = a^ - b*. 



SUBTANGENT AND SUBNORMAL. 

# S08. Equation to the normal in the form yszmx + c. 
The eqnation to the normal at (x', y^ is, as in Art. 266, 

Let^'=m,sothat?: = ^i^. 
6V a o%i 
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^(S-)- 



Henoe, since (x', j^ satisfies the relation — + ^ = 1, we obtain 
The equation to the normal is therefore 

This is not as important an equation as the corresponding eqna- 
tion in the case of the parabola. (Art. 208.) 

When it is desired to have the eqnation to the normal expressed 
in terms of one independent parameter it is generally better to use 
the eqnation of the previous article. 

269. To find the length of the aubtangent and aiUh 
normal. 




Let the tangent and normal at P, the point (x\ y')^ 
meet the axis in T and G respectively, and let FN be the 
ordinate of P. 



L. 



16 
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The equation to the tangent at P is (Art. 262) 

To find where the straight line meets the axis we put 
y = and have 

i.e. CT. CN=a* = CA* (2). 

Hence the snbtangent NT 



= CT-GN=^-^ = 



a! ai • 

The equation to the normal is (Art 266) 
x-a! y-y 
«| y 

To find where it meets the axis, we put y = 0, and have 

x_ y 

or a^ ^ ' 

Hence the subnormal NG 

i.e. NGr.NCv.l-e'il 

:: 5« : a\ (Art. 247.) 

Cor. If the tangent meet the minor axis in t and'Pn 
be perpendicular to it, we may, similarly, prove that 

Ct.Cn = h\ 

270. flom« propartiM of tb« elUpM. 

(a) SG^e.SP, and the tangent and normal at P bUeet the 
external and internal angles between the focal distances of P, 
By Art. 269, we have CG^e^x', 
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Hence SG=SC+CG=ae+e^x'=e. SP, by Art. 251. 

Also S'G=zOS'-CO=e{a-ex')=e.S'P, 

Hence SO : S'G :: SP : S'P. 

Therefore, by Eac. vi, 3, PG bisects the angle 8PS\ 

It follows th&t the tangent bisects the exterior angle between 
SP and S'P. 

(/3) If SY and S'Y' he the perpendiculars from the foci upon the 
tangent at any point P of the ellipse, then Y and Y lie on the auxiUary 
circle, and SY. S'Y'=z1P. Also CY and S'P areparaUel. 

The equation to any tangent is 

a;co8a+ysina=p (1), 



where p = ^a^ooa^a+l^ sin^ a (Art. 264). 

The perpendicular SY to (1| passes through the point [-ae, 0) 
and its equation, by Art. 70, is tnerefore 

(x+a«)sina-ycosa=0 (2). 

If r be the point (h, k) then, since Y lies on both (1) and (2), we 

have 

A cos a + % sin a= tja^ cos* a + 6" sin* a, 

and ^ sin a - ft cos a= - a« sin a= - ,Ja^-l^ sin* a. 

Squaring and adding these equations, we have h*+%*=:a*, so that 
Y lies on the auxiliary circle 2;*+^*= a*. 

Similarly it may be proved that Y* lies on this circle. 

Again S is the point ( - a€, 0) and S^ is (a«, 0). 

Hence, from (1), 

SYzzp 4- otf COB a, and S'T =:p-aeooB a. (Art 75.) 

Thus 5F.fif'r =j?*-aVco8*a 

5=a*coB*a+6*Bin2o-(a*-5*)cos*o 

=6*. 

Also CT«^, 

and therefore 8*T^^- a.= ^^^^^^ . 

CN CN 

. <^y_ g CY 

Hence CY and S'P are parallel* Similarly CY' and SP are 
parallel. 

16—2 
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(7) // the normal at any point P meet the major amd minor axes 
in G and ^, and if CF he the perpendicular upon this normal, then 
PF.PG=bi^ and PF.Pg^aK 

The tangent at any point P (the point. *< 0") is 

X u 

-cos0+f^sm0=l. 

ah 



Hence PF= perpendicular from C upon this tangent 
1 ah 



V' 



cos^0 sin* ^l^ cos* 0+ a> sin* 



The normal at P is 

aa 



If we put y=0, we have CG= cos 0. 



aCOS0 ^^COS0j[ +6*811120 



h^ 
= -5 008*0+6* sin*0, 



(1). 



.^=;a*-6* (2). 

COS0 sm0 ^ ^ 



i,e. PG==-Ay^*oo8»0+a*sin*0. 

From this and (1), we have PF . PG= bK 

If we pot d; =r in (2), we see that g is the point 

. ( 0, ^— Bm0j. 

6sin0+ — ^sin0j, 

so that Pgp=|^6*coB*0+a*sin*0. 

From this result and (1) we therefore have 
PF.Pg=aK 

271. To find the locus of the point of intersection of 
tcmgents which meet at riffht angles. 

Any tangent to the ellipse is 

y = mx + slahr? + h\ 
and a perpendicular tangent is 



y=-^*v*'("^y''** 
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Hence, if (A, k) be their point of intersection, we have 

k^mh=>Jahn^ + ¥ (1), 

tod mA? + A = N/a« + 6W (2). 

If between (1) and (2) we eliminate m, we shall have a 
relation between h and k. Squaring and adding these 
equations, we have 

(Ic' + h^) (1 +m«) = (a« + 6«) (1 +m«), 
i,e. A» + Jfe» = a« + 5^ 

Hence the locus of the point (A, k) is the circle 

i.e. a circle, whose centre is the centre of the ellipse, and 
whose radius is the length of the line joining the ends 
of the major and minor axis. This circle is called the 
Director Circle. 

V.TAMPT.Tg« VVX III 

Find the eqnation to the tangent and noimal 

1. at the point (1, f) of the ellipse 4j:>+ 9^^=20, 

2. at the pomt of the ellipse 6a^+ 3y^ = 137 whose ordinate is 2, 
3'. at the ends of the latera recta of the ellipse 9^+lQy^—14A. 

4. Prove that the straight line y^x+^/i^ touches the ellipse 

5. Find the equations to the tangents to the ellipse 4x3+%' =5 
whicli are parallel to the straight line y=3a;+7. 

Find also the coordinates of the points of contact of the tangents 
which are inclined at 60° to the axis of x, 

6. Find the equations to the tangents at the ends of the latera 

x^ v^ 
reeta of the ellipse -^ + p^^i ^^^ shew that they pass through the 

intersections of the axis and the directrices. 

7. Find the points on the ellipse such that the tangents there 
are equally inclined to the axes. Prove also that the length of the 
perpendicular from the centre on either of these tangents is 



V -2— 
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8. In an ellipse, referred to its centre, the length of the sab- 
tangent corresponding to the point (3, V) ^^ V* prove that the 
eccentricity is |. 

9, Prove that the sum of the squares of the perpendicul ars on 
any tangent from two points on the minor axis, each distant Ja^-H^ 
from the centre, is 2a'. 

10, Find the equations to the normals at the ends of the latera 
recta, and prove that each passes through an end of the minor axis if 

11, If any ordinate MP meet the tangent at L in Q, prove that 
MQ and SP are equal. 

12. Two tangents to the ellipse intersect at right angles; prove 
that the sum of the squares of tiie chords which &e auxiliary circle 
intercepts on them is constant, and equal to the square on the line 
joining the foci. 

13. If P be a point on the ellipse, whose ordinate is y\ prove 
that the angle between the tangent at P and the focal distance of P 

IS tan * — -J . 
aey' 

14. Shew that the angle between the tangents to the ellipse 

-s + fi = l and the circle x^-k-y^^zdb at their points of intersection is 
a* (r 

a-b 

15, A circle, of radius r, is concentric with the ellipse; prove 
that the common tangent is inclined to the major axis at an angle 



tan~* w -53-a aJid find its length. 



16. Prove that the common tangent of the ellipses 

x^ y^ 2x - as* «« 2a? ^ 
a^ 0^ c .0' a'^ c ' 

subtends a right angle at the origin. 

17. Prove that PG.Pg=8P. S'P, and CG.CT^ CS^. 

18. The tangent at P meets the axes in T and t, and CY is the 
peipendicular on it from the centre; prove that (1) Tt . PY=:a^-h\ 
and (2) the least value otTtiBa+b. * 

19. Prove that the perpendicular from the focus upon any tangent 
and the line joining the centre to the point of contact meet on the 
corresponding directrix. 

20. Prove that the straight lines, joining each focus to the foot of 
the perpendicular from the other focus upon the tangent at any 
point P, meet on the normal at P and bisect it. 
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21. Prove tiiat the circle on any focal distance as diameter touches 
the auxiliary circle. 

22. Find the tangent of the angle between CP and the normal at 
P, and prove that its greatest value is ■ . 

23. Prove that the straight line lx + my=n is a normal to the 
empse,if-^+-,= L_^-. 

24. Find the locus of the point of intersection of the two straight 

lines - - |+t=0 and - + ^- 1=0. 
a a 

Prove also that they meet at the point whose eccentric angle is 
2tan-it. 

25. Prove that the locus of the middle points of the portions of 
tangents included between the axes is the curve 

X* y^ 

26. Any ordinate NP of an ellipse meets the auxiliary circle in 
Q; prove that the locus of the intersection of the normals at P and 
q is the circle a^+y^=ia-^b)\ 

27. The normal at P meets the axes in O and g ; shew that the 
loci of the middle points of PO and Gg are respectively the ellipses 

^^ + ^^=1. and «>^+6V»=i(a'-*=)'. 

28. Prove that the locus of the feet of the perpendicular drawn 
from the centre upon any tangent to the ellipse is 

r»=a2cos«^+ft?8in9d. [U8eArt.2U,] 

29. 1^ ft number of ellipses be described, having the same major 
axis, but a variable minor axis, prove that the tangents at the ends of 
their latera recta pass through one or other of two fixed points. 

30. The normal GP is produced to Q, so that GQ=:n. GP. 
Prove that the locus of Q is the ellipse ,, . ^2, — m + ap = ^* 

31. If the straight line y=mx-\-c meet the ellipse, prove that the 
equation to the circle, described on the line joining the points of 
intersection as diameter, is 

(a2wi2+62) (a;2+2/2) + 27»a2cx-262cy + ca (a^+fta) -a^b^ (l+ma)=0. 

32. PM and PN are perpendiculars upon the axes from any point 
P on the ellipse. Prove that MN is always normal to a fixed 
concentric ellipse. 
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33. Prove that the Bum of the ecoentrio angles of the extremities 
of a chord, which is drawn in a given direction, is oonstant, and 
equal to twice the eccentric angle of the point at which the tangent is 
parallel to the given direction. 

34. A tangent to the ellipse — a + 1^ = 1 meets the ellipse 






in the points P and Q\ prove that the tangents at P and Q are at 
right angles. 

272. To prove that through awy given pomt {x^^ yi) 
there pasSf in general, two tangents to cm ellipse. 

The equation to any tangent is (by Art. 263) 

y = mx + fjahn^ + h^ (1). 

If this pass through the fixed point (oni, y^), we have 

yi — mocj = Jahn^ + 6*, 

t.6. w«(a^«-a")-2mi»,yi+(yi*-5'') = (2). 

For any given values of x^ and y^ this equation is in 
general a quadratic equation and gives two values of vn 
(real or imaginary). 

Corresponding to each value of w» we have, by sub- 
stituting in (1), a dijfferent tangent. 

The roots of (2) are real and different, if 

(- SiCiyi)" - 4 (x^ - a«) (y^' - 6«) be positive, 

i, e. if b^asi^ + ah^^ — a^h^ be positive, 

i. e. if "^ + ^ ~ 1 ^ positive, 

i.e, if the point (aJi, y^ be outside the curve. 
The roots are equal, if 

be zero, i.e. if the point (ic,, y^ lie on the curve. 
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The roots are imaginary, if 

bo negative, i.e. if the point (a^, y^ lie within the curve 
(Art. 255). 

273. Equation to the chord of contact of tangents 
drawn from a point (a^, yj). 

The equation to the tangent at any point Q, whose 
coordinates are x* and y', is 

Also the taiigent at the point B^ whose coordinates are 
a:" and y", is 






If these tangents meet at the point 7, whose coordi- 
nates are Xy and y,, we have. 

. ^-f-' w. 

•^ %*'^-^ w 

The equation to QR is then 

5+5*=^ ^^>- 

For, since (1) is true, the point (»', y') lies on (3). 

Also, since (2) is true, the point (a;", y") lies on (3). 

Hence (3) must be the equation to the straight line 
joining (x\ y') and (a;", y"), i.e, it must be the equation to 
QR the required chord of contact of tangents from (a^, yi). 

274. To find the equation of the polar of the point 
(xjf yi) loitfb respect to the ellipse 



g + g=l. [Art. 162.] 
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Let Q and E be the points in which any chord drawn 
through the point (aJi, yj) meets the ellipse [Fig. Art. 214]. 

Let the tangents at Q and H meet in the point whose 
coordinates are (A, k). 

We require the locus of (A, k). 

Since QE is the chord of contact of tangents from 
(h, k)i its equation (Art. 273) is 

xh yk 

Since this straight line passes through the point (x^y y^, 
we have 






(!)• 



Since the relation (1) is true, it follows that the point 
(A, k) lies on the straight line 

5^ + ^=1 (2). 

Hence (2) is the equation to the polar of the point 

Cor. The polar of the focus (ae, o) is 
x,ae . . a 

i,e, the corresponding directrix. 

276. "When the point (a^, y^) lies outside the ellipse, 
the equation to its polar is the same as the equation of the 
chord of contact of tangents from it. 

When {xi, y^) is on the ellipse, its polar is the same as 
the tangent at it. 

As in Art. 215 the polar of (iCi, yi) might have been 
defined as the chord of contact of the tangents, real or 
imaginary, drawn from it. 

276. By a proof similar to that of Art. 217 it can be 
shewn that If the polar of F pass through T, tlien tfie polar 
of T parses throtigh P. 
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277. To find the coordinates of the pole of any given 
line 

Ax + By-¥G:=0 (1). 

Let (aTj, yi) be its pole. Then (1) must be the same as 
the polar of (aJi, ^i), i,e, 

fH-f-l=0 (2). 

Comparing (1) and (2), as in Art. 218, the required pole 
is easily seen to be 



V c ' c)' 



278. To find the equcUion to the pair of tangents that 
can be draum to the ellipse from the point (xi, y^. 

Let (A, k) be any point on either of the tangents that 
can be drawn to the ellipse. 

The equation of the straight line joining (A, k) to 
(aa, Vi) is 

k — y^ hy. — kx. 

If this straight line touch the ellipse, it must be of the 
form 

y = mx + VaWTft*. (Art. 263.) 
Hence 

mJ^, and f^ill^y = «««»+ J*. 
h-Xi \ h — Xi J 

But this is iy.fi condition that the point (A, k) may lie 
on the locus 

{xyi-x^y==a^y-y,Y + b^x-~x,Y (1). 

This equation is therefore the equation to the required 
tangents. 
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It would be found that (1) is equivalent to 

279, To find the locus of the middle points of parallel 
chords of the ellipse. 

Let the chords make with the axis an angle whose 
tangent is m, bo that the equation to any one of them, 
QRi is 

j/ = 7nx + c (1), 

where c is different for the different chords. 




This straight line meets the ellipse in points whose 
abscissae are given by the equation 

a^ (mx + cY _-i 

i.e, a^{a'm'+b^) + 2a^7ncx-\-a^{c'-b^) = (2). 

Let the roots of this equation, i.e, the abscissae of Q 
and i?, be x^ and oc^, and let F, the middle point of QB, be 
the point (A, k). 

Then, by Arts. 22 and 1, we have 

-~"2~'"""S^+6« ^'^^' 
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Also V lies on the straight line (1), so that 

k = mh + c (4). 

If between (3) and (4) we eliminate c, we have 
- _ a^m (k — mh) 
^~ aW + 6« ' 

i,e. Ph^ — ahnk (5). 

Hence the point (A, k) always lies on the straight line 

The required locus is therefore the straight line 

y = miXy where w»i== — r— , 
arm 

1.6. mwi = — j (7). 

980. EqiMtion to the chord whose middle point is {h, k). 
The required equation is (1) of the foregoing article, where m and 
c are given by equations (4> and (5), so that 

w* = — 57 * ana e = ^ • 

The required equation is therefore 

b^h a«*a+6>*» 

i>e. *(y-*)+J,(x-;i)=0. 

It is therefore parallel to ihe polar of (h^ k). 

281. Diameter. Def. The locus of the middle 
points of parallel chords of an ellipse is called a diameter, 
and the chords are called its double ordinates. 

, By equation (6) of Art. 279 we see that kny diameter 
passes through the centre C. 

Also^ by equation (7), we see that the diameter y = m^a; 
bisects all chords parallel to the diameter y = mxy ii s 

^' n^ 
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But the symmetry of the result (1) shows that, in this 
case, the diameter y = mx bisects all chords parallel to the 
diameter y = miX. 

Such a pair of diameters are called Conjugate Diameters. 
Hence 

Co^Jug^ate Diameters. Def. Two diameters are 
said to be conjugate when each bisects all chords parallel 
to the other. 

Two diameters y = mx and y = miX are therefore con- 
jugate, if 

2^2" ^^ tangent at the extremity of any diameter is 
parallel to tlie chords which it bisects. 

In the Figure of Art. 279 let {x\ y') be the point P on 
the ellipse, the tangent at which is parallel to the chord 
QR^ whose equation is 

y = ma5 + c (1). 

The tangent at the point {x\ y') is 

-^^-^^^ ^^^- 

Since (1) and (2) are parallel, we have 

aY 
i.e. the point (x\ y') lies on the straight line 

But, by Art. 279, this is the diameter which bisects QR 
and all chords which are parallel to it. 

Cor. It follows that two conjugate diameters CP and 
CD are such that each is parallel to the tangent at the 
extremity of the other. Hence, given either of these, we 
have a geometrical construction for the other. 
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283. The tangents at the ends of any chord meet on the 
diameter which bisects the chord, 

let the equation to the chord QR (Art. 279) be 

y = 7nx+ c (1). 

Let T be the point of intersection of the tangents at Q 
and a, and let its coordinates be a^ and y^.. 

Since QR is the chord of contact of tangents from T^ its 
equation is, by Art. 273, 






(2). 



The equations (1) and (2) therefore represent the same 
straight line^ so that 

Le, (h, k) lies on the straight line 

which, by Art. 279, is the equation to the diameter bisect- 
ing the chord QR. Hence T lies on the straight line CF. 

284. 1/ the eccentric angles of the ends, P and 2>, of a 
pair of conjtigate diameters he ^ and tf/, then ^ and ^' differ 
by a right angle. 

Since P is the point (a cos if>, b sin ^), the equation to 
CP is 

y = x, -tan^ (1). 

So the equation to CD is 

y = a;.-tan «^' (2). 

These diameters are (Art. 281) conjugate if 

^tan^tan.^=-^,, 

Le, if tan <^ = -cot ^' = tan («^'* 90*;, 

i.e. if ^-.^'= + 90% 
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Cor. 1. The points on the auxiliary circle' correspond- 
ing to P and D subtend a right angle at the centre. 

For if p and d be these points then« by Art. 258, we 
have 

LpCA' = 4, and LdCA'=^<t>\ 
Hence 

LpCdr^ LdGA' - LpCA' = <f>-<t>' :=90\ 

Cor. 2. In the figure of Art. 286 if P be the point <^ 
then D is the point <^ + 90° and D^ is the point <^ - 90*. 

285. From the previous article it follows that if P be 
the point (a cos <l>, b sin <^), then D is the point 

{a cos (90° + <^), 6 sin (90° + <^)} i.«. (— a sin ^, 6 cos ^). 

Hence, if PJV and DM be the ordinates of P and D, 
we have 

jyP CM 

h a ' 



, CN MD 

and = — ;— . 

a 



286. If POP* wad BCD' he a pair of conjugate dia- 
meters, then (1) GP*-\-CD^ is constant, and (2) the area of 
the pa/raUehgram formed by the tcmgents at the ends of these 
diameters is constant. 
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Let P be the point ^, so that its coordinates are a oos ^ 
and h sin <^. Then D is the point 90'' + ^, so that its co- 
ordinates are 

a cos (90" + <^) and h sin (90" + «^), 
i.e, -asin^ and 6cos^ 

(1) We therefore have 

CP« = a« cosV + ^' 8in« <^ 
and CZ>» = a«sin«<^ + ft«cos««^. 

Hence CP^-\-CD' = a*+b^ 

= the sum of the squares of the semi-axes of the ellipse. 

(2) Let KLMN be the parallelogram formed by the 
tangents at P, 2>, P', and B\ 

By Euc. I. 36, we have 

area KLMN = 4 . area CFKD 

where CU i& the perpendicular from C upon the tangent 
at P. 

Now the equation to the tangent at P is 



- cos 6 + T sin <i - 1 = 0, 
a 



so that (Art. 75) we have 

'cos^ sin'*!^ ^a»sinV + ^'cos"«^ C^i>' 



/cos^ <^ sin'* 



Hence CU.CD^ah, 

Thus the area of the parallelogram KLMN = 4<zb, 

which is equal to the rectangle formed by the tangents 
at the ends of the major and minor axes. 

287. The prodv>ct of the focal distances of a point P is 
equal to the squa/re on the semidiameter parallel to the tangent 
at P. 

If P be the point <^, then, by Art. 251, we have 

^P=a + a6cos^, and S'P= a — ae cos <l>. 

L. 17 
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Hence SP . S'P = a' ~ aVcos* <l> 

= a* sin* ^ + 6* cos' ^ 

988. Bz. If P and D be the ends of corrugate diameten, find 
the locus of 

(1) the middle point of PD, 

(2) the intersection of the tangents at P and D, 

and (3) the foot of the perpendicular from the centre upon PD. 
Pis the point (aooB0, 6Bin0) and D is (-asin^, &oob0). 

(1) If {x, y) be the middle point of PD, we have 

aco80-asin0 . 5 sin 0+5 cos 

*= ^2 > ""^ »= 2 • 

If we eliminate 4> we shall get the required loo^s. We obtain 

-5 + |5=i[{oos0-8in0)»+(8in0+oo80)«]=J. 
or o* 

The loons is therefore a ooncentrio and similar ellipse. 
[N.B. Two ellipses are similar if the ratios of their axes are the 
same, so that they have the same eooentrioity.] 

(2) The tangents are 

X V . 

-COS0 + f sm0=:l, 
a 

and --sin 0+^008 0=1. 

Both of these equations hold at the intersection of the tangents. 
If we eliminate </> we shall have the equation of the loous of their 
intersections. 

By squaring and adding, we have 



^%?'-2 



so that the loous is another similar and concentric ellipse. 

(3) By Art. 259, on putting 0'= 90° + 0, the equation to PD is 

-cos(46°+0)+|sin(46°+0)=co845°. 

Let the length of the perpendicular from the centre be p and let it 
make an aogle w with the axis. Then this line must be equivalent to 
X COS w + 2^ sin {a=p. 
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CompaTing the equations, we have 

cob(46°+0) = , and Bm{45°+0)= . 

Henoe, by squaring and adding, 2i)'=a'oos'w+^Bin'w, i,e. the 
loons required is the curye 

289. Uquiconjugate dicmieters. Let P and D be ex- 
tremities of equiconjugate diameters, so that GP^ = CD\ 

If the eccentric angle of P be ^, we then have 
c? cos' ^ + 6* sin' ^ = a' sin' ^ + 6' cos* ^, 
giving tan* ^ = 1, 

%.e. <^ = 45% or 135^ 

The equation to CP is then 

y = aj.-tan<^, 

»-^ y=±a'*' ^^^' 

and that to CD is y = — oj - cot <^, 

i,e, y = + -05 (2). 

If a rectangle be formed whose sides are the tangents 
at Ay A'y By and B' the lines (1) and (2) are easily seen to 
be its diagonals. 

The directions of the equiconjugates are therefore along 
the diagonals of the circumscribing rectangle. 

The length of each equiconjugate is, by Art. 286, 



x/ 



^f+h^ 



290. Supplemental chords. Def. The chords 
joining any point P on an ellipse to the extremities, R and 
R\ oi any diameter of the ellipse are called supplemental 
chords. 

SwpplemenUd chorda a/re pcuralld to conjugate dictmeters, 

17—2 
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Let P be the point whose eccentric angle is <^ and R 
and R' the points whose eccentric angles are ^ and 

The equations to PR and PR' are then (Art. 259) 




and 

-COS g +-8m 2 -«« 2 ' 

The "m" of the straight line (1) =-i.cot ^4^- 
The "m" of the line (2) =-tan^^. 

Cb A 

The product of these " m'« " = - -^ , so that, by Art. 281, 
the lines PR and PR* are parallel to conjugate diameters. 

This proposition may also be easily proved geometrically. 

For let F and F' be the middle points of FB, and PB!, 

Since F and C are respectively the middle points of ILP and iUt', 
the line QV is parallel to FB!, Similarly CV is parallel to FR. 

Since CF bisects PB, it bisects all chords parallel to BR, i.e, all 
chords parallel to CV\ So CV bisects all chords parallel to CV. 

Hence CF and CV are in the direction of conjugate diameters and 
therefore PBf and PR, being parallel to CV and CV respectively, are 
parallel to conjugate diameters. 
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291. To find the equation to an ellipse re/erred to a 
pair of conjugate diameters. 

Let the conjugate semi-diameters be CP and CD (Fig. 
Art. 286), whose lengths are a' and b' respectively. 

If we transform the equation to the ellipse, referred to 
its principal axes, to CP and CD as axes of coordinates, 
then, since the origin is unaltered, it becomes, by Art. 134, 
of the form 

ilaj" + 2^ajy + J5y*=l (1). 

Now the point P, (a', 0), lies on (1), so that 

Aa" = l (2). 

So since Q, the point (0, b'), lies on (1), we have 

Bb" = l. 

Hence -4 = -75 j and B = -^^, 

Also, since CP bisects all chords parallel to CDy there- 
fore for each value of x we have two equal and opposite 
values of y. This cannot be unless H = 0. 

The equation then becomes 

Cor. If the axes be the equiconjugate diameters, the 
equation is as" + ^ = a". The equation is thus the same in 
form as the equation to a circle. In the case of the ellipse 
however the axes are oblique. 

292. It will be noted that the equation to the ellipse, 
when referred to a pair of conjugate diameters, is of the 
same form as it is when referred to its principal axes. 
The latter are merely a particular case of a pair of conjugate 
diameters. 

Just as in Art. 262, it may be shewn that the equation 
to the tangent at the point (a/, y') is 

Similarly for the equation to the polar. 
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Bz. If QVQ' be a double ordinate of the diameter CP, arid if the 
tangent at Q meet CP in T, then CV.CT= CP*. 

If Q be the point (x\ y\ the tangent at it is 

a'* 
Putting y =0, we have «=— 7 » 

ie CT-^ = ^ 

i.«. CV.CT=CP^. 

EXAMPLES. TTTTV 

a? 9/2 

1. In the ellipse d^ + q = 1> ^^^ i^^ equation to the chord which 

passes through the point (2, 1) and is bisected at that point. 

2. Find, with respect to the ellipse 4a^+ly^=S, 

(1) the polar of the point ( - i, 1), and 

(2) the pole of the straight line 12a; + 7y + 16 = 0. 

3. Tangents are drawn from the point (3, 2) to the ellipse 
x^+4y^=9. Find the equation to their chord of contact and the 
equation of the straight line joining (3, 2) to the middle point of this 
chord of contact. 

4. Write down the equation of the pair of tangents drawn to the 
ellipse Sa^+2y^=5 from the point (1, 2), and prove that the angle 

between them is tan~^ — ^ . 
o 

5. In the ellipse -2 + 1^=^* ^^^ down the equations to the 
diameters which are conjugate to the diameters whose equations are 

x-y=0, x+y=Oy y = ^a;, and y=-x. 

6. Shew that the diameters whose equations are y + Sx=0 and 
42^ - « =; 0, are conjugate diameters of the ^pse S3s^+iy^=5. 

7. If the product of the perpendiculars from the foci upon the 
polar of P be constant and equal to c^^ prove that the locus of P is the 
ellipse 6*a^ (c^ + a V) + c«aV= «*&*• 

8. Shew that the four lines which join the fod to two points P 
and Q on an ellipse all touch a circle whose centre is the pole of PQ. 
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9. If the pole of the normal at P lie on the normal at Q, then 
shew that the pole of the normal at Q lies on the normal at P. 

10. CK is the perpendicnlar from the centre on the polar of any 
point P, and PJlf is the perpendicular from P on the same polar and 
is produced to meet the major axis in L, Shew that (1) CK . PL = 6*, 
and (2) the product of the perpendiculars from the foci on the p<dar 
^CK.LM. 

What do these theorems heoome when P is on the ellipse? 

11. In the previous question, if PN he the ordinate of P and the 
polar meet the axis in T, shew that CL=e'^. CN and CT . CN=aK 

12. If tangents TP and TQ he drawn from a point 7, whose 
coordinates are h and ky prove that the area of the triangle TPQ is 

and that the area of the quadrilateral CPTQ is 

13. Tangents are drawn to the ellipse from the point 

prove that they intercept on the ordinate through the nearer focus a 
distance equal to the major axis. 

14. Prove that the angle between the tangents that can be drawn 
from any point {xi , yi) to the ellipse is 



2ab 
tan-i 






15. If r be the point {x^, yi), shew that the equation to the 
straight lines joining it to the fooi, S and S^, is 

Prove that the bisector of the angle between these lines also 
bisects the angle between the tangents TP and TQ that can be drawn 
from T, and hence that 

18TP=^Z8'TQ, 

16. If two tangents to an ellipse and one of its foci be given, prove 
that the locus of its centre is a straight line. 

17. Prove that the straight lines joining the centre to the inter- 
sections of the straight line y =ma:+ /v/ — 5 with the ellipse are 

conjugate diameters. 
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18. Any tangent to an ellipse meets the director cirde in p and d ; 
prove that Cp and Cd are in the directions of conjugate diameters of 
the ellipse. 

19. If CP be conjugate to the normal at Q, prove that CQ is 
conjugate to the normal at P. 

20. If ft fi^^ straight line parallel to either axis meet a pair of 
conjugate diameters in the points K and L, shew that the circle 
described on KL as diameter passes through two fixed points on the 
other axis. 

21. Prove that a chord which joins the ends of a pair of conjugate 
diameters of an ellipse always touches a similar ellipse. 

22. The eccentric angles of two points P and Q on the ellipse are 
^ and 03 ; prove that l£e area of the parallelogram formed by the 
tangents at the ends of the diameters through P and Q is 

4a6cosec(^-02), 
and hence that it is least when P and Q are at the end of conjugate 
diameters. 

23. A pair of conjugate diameters is produced to meet the 
directrix ; shew that the orthocentre of the triangle so formed is at 
the focus. 

24. If the tangent at any point P meet in the points L and V 
(1) two parallel tangents, or (2) two conjugate diameters, 

prove that in each case the rectangle LP . PL' is equal to the square 
on the semidiameter which is parallel to the tangent at P. 

25. A point is such that the perpendicular from the centre on its 
polar with respect to the ellipse is constant and equal to c ; shew that 
its locus is the ellipse 

26. Tangents are drawn from any point on the ellipse -j + s =^ 

to the circle x^-\-y^=r^\ prove that the chords of contact are tangents 
to the ellipse a^Q(?-{- 6V=^- 

If -^ = -§ + p » prove that the lines joining the centre to the points 

of contact with the circle are conjugate diameters of the second 
ellipse. 

27. GP and CD are conjugate diameters of the ellipse ; prove that 
the locus of the orthocentre of the triangle CPD is the curve 

2 (6V + aV)»= (a» - ft*)' (62y« - aV)«. 

28. If circles be described on two semi-conjugate diameters of the 
ellipse as diameters, prove that the locus of their second points of 
intersection is the curve ^{x^+y'^f^d^+hhf^ 
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293. To prove theU, in genend^ four normals eon be 
drcuum from any point to cm ellipse, and thai the sv/m of the 
eccentric ambles of their feet is eqwal to an odd multiple of 
two right angles. 

The normal at any point, whose eccentric angle is <^, is 



.^--^ = .« 7.« = ..-^ 



cos ff> sin <^ 
If this normal pass through the point (A, k), we have 

7 : — T=»«^ (ly- 
cos^ 8m<^ ^ ' 

For a given point (h, k) this equation gives the 
eooentric angles of the feet of the normals which pass 
through (hf k). 

Let tan -^ = ^, so that 

Substituting these values in (1), we have 

i.e, 6^ + 2*»(aA + oV) + 2<(aA-oV)-6Aj = 0...(2). 

Let tiyt^ft^, and t^ be the roots of this equation, so that, 
by Art. 2, 

M ^ ^ ^ ^ah^a^^ 

^ + <, + <8 + <4 = -2— ^j^ (3), 



V2+^^ + V4 + <A + <2^4 + V4 = (4), 

<M + V4<i + Wa + W8 = -2?5^^1=^^ (5), 

and ^W4 = -l (6). 
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Hence (Trigonometry ^ Art. 125), we have 

\2 2 2 2/ l-«j + «4 

.. 2 =^^^+2' 

and hence <^ + ^ + ^ + ^4 = (2w + l)ir 

»an odd multiple of two right angles. 

294. We shall conclude the chapter with some ex- 
amples of loci connected with the ellipse. 

Bz. 1. Find the locus of the intersection of tangents at the ends 
ofcliords of an ellipse, which are of constant length 2c. 

Let QR be any such chord, and let the tangents at Q and R meet 
in a point P, whose coordinates are {h, k). 

Since QR is the polar of P, its equation is 






The abscissas of the points in which this straight line meets the 
ellipse are given by 

{>-S)"-t:('-S). 

If Xi and x^ be the roots of this equation, {.e. the absdssaa of Q 
and R, we have 

X, , . v« . ia*[b^h^+a^k^-a^Iy^k^ ,„, 

.-. (a^-^J«={a.,+^J«-4a:,a;,= (^.^2+^'^^ -(2). 

If yi and y, be the ordinates of Q and iZ, we have from (1) 
iCih yik 

so that, by subtraction, 

b»h, , 
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The condition of the question therefore gives 

4c«=(a;a-xJ«+(y,-yi)«=(l+^*)(a;,-xO« 

Henoe the point {h, k) always lies on the carve 

which is therefore the locus of P. 

Bz. 9. Find the locus (1) of the middle points, and (2) of the poles, 
of normal chords of the ellipse. 

The chord, whose middle point is {h, k), is parallel to the polar of 
(hy k)f and is therefore 

(^-^)^,+{y-*)J=o (1). 

If this be a normal, it must be the same as 

aa;seo^-6yooseod=a2 6* (2). 

We therefore have 

oseeg -doosecg a^-6* 

h k ~^n^' 

so that cos^=^^-^^^-, + ^), 

^^ "^'--^kW^Aa--^^)' 

Hence, by the elimination of 6, 

The equation to the required locus is therefore 

Again, if (x^, y^^ be the pole of the normal chord (2), the latter 
equation must be equivalent to the equation 

!^i,yyi. /ox 

-^ + -6S-1 (3). 

Comparing (2) and (3), we have 

a'sec^ ft'cosecd „ ^„ 

so that l=cos2d + sin2d=( Ai+-^l . 
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and hence the required loons is 



and, coaxal eUipse -2 + ^= ^ V fi^ <^ ^octu of their poles, 
a p 



x^ 1/S 

8. Chords of the ellipse -3 + rj = 1 always touch the concetOric 

x^ v^ 
xal ellipse -5 + ^=1; find the U 
a p 

Any tangent to the second ellipse is 

y=inaj+Va^^+/3* (1). 

Let the tangents at the points where it meets the first eUipse meet 
in (h, k). Then (1) must be the same as the polar of (h, k) with 
respect to the first ellipse, i,e. it is the same as 

S-^g-i=o -(2). 

Since (1) and (2) coincide, we have 

m -1 Jahn^+e^ 

r=T=— Ti — 

Hence m=--^j-i and ,Ja?m^+pf^=^^. 

Eliminating m, we have 

i.e. the point {h, k) lies on the ellipse 

a^ (2 
{.«. on a concentric and coaxal ellipse whose semi-axes are — and -- 

respectively. " ^ 
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The tangents drawn from a point P to the ellipse make angles $1 
and 02 with the major axis ; find the locus of P when 

1. ^1+^2 ^ constant (=2a). [Compare Ex. 1, Art. 235.] 

2. tan $1 + tan $2 is constant ( = c). 

3. tan $1 - tan 0^ is constant {=d), 

4. tan^ 0^ + tan^ 0^ is constant ( = X). 
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Find the loons of the inteneotion of tangents 

5. which meet at a giyen angle a. 

6. if the sum of the ecoentrio angles of their points of contact 
be equal to a constant angle 2a. 

7. if the difference of these eccentric angles be 120°. 

8. if the lines joining the points of contact to the centre be 
perpendicular. 

9. if the sum of the ordinates of the points of contact be equal to 6. 
Find the locus of the middle points of chords of an ellipse 

10. whose distance from the centre is the constant length c. 

11. which subtend a right angle at the centre. 

12. which pass through the given point {h, i), 

13. whose length is constant (= 2c). 

14. whose poles are on the auxiliary cirde. 

15. the tangents at the ends of which iaterseot at right angles. 

16. Prove that the locus of the intersection of normals at the 
ends of conjugate diameters is the curve 

17. Prove that the locus of the intersection of normals at the ends 
of chords, parallel to the tangent at the point whose eccentric angle is 
a, is the conic 

2 {ax em a + hy ooB a) {ax COB a + by an a) = (a* - &^)* sin 2a cos^ 2a. 
If the chords be parallel to an equiconjugate diameter, the loons 
is a diameter perpendicular to the other equiconjugate. 

18. A parallelogram circumscribes the ellipse and two of its 
opposite angular points lie on the straight lines a^=h^i prove that 
the locus of the other two is the conic 

19. Circles of cdnstant radius c are drawn to pass through the 
ends of a variable diameter of the ellipse. Prove that the locus of 
their centres is the curve 

20. The polar of a point P with respect to an ellipse touches a 
fixed cirde, whose centre is on the major axis and which passes 
through the centre of the ellipse. Shew that the locus of P is a 
parabola, whose latus rectum is a third proportional to the diameter 
of the cirde and the latus rectum of the ellipse. 

21. Prove that the locus of the pole, with respect to the ellipse, of 
any tangent to the auxiliary cirde is the curve -4 + r| = -q • 
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22. Shew that the locus of the pole, with respect to the anziliazy 
cdrcle, of a tangent to the ellipse is a similar concentric ellipse, 
whose major axis is at right angles to that of the original ellipse. 

23. Chords of the ellipse touch the parabola ay^= - 2bl^x ; prove 
that the locus of their poles is the parabola ai^=:2b^x, 

24. Prove that the sum of the angles that the four normals 
drawn from any point to an ellipse make with the axis is equal to 
tiie sum of the angles that the two tangents from the same point 
make with the axis. 

[Use the equation of Art. 268.] 

25. Triangles are formed by pairs of tangents drawn from any 
point on the dlipse 

a^z^+bY={o^+by to the eUipse ^ + ^=1, 

and their chord of contact. Prove that the orthocentre of each such 
triangle lies on the ellipse. 

26. An ellipse is rotated through a right angle in its own plane 
about its centre, which is fixed ; prove that the locus of the point of 
intersection of a tangent to the ellipse in its original position with 
the tangent at the same point of the curve in its new position is 

27. If y and Z be the feet of the perpendiculars from the foci 
upon the tangent at any point P of an ellipse, prove that the tangents 
at Y and Z to the auxiUaiy circle meet on the ordinate of P and that 
the locus of their point of intersection is another ellipse. 

28. Prove that the directrices of the two parabolas that can be 
drawn to have their foci at any given point P of the ellipse and to 
pass through its foci meet at an angle which is equal to twice the 
eccentric angle of P. 

29. Chords at right angles are drawn through any point P of the 

ellipse, and the line joining their extremities meets the normal in the 

point Q. Prove that Q is the same for all such chords, its 

,. . , . a^e^QOBa , —a^fte^sina 

coordinates being — = — -=- and 5 — 75 — . 

a'*+(r a^ + o^ 

Prove also that the major axis is the bisector of the angle PCQ, 
and that the locus of Q for different positions of P is the ellipse 



CHAPTER XIII. 



THE HYPERBOLA. 



295. The hyperbola is a Conic Section in which the 
eccentricity e ia greater than unity. 

To find the equation to a hyperbola. 

Let ZK be the directrix, S the focus, and let SZ be 
perpendicular to the directrix. 

There will be a point A on AZ^ such that 

SA=e.AZ (1). 
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Since 6 > 1, there will be another point A\ on BZ pro- 
duced^ such that 

SA'^e.A'Z, (2). 

Let the length AA! be called 2a, and let C be the middle 
point of AA\ 

Subtracting (1) from (2), we have 
"la^AA'^e.A'Z-e.AZ 

= e[CA'-^CZ]-e[CA--CZ] = e.2CZ, 

^^. CZ=^^ (3). 

Adding (1) and (2), we have 

e(AZ+A'Z) = SA' + SA = 2CS, 
i.e. e.AA' = 2.CS, 
and hence CS = ae (4), 

Let C be the origin, CSX the axis of x, and a straight 
line OT, through C perpendicular to CX, the axis of y. 

Let P be any point on the curve, whose coordinates are 
X and y, and let Pif be the perpendicular upon the directrix, 
and PJ9' the perpendicular on AA\ 

The focus S is the point (oe, 0). 

The relation JSP^ = e^. PM^ = ^ . ZIP then, gives 

(x-^asy + f = e^\x^'^^, 

i.e. a?-2aex + a^^ + y^ = ^^'-2aex + a\ 

Hence ar»(e«-l)- 3/* = 02(6^-1), 

••^- S-S^)=l (')' 

Since, in the case of the hyperbola, e > 1, the quantity 
a' (e'-l) is positive. Let it be called 6', so that the equa- 
tion (5) becomes 

X2 y2 

where b^ = a'e'-a^ = CS*-CA' (7), 

and therefore CS^ = a^-hb^ (8). 



t,e. 
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296. The equation (6) may be written 
t^_^ ^ a^'-g' _{x — a){x + a) 



so that PN^ : AN. NA' :: 6* : a\ 

If we put 03 = in equation (6), we have y^ = — 6*, 
shewing that the curve meets the axis CF in imaginary 
points. 

Def. The points A and A' are called the vertices of the 
hyperbola, C is the centre, -4ii' is the transverse axis of the 
curve, whilst the line BB^ is called the conjugate axis, 
where B and B^ are two points on the axis of y equidistant 
from (7, as in the figure of Art. 315, and such that 
B^C=CB = b. 

997. Since ^Sf is the point (a«, 0), the eq[aation referred to the 
focus as origin is, by Art. 128, 



(x+aef y« 
a8 68" ' 



Similarly, the equations, referred to the vertex A and foot of the 
directrix Z respectively as originB, will be found to be 

a^ 62^a "' 

, «« y» 2a; , 1 

and -9""l2 + "=l--i* 

a^ o^ ae «* 

The equation to the hyperbola, whose focus, directrix, and eccen- 
tricity are any given quantities, may be written down as in the case 
oftheeUip8e(Art. 249). 

298. There exist a second /ocus cmd a second directrix 
to the cwrve. 

On SO produced take a point S\ such that 
SO^CS'^ae, 
and another point Z\ such that 



e 



18 
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Draw Z'M* perpendicular to AA\ and let FM be pro- 
duced to meet it in if. 

The equation (5) of Art 295 may be written in the 
form 



*.e. 



{x-^aef^y'^^i^^^x^ , 



i,e. S'F" = e" {Z'C + CNf = e^ . FMr 

Hence any point F of the curve is such that its distance 
from S' ia e times its distance from Z'K\ so that we should 
have obtained the same curve if we had started with S' as 
focus, Z^K^ as directrix, and the same eccentricity e. 

299. The difference of the focal distances of any point 
on the hyperbola is equal to the transverse axis. 

For (Fig., Art 295) we have 

SF = e.FMy and S'F = e.FM\ 

Hence S'F-SF = e{FM'-FM)^e,MM' 

= e,ZZ' = 2e,GZ=2a 

= the transverse axis AA\ 

Also SF = e.FM=e.ZN=e.CN--e.OZ=ej[r -^K^ 

and AS^'P^cPJIf' = 6.^'iV^=6.(7iV+e.^'(7 = ex' + a, 

where a/ is the abscissa of the point F referred to the centre 
as origin. 

300. La^us-rectum of the Hyperbola. 

Let LSU be the latus-rectum, i,e, the double ordinate 
of the curve drawn through S. 

By the definition of the curve, the semi-latus-rectum SL 

= e times the distance of L from the directrix 

^e.8Z:=^e{CS-GZ) 

b^ 
= e.CS-eCZ=a^--a = -, 
a 

by equations (3), (4), and (7) of Art. 295. 
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301. To truce the curve 

■ ^s-■ w 

The equation may be written in either of the forms 

y=-=^>v/i^ <2)> 

or a: = -=a,yj+l (3). 

From (2), it follows that, if a^ < a", i,e. if x lie between a 
and — a, then y is impossible. There is therefore no part 
of the curve between A and A\ 

For all values of a^^a^ the equation (2) shews that 
there are two equal and opposite values of y, so that the 
curve is symmetrical with respect to the axis of x. Also, 
as the value of x increases, the corresponding values of y 
increase, until, corresponding to an infinite value of a;, we 
have an infinite value of y. 

For all values of y, the equation (3) gives two equal 
and opposite values to cc, so that the curve is symmetrical 
with respect to the axis of y. 

If a number of values in succession be given to x, and 
the corresponding values of ^ be determined, we shall 
obtain a series of points, which will all be found to lie on a 
curve of the shape given in the figure of Art. 295. 

The curve consists of two portions, one of which extends 
in an infinite direction towards the positive direction of 
the axis of x, and the other in an infinite direction towards 
the negative end of this axis. 

302. Tlie qticmtity — j — ^ — 1 w positive^ zero, or 

negative, according as the point {x\ y') lies within, upon^ 
or urithotU, the curve. 

Let Q be the point («', y'), and let the ordinate Qlf 

18—2 
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through Q meet the curve in F, so that, by equation (6) of 
Art. 295, 

and hence -vr- = — - 1. 

0* or 

K ^ be within the curve then y', i.e. QN, is less than 

jPiV, so that Tq<— 7F> t.6. <-j-l. 

b^ ¥ or 

Hence, in this case, -5 - t, > 0, i.e. is positive. 
a 

Similarly, if Q be without the curve, then y > FJ^^ and 

we have — 5 ~ t« — 1 negative. 

a 

303. To find, the length of any central radius draum in 
a given direction. 

The equation (6) of Art. 295, when transferred to polar 
coordinates, becomes 



^ /cos^ $ sin^e\ , 

los"^ sin^^ QOB^O/h^ ^ ^^\ ,,, 
-^--^=-^(-i-tan«^j (1). 



1 cos"^ sin^^ cos«^/ft* 

This is the equation giving the value of any central 
radius of the curve drawn at an inclination to the trans- 
verse axis. 

So long as tan' ^ < 1 > the equation (1) gives two equal 

and opposite values of r corresponding to any value of B. 

For values of tan* ^ > -5 , the corresponding values of 

3 are negative, and the corresponding values of r imaginary. 

Any radius drawn at a greater inclination than tan~^ — 
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does not therefore meet the curve in any real points, so 
that all the curve is included within two straight lines 

drawn through C and inclined at an angle ^ tan"^ — to CX. 
Writing (1) in the form 



cos»^ 



(1-^)' 



we see that r is least when the denominator is greatest, i.e, 
when = 0, The radius vector GA is therefore the least. 

Also, when tan = at - the value of r is infinite. 
a 

For values of between and tan~* - the corresponding 

positive values of r give the portion AR oi the curve (Fig., 
Art. 295) and the corresponding negative values give the 
portion A'R, 

For values of between and — tan"^ - , the positive 

values of R give the portion ARy^^ and the negative values 
give the portion A'R^, 

The ellipse and the hyperbola since they both have a 
centre (7, such that all chords of the conic passing through 
it are bisected at it, are together called Central Conics. 

304. In the hyperbola any ordinate of the curve does 
not meet the circle on A A' as diameter in real points. 
There is therefore no real eccentric angle as in the case of 
the ellipse. 

When it is desirable to express the coordinates of any 
point of the curve in terms of one variable, the substitutions 

xsasec^ and y = btan^ 

may be used; for these substitutions clearly satisfy the 
equation (6) of Art. 295. 

The angle <^ can be easily defined geometrically. 

On A A' describe the auxiliary circle, (Fig., Art. 306) 
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and from the foot N of any ordinate NP of the curve draw 
a tangent NU to this circle, and join GU. Then 

i.e, X = OJ!f = a sec I^CU. 

The angle I^CU is therefore the angle <^. 

Also iVT7'=C?7tan«/» = atan«/», 

so that NPiNU ::h: o. 

The ordinate of the hyperbola is therefore in a constaht 
ratio to the length of the tangent drawn from its foot to 
the auxiliary circle. 

This angle <f> is not so important an angle for the 
hyperbola as the eccentric angle is for the ellipse. 

305. Since the fundamental equation to the hyper- 
bola only differs from that to the ellipse in having —6* 
instead of h\ it will be found that many propositions for 
the hyperbola are derived from those for the ellipse by 
changing the sign of h\ 

Thus, as in Art. 260, the straight line y = mx + c meets 
the hyperbola in points which are real, coincident, or 
imaginary, according as 

As in Art. 262, the equation to the tangent at (as', i/) is 

As in Art. 263, the straight line 

y = mx + iJaNn^ — h^ 
is always a tangent. 
The straight line 

x cos a + y sin a =^p 
is a tangent, if p^^^c^ cos* a - 6* sin* a. 

The straight line he + my « n 
is a tangent, if r? = a*? - 6V»*. [Art. 264.] 



PROPERTIES OF THE HYPERBOLA. 
The normal at the point (a^, y') is, as in Art. 266, 
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x — x' 






306. With some modifications the properties of Arts. 
269 and 270 are true for the hyperbola also, if the 
corresponding figure be drawn. 

In the case of the hyperbola the tangent bisects the 
interior, and the normal the exterior, angle between the 
focal distances SP and S'P. 




It follows that, if an ellipse and a hyperbola have the 
same foci S and S\ they cut at right angles at any common 
point P. For the tangents in the two cases are respec- 
tively the internal and external bisectors of the angle SF8\ 
and are therefore at right angles. 

307. The equation to the straight lines joining the 
points (asec<^, 6tan<^) and (asec<^', ft tan <^') can be 
shewn to be 

X <!>'— <h y . <h + d> di + di 
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Hence, by putting <^' = <^, it follows that the tangent at 
the point (a sec ^, b tan <^) is 

f- sin = cos d>, 

ah ^ ^ 

It could easily be shewn that the equation to the 
nonnal is 

005 sin ^ + 6y = (a^ + h^) tan <^. 

308. The proposition of Art. 272 is true also for the 
hyperbola. 

As in Art. 273, the chord of contact of tangents 
from («!, 2/1) is 

a^ h^ ~ 
As in Art. 274, the polar of any point {x^j y^ is 

As in Arts. 279 and 281, the locus of the middle 
points of chords, which are parallel to the diameter y = mx, 
is the diameter y = miX, where 

or 
The proposition of Art. 278 is true for the hyperbola 
also, if we replace b^ by — b\ 

309. Director circle. The locus of the intersection 
of tangents which are at right angles is, as in Art. 271, 
found to be the circle a^ + y^ = a^ - P, i.e, a circle whose 
centre is the origin and whose radius is J a? - b\ 

If b^ < o', this circle is real. 

If b^ = a^, the radius of the circle is zero, and it reduces 
to a point circle at the origin. In this case the centre is 
the only point from which tangents at right angles can be 
drawn to the curve. 

If b^ > a^, the radius of the circle is imaginary, so that 
there is no such circle, and so no tangents at right angles 
can be drawn to the curve. 



F = 2, 
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810. Equilateral^ or Rectangular, Hyperbola. 

The particular kind of hyperbola in which the lengths 
of the transverse and conjugate axes are equal is called an 
equilateral, or rectangular, hyperbola. The reason for the 
name "rectangular" -will be seen in Art 318. 

Since, in this case, h = a, the equation to the equilateral 
hyperbola, referred to its centre and axes, is a^-f^ = a\ 

The eccentricity of the rectangtda/r hyperbola is ^2. 

For, by Art. 295, we have, in this case, 

so that e = ^2. 

811. Bz. The perpendiculars from the centre upon the tangent 
and normal at any point of the hyperbola -g - ?a = l wi«tft them in Q 
and R. Find the loci of Q and J2. 
As in Art. 308, the straight line 

xoosa+y sina=27 
is a tangent, if p>=a» oob^ o - 6^ ain* o. 

But p and a are the polar coordinates of Q, the foot of the perpen- 
dicular on this straight line from 0. 

The polar equation to the locus of Q is therefore 
f^=a^ooa^d-b^Bin^e, 
i.e., in Cartesian coordinates, 

{x^+y^^=a^a^-b^K 

If the hyperbola be rectangnlar, we haye a=b, and the polar 
equation is 

r»=a2 (cos»^-sin3^)=a>cos 2^. 
Again, by Art. 307, any normal is 

ax«m4>+by={a*+b^)iaxi4> (1). 

The equation to the perpendicular on it from the origin is 

bx-ayain 0=0 (2). 

If we eliminate 0, we shall have the locus of R. 

bx 
From (2), we have sin0= — , 

ay 

Bmd> bx 

and then tan d>=: i =r = , = 

Substituting in (1) the locus is 
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EXAMPLES. XXXVL 

Find the equation to the hyperbola, referred to its axes as axes of 
coordinates, 

1. whose transyerse and conjugate axes are respectively 3 and 4, 

2. whose conjugate axis is 5 and the distance between whose foci 
is 13, 

3. whose conjugate axis is 7 and which passes through the point 
(3, -2), 

4. the distance between whose foci is 16 and whose eccentricity 
is^/2. 

5. In the hyperbola 4i^- 9^^=36, find the axes, the coordinates 
of the foci, the eccentricity, and the latus rectum. 

6. Find the equation to the hyperbola of given transverse axis 
whose vertex bisects the distance between ^e centre and the focus. 

7. Find the equation to the hyperbola, whose eccentricity is f , 
whose focus is (a, 0), and whose directrix is 4x -Sy=a, 

Find also the coordinates of the centre and the equation to the 
other directrix. 

8. Find the points common to the hyperbola 25x^-9^^=225 
and the straight line 25a; +12^^-45=0. 

9. Find the equation of the tangent to the hyperbola 4x^ - 9y^= 1 
which is pwnJlel to the line 4y=5a;+7. 

10. Prove that a circle can be drawn through the foci of a 
hyperbola and the points in which any tangent meets the tangents at 
the vertices. 

11. An ellipse and a hyperbola have the same principal axes. 
Shew that the polar of any point on either curve with respect to the 
other touches the first curve. 

12. In both an ellipse and a hyperbola, prove that the focal 
distance of any point and the perpendicular from the centre upon the 
tangent at it meet on a circle whose centre is the focus and whose 
radius is the semi-transverse axis. 

sc • V X 'U TL 

13. Prove that the straight lines — ?^=m and - + ^ = - always 

meet on the hyperbola. 

14. Find the equation to, and the length of, the common tangent 

X^ 1/^ 2/^ X^ 

to the two hyperbolas -a - fa = ^ *^^ 2 - 55= ^- 

15. In the hyperbola 16x^-92^^=144, find the equation to the 
difuneter which is conjugate to the diameter whose equation is x=2y. 
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16. Find the equation to the chord of the hyperbola 

25ira-16y«=400 
which is bisected at the point (5, 3). 

17. In a rectangular hyperbola, prove that 

18. the distance of any point from the centre varies inversely as 
the perpendicular from the centre upon its polar. 

19. if the normal at P meet the axes in O and g, then PG=Pg= PC, 

20. the angle subtended by any chord at the centre is the 
supplement of the angle between the tangents at the ends of the 
chord. 

21. the angles subtended at its vertices by any chord which is 
parallel to its conjugate axis are supplements^. 

22. The normal to the hyperbola -, - ^ = 1 meets the axes in M 

and N, and lines MP and NP are drawn at right angles to the axes ; 
prove that the locus of P is the hyperbola 

a«x»-62y2=(a2+62)». 

23. ^ one axis of a varying central conic be fixed in magnitude 
and position, prove that the locus of the point of contact of a tangent 
drawn to it from a fixed point on the other axis is a parabola^ 

24. If the ordinate MP of a hyperbola be produced to Q, so that 
MQ is equal to either of the focal distances of P, prove that liie locus 
of Q is one or other of a pair of parallel straight Imes. 

25. Shew that the locus of the centre of a circle which touches 
externally two given circles is a hyperbola. 

26. On a level plain the crack of the rifle and the thud of the ball 
striking the target are heard at the same instant; prove that Uie 
locus of the hearer is a hyperbola. 

27. Given the base of a triangle and the ratio of the tangents of 
hall the base angles, prove that the vertex moves on a hyperbola 
whose foci are the extremities of the base. 

28. Prove that the locus of the poles of normal chords with 

x^ t/2 

respect to the hyperbola — , - ^ = 1 is the curve 
2/8a« - a^lfi = {a^ + 62)3 ^.y, 

29. Find the locus of the pole of a chord of the hyperbola which 
subtends a right angle at (1) the centre, (2) the vertex, and (3) the 
focus of the curve. 

30. Shew that the locus of poles with respect to the parabola 
y^=:4ax of tangents to the hyperbola x^-y^=a^ is the ellipse 
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31, Prove that the loons of the pole with respect to the hyperbola 

-g - ^=1 of any tangent to the oirole, whose diameter is the line 

a;8 t/2 1 
joining the foci, is the ellipse — ^ + ?7 = -i — rs . 

32. Prove that the locos of the intersection of tangents to a 
hyperbola, which meet at a constant angle j3, is the carve 

38. From points on the circle x^-\-y^—c? tangents are drawn to 
the hyperbola x^-y^=:^c?\ prove that the locus of the middle points of 
the chords of contact is the carve 

34. Chords of a hyperbola are drawn, all passing through the 
fixed point (^, A;) ; prove that the locus of their middle points is a 

/h. ]fe\ 

hyperbola whose centre is the point | ^ , ^ j , and which is similar to 
either the hyperbola or its conjugate. 

312. Asymptote. Def. An asymptote is a straight 
line, which meets the conic in two points both of which are 
situated at an infinite distance, but which is itself not alto- 
gether at infinity. 

313. To find the asyimptotea of the hyperbola 

a" 6« " 

As in Art. 260, the straight line 

y = mx-\-c (1) 

meets the hyperbola in points, whose abscissae are given by 
the equation 

a?{}y'-dNriJ')-2a'mcx-a'{c^-k-¥)^Q (2). 

If the straight line (1) be an asymptote, both roots of (2) 
must be infinite. 

Hence (C. Smith's Algebra, Art. 123), the coefficients of 
a? and a; in it must both be zero. 

We therefore have 

}^-a^m^ = 0, and aNnc=^0, 
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Hence «* = «!.- and c = 0. 

a 

Substituting these values in (1), we have, ag the re- 
quired equation, 

b 
a 

There are therefore two asyniptotes both passing 
through the centre and equally inclined to the axis of a;, 
the inclination bein^i^ 

a 

The equation to the asymptotes, written as one equa- 
tion, is 

^-^ = 
a" b^ 

Cor. For all values of c one root of equation (2) is 

infinite if »i = ± - . Hence any straight line, which is 

parallel to an asymptote, meets the curve in one point at 
infinity and in one finite point. 

814. That the asymptote passes through two ooinoldent points 
at infinity, i.e. touches the curve at infinity, may be seen by finding 
the equations to the tangents to the curve which pass through any 

point f arj, -x^ \ on the asymptote y=-x. 

As in Art. 305 the equation to either tangent through this point is 
yzsmx-{- >y a%* - 6^, 

where - Xi=mxi+ ,Jahn^-h\ 

ue, on clearing of surds. 

One root of this equation is ms-, so that one tangent through 
the given point iay=s-x, i,e, the asymptote itself. 
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315. Geometrical construction for the asymptotes. 
Let A' A be the transverse axis, and along the conju- 
gate axis measure off CB and CB\ each equal to h. 
Through B and B^ draw parallels to the transverse axis 
and through A and A' parallels to the conjugate axis, and 
let these meet respectively in K^y K^y Z3, and ^4, as in the 
figure. 
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Clearly the equations of K^GK^ and KjOK^ are 

h ^ h 

y = - aj, and y = — x, 

a a 

and these are therefore the equations of the asymptotes. 

316. Let any double ordinate PNF of the hyperbola 
be produced both ways to meet the asymptotes in Q and ^, 
and let the abscissa GN be x\ 

Since P lies on the curve, we have, by Art. 302, 



NF^^s/x'^-a^ 
a 
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Since Q is on the asymptote whose equation is y = - a;, 

we have NQ = -x 

a 

Hence FQ = NQ - J^F =- (x' - J^P^^), 
and FQ = -{x' + s/^^^. 

Therefore FQ,FQ = ^ {«" - (a;'« - a^)} = h\ 

Hence, if from any point on an asymptote a straight 
line be drawn perpendicular to the transverse axis, the 
product of the segments of this line, intercepted between 
the point and the curve, is always equal to the square on 
the semi-conjugate axis. 

Again, 

FqJ-{x'-^^^^-^-)^^ 



ah 
" x' + >Jx'^-a^' 

FQ is therefore always positive, and therefore the 
part of the curve, for which the coordinates are positive, 
is altogether between the asymptote and the transverse 
axis. 

Also as aj' increases, i. e, as the point F is taken further 
and further from the centre (7, it is clear that FQ con- 
tinually decreases ; finally, when x' is infinitely great> FQ 
is infinitely small. 

The curve therefore continually approaches the asymp- 
tote but never actually reaches it, although, at a very great 
distance, the curve would not be distinguishable from the 
asymptote. 

This property is sometimes taken as the definition of an 
asymptote. 

317. If SF be the perpendicular from S upon an 
asjrmptote, the point F lies on the auxiliary circle. This 



288 COORDINATE GEOMETRY. 

follows from the fact that the asymptote is a tangent, 
whose point of contact happens to lie at infinity, or it may 
be proved directly. 
For 

CF= CScos FGS= OS. ^4= J^^+¥. , ^ =0. 

Also Z being the foot of the directrix, we have 

CA^=GS.GZ, (Art. 295) 

and hence CF^ = CS. GZ, i.e. GS : GF :: GF : GZ. 

By Euc. VI. 6, it follows that z GZF= l GFS= a right 
angle, and hence that F lies on the directrix. 

Hence the perpendiculars from the foci on either asymptote 
meet it in the sams points as the correspondmg directrix, 
am,d the common points of intersection lie on the a/utcUiary 
circle. 

318. Equilateral or Rectangular Hyperbola. 

In this curve (Art. 310) the quantities a and b are equal 
Hie equations to the asymptotes are therefore y = «fc as, i^. 
they are inclined at angles ± 45** to the axis of x, and hence 
they are at right angles. Hence the hyperbola is generally 
called a rectangular hyperbola. 

319. Conjugate Hyperbola. The hyperbola which 
has BB' as its transverse axis, and A A' as its conjugate 
axis, is said to be the conjugate hyperbola of the hyperbola 
whose transverse and conjugate axes are respectively AA' 
and BB\ 

Thus the hyperbola 

b' a' ^ ^' 

is conjugate to the hyperbola 

i4-' » 

Just as in Art. 313, the equation to the asymptotes of 

(1)- ^-5=0, 
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which, hy the same article, is the equation to the asymp- 
totes of (2). 

Thus a hyperbola and its conjugate have the same 
asymptotes. 

The conjugate hyperbola is the dotted curve in the 
figure of Art. 323. 

320. Intersections of a hyperbola with a pair of con- 
jugate dia/meters. 

The straight line y — m^x intersects the hyperbola 
in points whose abscissse are given by 

i,e. by the equation a? = »a_ a^ « ' 

The points are therefore real or imaginary, according as 
a^m^ is < or > h\ 
i.e. according as 

m^ is numerically < or > - (1), 

i.e, according as the inclination of the straight line to the 
axis of X is less or greater than the inclination of the 
asymptotes. 

Now, by Art. 308, the straight lines y = m^ and y = m^ 
are conjugate diameters if 

*»»i^ = -2 (2). 

Hence one of the quantities m^ and m^ must be less 

than - and the other greater than - . 
a ° a 

Let Wi be < -, so that, by (1), the straight line y=^m^ 
a 

meets the hyperbola in real points. 

L. 19 
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Then, by (2), m^ must be > - , so that, by (1), the straight 

line y = m^ will meet the hyperbola in imaginary points. 

It follows therefore that only one of a pair of conjugate 
diameters meets a hyperbola in real points. 

321. J[f a pair of diameters he conjugate with respect 
to a hyperbola, they tvUl be conjugate with respect to its con- 
jugais hyperbola. 

For the straight lines y = m^x and y = m^ are conjugate 
with respect to the hyperbola 

--^=1 (1) 

if W»iW*2 = -ir (2). 

(Ml 

Now the equation to the conjugate hyperbola only 
differs from (1) in having — a^ instead of a' and - 6* instead 
of fc^ so that the above pair of straight lines will be con- 
jugate with respect to it, if 

^^=ra^ = a2 (^^• 

But the relation (3) is the same as (2). 
Hence the proposition. 

322. If a pair of diameters be conjugate with respect 
to a hyperbola,, one of them meets the hyperbola in real points 
cmd Sle other meets the conjugate hyperbola in real points. 

Let the diameters hey = m^iX and y = wijO?, so that 

a* 

As in Art. 320 let w*i < - , and hence wij > - , so that the 
a a 

straight line y = m^x meets the hyperbola in real points. 
Also the straight line y — m.^ meets the conjugate 

hyperbola ~ — ^ = 1 in points whose abscissae are given by 
the equation a^^^~-,j = l, i,e.hj a? = ^^^^^^ . 
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Since ma > - , these abscissaB are real. 
a 

Hence the proposition. 

323. If a pair of conjugate diameters meet the hyperbola 
and its conjugate in P and D, then (1) CP^ - CD^ = a'- b*, 
and (2) the tangents at P, D cmd the other ends of the 
diameters passing through them form a parallelogram whose 
vertices lie on the asymptotes and whose area is constant. 

Let P be any point on the hyperbola -j — tj = 1 whose 

coordinates are {a sec t^, b tan ^). 

The equation to the diameter CP is therefore 

b tan 4> b , , 

y = ^ a; = aj . -sm A. 

^ a sec ^ a 




"By Art. 308, the equation to the straight line, which 

is conjugate to CP, is 

b 
y=x 



asin^* 



19—2 
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This straight line meets the conjugate hyperbola 

in the points (a tan ^, b sec ^), and (— a tan <l>f —b sec ^) so 
that D is the point (a tan ^, 6 sec <f>). 

We therefore have 

CP* = a' sec^ «/> + 6« tan* «/>, 

and CD^ = a* tan» «/> + 6^ sec' <^. 

Hence 

CP* - Ci>2 = (a» - 6*) (sec« </> - tan« </>) = ««- 6^ 

Again, the tangents at P and i> to the hyperbola and 
the conjugate hyperbola are easily seen to be . 

~-fsin</> = cos^, (1), 

and I sin <^ = cos <^ (2). 

These meet at the point 

a; _ y _ cos <^ 



a b 1 — sin <^ ' 

This point lies on the asymptote CZ. 

Similarly, the intersection of the tangents at F and D' 
lies on CLi, that of tangents at i>' and P' on CL\ and 
those at i> and F' on CZ^. 

If tangents be therefore drawn at the points where a 
pair of conjugate diameters meet a hyperbola and its 
conjugate, they form a parallelogram whose angular points 
are on the asymptotes. 

Again, the perpendicular from C on the straight line (1) 

cos <f) ah cos ^ 

'1 TTT; ~ Jb' + a'sb^ 
-, + ^,sm-<^ 

ab ah ah 



J\ 



V6«sec«^ + a«tan«^ CD FK' 
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SO that FK X perpendicular from C on PK - ah, 

Le, area of the parallelogram CPKD = ah. 

Also the areas of the parallelograms CPKD, CDK^P\ 
CP'K'D', and CD'K^P are aU equal 

The area KKJi'K( therefore = ^ah. 

Cor. PK=GD = 1)'G = K^'P, so that the portion of a 
tangent to a hyperbola intercepted between the asymptotes 
is bisected at the point of contact. 

324. Relation between the equation to the hyperbola, 
the eqtuxtion to its asymptotes, and the eqvMion to the conjur 
gate hyperbola. 

The equations to the hyperbola, the asymptotes, and the 
conjugate hyperbola are respectively 

?-^i (')' 

^-g=« <^)' 

-<i^-§=-i (3)- 

We notice that the equation (2) differs from equation (I) 
by a constant, and that the equation (3) differs from (2) oy 
exactly the same quantity that (2) differs from (1). 

If now we transform the equations in any way we 
please — by changing the origin and directions of the axes — 
by the most general substitutions of Art. 132 and by 
multiplying the equations by any — the same — constant, 
we shall alter the left-hand members of (1), (2), and (3) in 
exactly the same way, and the right-hand constants in the 
equations will still be constants, and differ in the same way 
. as before. 

Hence, whatever be the form of the equation to a 
hyperbola, the equation to the asymptotes only differs from 
it by a constant, and the equation to the conjugate 
hyperbola differs from that to the asymptotes by the same 
constant. 
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826. As an example of the foregoing article, let it be required 
to find the asymptotes of the hyperbola 

Bx^-5xy-2y^+5x+lly-S=0 (1). 

Since the equation to the asymptotes only differs from it by a 
constant, it must be of the form 

3a?-5a:2/-2y«+6aj+lly + c=0 (2). 

Since (2) represents the asymptotes it must represent two straight 
lines. The condition for this is (Art. 116) 

3(-2)c + 2.J.V-(-*)-3(V)»-(-2)rt)«-c(-f)a=0, 

ue, c=-12. 

The equation to the asymptotes is therefore 

Bx*-5xy-2y^-\-5x + lly-12=0, 

and the equation to the conjugate hyperbola is 

3a;«-5a;y-2i/2+6a; + lly-16=0. 

826. As another example we see that the equation to any 
hyperbola whose asymptotes are the straight lines 

Ax+By + G=:0 and A^x+Biy + Gi=0, 

is {Ax+By + C){A^x+Biy+Cj)=\^ (1), 

where X is any constant. 

For (1) only differs by a constant from the equation to the 
asymptotes, which is 

{Ax+By + C){AyX+Biy'{-Ci)=0 (2). 

If in (1) we substitute - X' for X' we shall have the equation to its 
conjugate hyperbola. 

It follows that any equation of the form 

. {Ax+By + G){A^x+Bjy+Ci)==\^ 
represents a hyperbola whose asymptotes are 

Ax+By-\-C=^0, and AjX-{-Bjif + Gj=0, 

Thus the equation x{x+y)=a^ represents a hyperbola whose 
asymptotes are :z;=0 and x-\-y=0. 

Again, the equation a^ + 2xy cot 2a~y^= a^, 

i,e. {x cot a-y){x tan a + y) = a*, 

represents a hyperbola whose asymptotes are 

a;cota-y=0, and d;tana+y=0. 

827. It would follow from the preceding articles that the 
equation to any hyperbola whose asymptotes are x=sO and ^=0 is 
xy=conBi. 
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The constant oonld be eaaily determined in tenns of the semi- 
transverse and semi-oonjagate axes. 

In Art. 328 we shall obtain this equation by direct transformation 
from the equation referred to the principal axes. 



PTAMPT.Tift xxxvn. 

1. Through the positive vertex of the hyperbola a tangent is 
drawn; where does it meet the conjugate hyperbola? 

2. If e and «' be the eccentricities of a hyperbola and its conjugate, 
prove that -5 + -75= 1. 

3. Prove that chords of a hyperbola, which touch the conjugate 
hyperbola, are bisected at the point of contact. 

4. Shew that the chord, which joins the i>oints in which a pair of 
conjugate diameters meets the hyperbola and its conjugate, is parallel 
to one asymptote and is bisected by the other. 

5. Tangents are drawn to a hyperbola from any point on one of 
the branches of tiie conjugate hyperbola ; shew that their chord of 
contact will touch the other branch of the conjugate hyperbola. 

6. A straight line is drawn parallel to the conjugate axis of a 
hyperbola to meet it and the conjugate hyperbola in the points P and 
Q ; shew that the tangents at P and Q meet on the curve 






and that the normals meet on the axis of x, 

7. From a point G on the transverse axis GL is drawn perpen- 
dicular to the asymptote, and GP a normal to the curve at P. Ptove 
that LP is parallel to the conjugate axis. 

8. Find the asymptotes of the curve 2a^ + Bxy + 2y^ + 4a; + 5^ = 0, 
and find the general equation of all hyperbolas having the same 
asymptotes. 

9. Find the equation to the hyperbola, whose asymptotes are the 
straight lines a; + 2y+3=0, and 3a;+4^+5=0, and which passes 
through the point (1, - 1). 

Write down also the equation to the conjugate hyperbola. 

10. In a rectangular hyperbola, prove that GP and CD are equal, 
and are inclined to the axis at angles which are complementary. 
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11, C is the centre of the hyperbola -3-^=1 and the tangent at 

any point P meets the asymptotes in the points Q and E, Prove that 
the equation to the loons of the centre of the circle circumscribing 
the triangle CQR is 4 (a%2 - 6 V) = (<*' + ^)'*- 

12. A series of hyperbolas is drawn having a common transverse 
axis of length 2a. Prove that the locus of a point P on each hyper- 
bola, such that its distance from the transverse axis is equal to its 
distance from an asymptote, is the curve (a^'-y^)^=ix^(x^-€^. 

328. To find the equation to a hyperbola referred to its 
asymptotes, 

K 




Let F be any point on the hyperbola, whose equation 
referred to its axes is 



p2 M - ^ • 



.(1). 



a' b^ 

Draw Pff parallel to one asymptote CL to meet the 
other CK' in Hy and let Cff and HP be h and k respec- 
tively. Then h and k are the coordinates of F referred to 
the asymptotes. 

Let a be the semi-angle between the asymptotes, so that^ 
by Art. 313, tan a = - 



a 
sin a 



cos a 



1 



and hence — =— , . 

b a ^d' + b^ 

Draw HN perpendicular to the transverse axis, and HR 
parallel to the transverse axis, to meet the ordinate PM of 
the point P in JR. 
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Then, since PH and HR are parallel respectively to GL 
and CMy we have L PER = l LGM= a. 

Hence CM = C J!^ + IfR = CH cos a + HP cos a 
and MP = RP'-HN=HPsma-CIfBma 

Therefore, since CM and MP satisfy the equation (1), 
we have 

— A TTT ~~ a Ta~ -" A« ff»0» ilK — . . 

a» + 6» c^ + b^ ' 4 

Hence, since (A, k) is any point on the hyperbola, the 
required equation is 

as + bs 

This is often written in the form xy = c^j where 4c^ 
equals the siun of the squares of the semiaxes of the 
hyperbola. 

Similarly, the equation to the conjugate hyperbola is, 
when referred to the asymptotes, 

a' + b^ 

329. To find tlie eqtuation to the tangent at any point 
of the hyperbola xy = c^ 

Let (aJ', y') be any point P on the hyperbola, and 
(aj", y") a point Q on it, so that we have 

«^y=c^ (1), 

and x'Y = c^ (2). 

The equation to the line PQ is then 
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But, by (1) and (2), we have 




y-y'^-ki^-^') =-^(«^-«^'),by(i)- 



x" — x' x' —X x'x" oi — oj' X oj" 
Hence the equation (3) becomes 

y-y' = -,^'(^-«'') W- 

Let now the point Q be taken indefinitely near to P, so 
that x" = x ultimately, and therefore, by Art. 149, PQ 
becomes the tangent at P. 

Then (4) becomes 

The required equation is therefore 

an/ ^x'y^^x'y'^^c* : (5). 

The equation (5) may also be written in the form 

hh' <'>• 

880. The tangent at any point of a hyperbola cuts off a triangle 
of constant area from the asymptotes^ and the portion of it intercepted 
between the asymptotes is bisected at the point of conta^st. 

Take the asymptotes as axes and let the equation to the hyperhola 
hexy=c^. 

The tangent at any point P is — , + -,=2. 

This meets the axes in the points {2x\ 0) and (0, 2y'), 
If these points be L and L\ and the centre be C, we have 

CL=2x\ and CL'=2y', 
If 2a be the angle between the asymptotes, the area of the triangle 
LCL'=\GL, CL'Bin2a=2a;'y'8io2a=^^-^ . 2sinaoo8a=a&. 

(Art. 828.) 

Also, since L is the point (2a;', 0) and V is (0, 2y'), the middle 
point of LU is (xf^ y'), i.e, the point of contact P. 
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331. As in Art. 274, the polar of any point (x^, y^ 
with respect to the curve can be shewn to be 

3^1 + ^0^ = 2c'. 

Since, in general, the point (a^, y^ does not lie on the 
curve the equation to the polar cannot be put into the form 
(6) of Art. 329. 

332. The equation to the normal at the point (x, y') 
is y — 'j/ = m{x—a^)^ where m is chosen so that this line is 
perpendicular to the tangent 

y 2c' 

If (o be the angle between the asymptotes we then 
obtain, by Art. 93, 

(xf — y' cos 0) 

^ = -7--^7 , 

y —X cos o) 

so that the required equation to the normal is 

y (y' — x' cos cd) - jc (a' - y' cos lo) = y^ - x'*. 

[Also cos (0 = cos 2a = cos' a — sin' a = -= — .^ . 
a + 6' J 

If the hyperbola be rectangular, then o) = 90*, and the 
equation to the normal becomes xx' — yy' = a;" — y". 

333. Equation referred to the asymptotes. 
One Variable. 

The equation xy = c* is clearly satisfied by the substitu- 

c 
tion x = ct and y = -. 
* 

Hence, for all values of <, the point whose coordinates 
are (c<, - j lies on the curve, and it may be called the point 

The tangent at the point "<" is by Art. 329, 
| + y^ = 2c. 
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Also the normal is, by the last article, 

c 
"i 



y(\ — t^ cos o))-a; (<* — cos o)) = - (1 - ^), 



or, when the hyperbola is rectangular. 

The equations to the tangents at the points *H" and " <j" 
are 

X X 

-+y<i = 2c, and -■¥yt^ = 2c, 
h h 

and hence the tangents meet at the point 
/ 2cMa 2c \ 

The line joining " t^" and " <a," which is the polar of this 
point, is therefore, by Art. 331, 

x-\-ytiti = c{ti + Q. 

This form also follows by writing down the equation 
to the straight line joining the points 



(c<.,£)and (c<.,£). 



884. Bz. I. If a rectangular hyperbola circumscribe a triangle, 
it aUo passes through the orthocentre of the triangle. 

Let the equation to the onrve referred to its asymptotes be 

xy=c^ (1). 

Let the angolar points of the triangle be P, Q, and R, and let their 
ooordinates be 

{""^'O' ("*" r.) ''"''(''" y 

respectively. 

As in the last article, the equation to QR is 
x+yt^t^=c(t^+t^). 

The equation to the straight line, through P perpendicular to QR, 
is therefore 

h 

»•«• y+ctjt^8=^h\f+i^r] (2)- 
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Similarly, the equation to the straight line through Q perpendicular 
toJJPis 

y+c«i«jt,=t,«i[a;+~J (3). 

The oommon point of (2) and (3) is clearly 

(-t^r,- -"W') w- 

and this is therefore the orthocentre. 

But the coordinates (4) satisfy (1). Hence the proposition. 

Also if (ct^, ^ ) be the orthocentre of the points " f^," " t^" and 
" tj," we have tjt^t^t^= - 1. 

Bz. 2. If a circle and the rectangular hyperbola aey = c' meet in 
the four poinU " «i," *%," " t,," and **«4,*' prove that 

(1) tiW,=l, 

(2) the centre of mean poHtion of the four points bitectg the 
distance between the centres of the two curves^ 

and (3) the centre of the circle through the points " «i ," " «,," ♦' «, " is 

Let the equation to the circle be 

x^+y^-2gx^2fy-hk=0, 
so that its centre is the point (gyf). 

Any point on the hyperbola is (ct^jj. If this lie on the drole, 

we have '''** + p " ^^^^ " 2/^+A;=0, 

so that t*-2^ts+^t2-^«+l=0 (1). 

^^h*hfh* ^^^ h ^ ^® roots of this equation, we have, by Art. 2» 

«iW4=l (2)» 

ti + «2+t3+t4=:^ (3), 

and «2ts«4+«t«4«i+t4ei«j+ti«2«j=-=^ (4). 

Dividing (4) by (2), we have 

1 + 1 + 1+1-2/ 
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The centre of the mean position of the fonr points, 

i.«. the point ||(t, + t,+t,+g.|g + l + l + l)[ . 

is therefore the point (| > h ) » ^^^ ^^^^ ^^ ^® middle point of the line 
joining (0, 0) and (^,/}. 

Also, since t^=--— , we have 

^=|(*i4-t,+..+^j, and f=i(iy-+i+t,v.y 

Agun, since tjt^t^^^l, we have product of the abscissae of the 
four points = product of their ordinates=(^. 

EXAMPLES. XXXVm. 

1. Prove that the foci of the hyperboU xy=^^ — are given by 

2. Shew that two concentric rectangular hyperbolas, whose axes 
meet at an angle of 45^, cut orthogonally. 

3. A straight line always passes through a fixed point; prove 
that the locus of the middle point of the portion of it, which is 
intercepted between two given straight lines, is a hyi>erbola whose 
asymptotes are parallel to the given Unes. 

4. If the ordinate NP at any point P of an ellipse be produced to 
Q, so that NQ is equal to the subtangent at P, prove that the locus of 
Q is a hyperbola. 

5. From a point P perpendiculars PM and PN are drawn to two 
straight lines OM and ON. If the area OMPN be constant, prove 
that the locus of P is a hyperbola. 

6. A variable Une has its ends on two lines given in position and 
passes through a gjiven point; prove that the locus of a point which 
divides it in any given ratio is a hyperbola. 

7. The coordinates of a point are atan(^+a) and &tan(^+/9), 
where is variable; prove that the locus of the point is a hyperbola. 

. 8. A series of circles touch a given straight line at a given point. 
Prove that the locus of the pole of a given straight line with regard to 
these circles is a hyperbola whose asymptotes are respectively a 
parallel to the first given straight Une and a perpendicular to the 
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9. If a right-angled triangle be inscribed in a reotangolar hyper- 
bola, proye that the tangent at the right angle is the perpendioolar 
upon the hypothennse. 

10. In a reotangolar hyperbola, prove that all straight lines, which 
snbtend a right angle at a point P on the curve, are parallel to the 
normal at P. 

11. Chords of a rectangular hyperbola are at right angles, and 
ihey subtend a right angle at a fixed point ; prove that they inter- 
sect on the polar of 0. 

12. Prove that any chord of a rectangular hyperbola subtends 
angles which are equal or supplementary (1) at the ends of a perpen- 
dicular chord, and (2) at the ends of any diameter. 

13. In a rectangular hyperbola, shew that the angle between a 
chord PQ and the tangent at P is equal to the angle which PQ 
subtends at the other end of the diameter through P. 

14. Show that the normal to the rectangular hyperbola xy=c^ At 
the point ** t" meets the curve again at a point **1f" such that 

15. If Pi, Ps, and P3 be three points on the rectangular hyperbola 
xy=<:^, whose aoscisss are otj, x^t and x^t prove that the area of the 
triangle P1P2P8 18 

c« (a?a-a?8) K - ^1) K - ^2) 
2 x^x^x^ 

and that the tangents at these points form a triangle whose area is 

(«a+^s)(«>+^i)(^i+^a)' 

16. Find the coordinates of the points of contact of common 
tangents to the two hyperbolas 

ara-y2=3aa and xy=^2aK 

17. The transverse axis of a rectangular hyperbola is 2c and the 
asymptotes are the axes of coordinates; shew that the equation of the 
chord which is bisected at the point (2c, 3c) is 3x+22^=12c. 

18. Prove that the portions of any line which are intercepted 
between the asymptotes and the curve are equal. 

19. Shew that the straight lines drawn from a variable point on 
the curve to any two fixed points on it Intercept a constant distance on 
either asymptote. 

20. Shew that the equation to the duector circle of the oonic 
icy=c* is a^+^xy cos w+y^=4c* cos oi. 

21. Prove that the asymptotes of the hyperbola xy=hx+ky are 
a;=lSEand^=^. 
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22. Shew that the straight line y=mx-{'2c J -m always touches the 
hyperbola xy = e^, and that its point of contact i 

23. Prove that the locns of the foot of the perpendicular let fall 
from the centre upon chords of the rectangular hyperbola xy=c* 
which subtend half a right angle at the origin is the curve 

r*-2cVsin2^=c*. 

24. A tangent to the parabola x* = 4ay meets the hyperbola xy = k^ 
in two points P and Q. ProYC that the middle point of PQ lies on a 



m two pou 
parabola. 



25. If a hyperbola be rectangular, and its equation be xy=(^, 
prove that the locus of the middle points of chords of constant length 
2d is {x^+y^{xy-c^=cPxy, 

26. Shew that the pole of any tangent to the rectangular hyper- 
bola xys^c^^ with respect to the circle x^+y^=a^, lies on a concentric 
and similarly placed rectangular hyperbola. 

27. Prove that the locus of the poles of all normal chords of the 
rectangular hyperbola xy=c^iB the curve 

(a:«-y«)« + 4c'a:y=0. 

28. Any tangent to the rectangular hyperbola ixy=ab meets the 
ellipse ^ + T3= 1 iJi tlie points P and Q ; prove that the normals at P 
and Q to the ellipse meet on a fixed diameter of the ellipse. 

29. Prove that triangles can be inscribed in the hyperbola xy=c^^ 
whose sides touch the parabola y^=^ax. 

30. A point moves on the given straight line y=mx; prove that 

the locus of the foot of the perpendicular let faU from the centre upon 

x^ v^ 
its polar with respect to the ellipse -a + ^ = l is a rectangular 

hyperbola, ond of whose asymptotes is the diameter of the ellipse 
wluch is conjugate to the given straight line. 

31. A quadrilateral circumscribes a hyperbola; prove that the 
straight line joining the middle points of its diagonals passes through 
the centre of the curve. 

32. At By C, and D are the points of intersection of a circle and a 
rectangular hyperbola. If AB pass through the centre of the hyper- 
bola, prove that CD passes through the centre of the circle. 

33. I^ a circle and a rectangular hyperbola meet in four points P, 
Q, Rf and 8t shew that the orthocentres of the triangles QRS, JRSP^ 
SPQt and PQR also lie on a circle. 

Prove also that the tangents to the hyperbola at R and 8 meet 
in a point which lies on the diameter of ihe hyperbola which is at 
right angles to PQ, 
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34. A series of hyperbolas is drawn, having for asymptotes the 
principal axes of an ellipse; shew that the common chords of the 
hyperbolas and the ellipse are aU parallel to one of the conjugate 
diiuneteib of the ellipse. 

35. A cirde, passing through the centre of a reotangolar hyperbola, 
cats the carve in the points A, B, C, and D ; prove that the cironm- 
circle of the triangle formed by the tangents at ^, B, and C goes 
throogh the centre of the hyperbola, and has its centre at ^e point 
of the hyperbola which is diunetrioally opposite to D, 

36. Given five points on a circle of radins a; prove that the 
centres of the rectangular hyperbolas, each passing throagh foor of 

these points, all lie on a circle of radins ^ . 

37. ^ a rectangular hyperbola circumscribe a triangle, shew that 
it meets the circle circumscribing the triangle in a fourth point, which 
is at the other end of the diameter of the hyperbola which passes 
through the orthocentre of the triangle. 

Hence prove that the locus of the centre of a rectangular hyper- 
bola which circumscribes a triangle is the nine-point circle of the 
triangle. 

38. Two rectangular hyperbplas are such that the asymptotes of 
one are parallel to &e axes of the other and the centre of each lies on 
the other. If any circle through the centre of one cut the other again 
in the points P, Q, and 12, prove that PQR is a triangle such that each 
side is the polar of the opposite vertex with respect to the first 
hyperbola. 
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CHAPTER XIV. 

POLAR EQUATION OF A CONIC SECTION, ITS FOCUS 
BEING THE POLE. 



335. Let aS^ be the focus, A the vertex, and ^M the 
directrix ; draw S^ perpendicular to ZM, 

Let IfS be chosen as the positive direction of the 
initial line, and produce it to X, 

Take any point F on the 
curve, and let its polar co- 
ordinates be r and d, so that 
we have 

/yP = r, and /.XSF = $, 

Draw FN perpendicular 
to the initial line, and FM 
perpendicular to the directrix. 

Let SL be the semi-latus- 
rectum, and let SL = L 

Since SL^e, SZ, we have 

szJ. 

e 
Hence 
r^SF^e.FM^e.ZN 

= e{ZS+SJr) 

= e(- + SF ,cosOj = l-ie»r, cos $. 




Therefore 



r = 



l-eco8^ 



.(1). 
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This, being the relation holding between the polar 
coordinates o£ any point on the curve, is, by Art. 42, the 
required polar equation. 

Cor. If 8Z be taken as the positive direction of the initial line and 
the vectorial angle measured clockwise, the equation to the curve is 

I 
1 + e cos d 

886. If the eonio be a parabola, we have e= 1, and the equation 

2sm»5 

If the initial line, instead of being the axis, be such that the axis 
is inclined at an angle y to it, then, in the previous article, instead of 
6 we must substitute 0-y, 

The equation ia this case is then 

-=l-«cofl(d-7). 

337. To trace the curve - = l—eco8$. 
r 

Case I. e = 1^ so that the equation is - = 1 - cos 0. 

When is zero, we have - = 0, so that r is infinite. As 

r 

increases from 0" to 90**, cos^ decreases from 1 to 0, 

and hence - increases from to 1, i.e, r decreases from 
r 

infinity to I, 

As increases from 90* to 180°, oosfl decreases from 

to — 1, and hence - increases from 1 to 2, ix, r decreases 
r ' 

from I to ]^L 

Similarly, as changes from 180° to 270°, r increases 
from ^ to ?, and, as changes from 270° to 360°, r increases 
from ^ to 00 . 

The curve is thus the parabola ao FPLAL'P'F' ao of 
Art. 197. 

20—2 



SOS COORDINATE QEOMETBY. 

Case n. e < 1. When 6 is zero, we have - = 1 — e, 

r 

i.e. r = = . This gives the point A' in the figure of Art. 

1 — e 

247. 

As 6 increases from 0^ to 90^, cos $ decreases from 1 to 

0, and therefore 1 -ecostf increases from 1 -6 to 1, t.«. - 

r 

increases from X—e to 1, i.e. r decreases from ^^ to L 

1— e 

We thus obtain the portion A'PBL. 

As increases from 90* to 180**, cos^ decreases from 

to - 1, and therefore 1 - e cos tf increases from 1 to 1 + e, 

Z . I 

i.e, - increases from 1 to 1 + c, i.e,r decreases from I to = . 

r l+e 

We thus obtain the portion LA of the curve, where 

SA = ^. 

l+e 

Similarly, as increases from 180** to 270* and then to 
360*, we have the portions AL' and VBF'A'. 

Since cos tf = cos (— tf) = cos (360* — tf), the curve is sym- 
metrical about the line BA\ 

Case HI. e > 1. When 6 is zero, 1 - e cos is equal 
to 1 - «, i.e. — (c - 1), and is therefore a negative quantity, 
since e > 1. This zero value of B gives r = -Z-f(e-l). 

We thus have the point A! in the figure of Art. 295. 

Let B increMe from 0* to cos~*(-). Thus 1— eoostf 



■©• 



increases algebraically from — (e— 1) to — 0, 

i.e. - increases algebraically from — (e — 1) to — 0, 

%.e, r decreases algebraically from :r to — oo . 

e "^ *• 
For these values of the radius vector is therefore 

negative and increases in numerical length from — r to oo . 

e — 1 
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We thus have the portion A'PiR co of the curve. For 
this portion r is negative. 

If be very slightly greater than cos~^ - , then cos 6 is 

sHghtly less than - , so that 1 —6 cos is small and positive, 
and therefore r is very great and is positive. Hence, as 
increases through the angle cos~^ - , the value of r changes 
from — 00 to + 00 . 

As 6 increases from cos~^ - to ir, 1—6 cos increases 

from to 1 + 6 and hence r decreases from oo to 



1+e" 

Now r is < — =■ . Hence the point Ay which corresponds 

to 6^ = IT, is such that SA < SA\ 

For values of 6 between cos"*- and «• we therefore 

6 

have the portion, oo BPA, of the curve. For this portion 
r is positive. 

As increases from ir to 2ir — cos~* - , e cos increases 

e 

from — e to 1, so that 1 — ecostf decreases from 1 +6 to 0, 

and therefore r increases from _ — to oo . Corresponding 

to these values of 6 we have the portion AL'R^ ^ ^^ ^^^ 
curve, for which r is positive. 

Finally, as increases from 2v - cos"* - to 2ir, 6 cos 

e 

increases from 1 to e, so that 1 — 6 cos decreases algebraic- 
ally from to 1 — e, i.e, - is negative and increases 
numerically from to e- 1, and therefore r is negative and 
decreases from oo to = . Corresponding to these values 

of we have the portion, oo JiiA\ of the curve. For this 
portion r is negative. 
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r is therefore always positive for the right-hand branch 
of the curve and negative for the left-hand branch. 

It will be noted that the curve is described in the order 

A'F(B: 00 00 RPALR^ 00 oo R^A'. 

888. In Case III. of the last article, let any straight line be 
drawn through S to meet the nearer branch in jp, and the further 
branch in q. 

The vectorial angle of j> is XSp^ and we have 

^ l-eoosX8p' 

The vectorial angle of q is not XSq but the angle that qS produced 
makes with SX, i,e. it is XSq^ir, Also for the point q the radius 
vector is negative so that the relation (1) of Art. 335 gives, for the 
point a, 

^ l-ecos{XSq^r) 1+eoosXSq* 

i,e, Sq=" = =^r • 

* l + ecosXSq 

This is the relation connecting the distance, Sq^ of any point on 
the further branch of the hyperbola with the angle XSq that it makes 
with the initial line. 

339. Equation to the directrices. 

Considering the figure of Art. 295, the numerical values 

of the distances SZ and SZ* are - and - + 2CZy 

e 6 

and - + 2 



e e e{^-iy 

since GZ= - = ,J .. . [Art. 300.1 

The equations to the two directrices are therefore 

r cos 6 = — , 

e 

. rl 21-1 le'+l 

and r<^se = ^l-^jj^-^^j = ^-^-^. 

The same equations would be found to hold in the case 
of the ellipse. 
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340. Equation to the cuiymptotea. 

The perpendicular distance from S upon an asymptote 
(Fig., Art. 315) 

Also the asymptote CQ makes an angle cos~^ - with the 
axis. The perpendicular on it from S therefore makes an 

, TT ,1 

angle ^ + cos~* - . 

Hence, by Art. 88, the polar equation to the asymptote 
CQ is 

6 = rcos d-^-cos-^- = rsin O-cosT^- . 
The polar equation to the other asymptote is similarly 
6 = rcos ^-(-s — cos-^-j =-rsin(fl + cos-*-j. 

841. Ex. 1. In cmy conie, prove that 

(1) the sum of the reciprocals of the segments of any focal chord 
is constant, and 

(2) the sum of the reciprocals of two perpendicular focal chords is 
constant. 

Let P8F be any fooal chord, and let the vectorial angle of P be a* 
80 that the vectorial angle of P' is ir + a. 



(1) By equation (1) of Art. 335, we have 






gp=l-«00BO, 


and 


.^-- 


-«oob(t+o)=1+«c 


Hence 




' 4. ' -2 


so that 




1 . 1 _2 

8P'*'8r'~i' 



The semi-latus-rectmn is therefore the harmonic mean between 
the segments of any focal chord. 
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(2) Let QSQ" be the fooal chord perpendicular to P8P', so that the 

IT 3t 

vectorial angles of Q and Q' are s+a and -^-+0. We then have 



SQ 



=l-ecosf ^+a j = l+tf8inch 



and ^=l-ecosfY+oj = l+eoosf^+oj=l-fsin 

Hence 

I I 21 



'l-ecosa l+«C08a l-e^oos'a' 
and QQ'^SQ+SQ'^: . [. + ^ ^* 



l+€sina l-«sino l-tf^sin*a' 
Therefore 

1 1 l-g^cos^tt l-e'Bin'o _ 2-e8 
PP''^QQ'"" 2i **■ 2Z " 21 * 
and is therefore the same for all such pairs of chords. 

Bz. a. Prove that the loau of the middle poitUe of focal chords of 
a conic section is a conic section. 

Let PSQ be any chord, the angle PSX being e, so that 

SP=n ^ — s, 

l-«cos^ 

I I 



and ^^-r-.eoos(ir+^)"l+«co8^- 

Let 12 be the middle point of PQ, and let its polar coordinates be 
rand^. 

Then r^SP-BP=:SP^?^ = '-^ 

^jL,r_i 1 n_ eeoBd 

"^ Ll-«coBd l+ecos^J"" l-eaoosa^' 
f.«. r*-eVcos^^=fe.rco8^. 

Transforming to Cartesian coordinates this equation becomes 

(K^+y^'t^a^=Ux (1). 

If the original conic be a parabola, we have «=1, and equation (1) 
becomes y^=lXf so that the locus is a parabola whose vertex is S and 
latus-rectum L 

If e be not equal to unity, equation (1) may be written in the form 

and therefore represents an ellipse or a hyperbola according as the 
original conic is an ellipse or a hyperbola. 
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To find the ipoUvr equation of the tangent cU any 
point P of the conic section -= 1 —c cos 0, 

Let P be the point (r^, a), and let Q be another point 
.on the curve, whose coordinates are (r^, j8), so that we have 

— = 1— ecoso (1), 

and — = 1— ccos^S (2). 

'"'2 

By Art. 89, the polar equation of the line PQ is 
sinQg-g) _ sin(g-a) sin(ff-g) 
r ~ rj ri • 

By means of equations (1) and (2) this equation becomes 
- sin (jS - a) = sin (^ — a) {1 — e cos j8} + sin (/8 - ^) {1 — c cos a} 

= {sin(^ -o) + sin (fi-B)} -e {sin {$ -a) cosjS + sin (j8-^) cos a} 

= 2sm^-2— cos ^ — -- 

— e{(sin^ cosa - cos dsina)cosj3 + (sin j3 cos O—coapsiaO) cosa} 

= 2 sin ^ cos f ^ ^ j - 6 cos ^ sin (j8 - o), 

(^-"^-ecosd <^)- 



I P-a 

t.e. - = sec i-TT— cos 

r 2 



This is the equation to the straight line joining two 
points, P and Q, on the curve whose vectorial angles, a and 
P, are given. 

To obtain the equation of the tangent at P we take Q 
indefinitely close to P, i.e, we put P = a, and the equation 
(3) then becomes 

- =co8(0-a)-eco80 (4). 

This is the required equation to the tangent at the 
point a. 
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848. If we assame a suitable form for the eqaation to the 
joining chord we can more easily obtain the required equation. 

Let the required equation be 

-=Lcos(^-7)-«cos^ (1). 

[On transformation to Cartesian coordinates this equation is 
easily seen to represent a straight line ; also since it contains two 
arbitrary constants, L and 7, it can be inade to pass through any two 
points.] 

If it pass through the point (r^, a), we have 

1 - e cos o=— =1. cos (o - 7) - « cos a, 

i,e. I. COB (0-7)=! (2). 

Similarly, if it pass through the point (r,, p) on the curve, we have 

Lcos(/3-7) = l (3). 

Solving these, we have, [since a and p are not equal] 



Substituting this value in (3), we obtain Ii= sec 



a-B 
The equation (1) is then 

-=sec -7^ '^ cos I ^ rr- J - « cos ^. 

T 2 \ 2 J 

As in the last article, the equation to the tangent at the point a is 
then 

-=cos (^ - o) - « cos 0. 

^344. To find the pola/r equtUion of the polar of any 
point (rj, 6^ taith respect to the conic section - = l—e cos $. 

Let the tangents at the points whose vectorial angles 
are a and ^ meet in the point (rj, Oi), 

The coordinates r^ and $1 must therefore satisfy equation 
(4) of Art. 342, so that 

— = cos (^1 - a) - e cos ^1 ( 1 ). 

Similarly, 

- = cos(^i-^)-ecos^j (2). 
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Subtracting (2) from (1), we have 

cos (^1 - a) = cos (dj - P), 
and therefore 

^j - a = - (^1 - p\ [since a and P are not equal], 

i.e. ^ = «. (3). 

Substituting this value in (1), we have 
I (a + p 



^ = co8|-2^-a|-ecosdi, 



i,e» cos^--^ = - +ecos^i (4). 

Also, by equation (3) of Art. 342, the equation of the 
line joining the points a and P is 



\.e. 



%.e. 



I ^ P-a (^ <^ + P\ 
- + e cos ^ = sec '-^— cos ( 6 ~- j , 

^- + ecos^jcos^^ = cosrd-^^^, 

(^- +(?cos $) (- + ecos^i j = cos (^ - 6^) (5). 



This therefore is the required polar equation to the polar 
of the point (r^, O^). 

^345. Tojmd the eqtuUion to the normal <U the point 
whose vectorial cmgle is a. 

The equation to the tangent at the point a is 

- = cos (^ - a) - e cos ^, 

i.e.f in Cartesian coordinates, 

a;(cosa— 6) + ysina = ^ (1). 

Let the equation to the normal be 

ilcos^ + ^sin^ = - (2), 

ie, Ax + JBy = l (3). 
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Since (1) and (3) are perpendicular, we have 

il(cosa — «) + -5sina = (4). 

Since (2) goes through the point f = , a\ we have 

A cosa + ^sina=l— ecosa (5). 

Solving (4) and (5), we have 

.1— ecosa , (1— ccosa)(6— cosa) 

" e ' 6 sin a 

The equation (2) then becomes 

/» / \ • /I fesina 

sin a cos 6-\-(e — cos a) sin 6 = —71 v , 

^ ' r(l-6C0sa)' 

• //I \ ' /x esina I 

t.e, sin (^ - a) - 6 sin 6 = - -z . - . 

^ ' 1—6 cos a r 

846. If the Axis of the oonio be inclmed at an angle y to the 
initial line, so that the equation to the oonio is 

-=l-«oos(^-7), 

the equation to the tangent at the point a is obtained by substituting 
a - 7 and ^ - 7 for a and $ in the equation of Art. 342. 

The tangent is therefore 

-=co8(^-a)-«cos(^-7). 

r 

The equation of the line joining the two points a and /3 is, by the 
same article, 

l=seo^»oos(o-'^)-eco8(#-Y). 

The equation to the polar of the point (r^ , 0^ is, by Art. 344, 

|^ + «008(<?-.7)|" |^ + «cos(<?i-7)| =cos(<?-^i). 

Also the equation to the normal at the point a 

f . /^ X . / «»> eZ8in(a-7) 

r{«sm(^-7) + Bm(a-^)} = = \ '\ . 

^ ^ " ^ " l-ecos(a-7) 

847. Bz. 1. If the tangenU at any two points P and Q of a 
conic meet in a point T, and if the straight line PQ meet the directrix 
eorresponding to 8 in a point K^ then the angle KST is a right angle. 
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If the vectorial angles of P and Q be a and /3 respeoiiTely, the 
equation to PQ is, by eqaation (8) of Art. 342, 



-=seo^-^cos (^- — Q^) -«oos^ (1). 

Also the eqaation to the directrix is, by Art. 889, 

~=-eeoae (2). 

If we solve the equations (1) and (2), we shall obtain the polar 
ooordinates of K. 

Bat, by sabtraoting (2) from (I), we have 



0=secP^cos (<?--/], t.e.e--^=-^. 



,(.---±J). u 

BO that SK bisects the exterior angle between SP and SQ, 

Also, by eqaation (3) of Art. 844, we have the vectorial angle of T 
equal to "^ , i,e. I TSX=^ . 

Hence Z KST= L KSX- L TSX^^^^ . 

Bz. a. SU the focus and P and Q two points on a conic such that 
the angle PSQ is constant and equal to 2d; prove that 

(1) the locus of the intersection of tangents at P and Qis a conic 
section whose focus is 8, 

and (2) the line PQ always touches a conic whose focus is 8. 

(1) Let the vectorial angles of P and Q be respectively 7+ ^ and 
y-8, where 7 is variable. 

By eqaation (4) of Art. 842, the tangents at P and Q are therefore 
-=cos(^-7-d)-«cosd (1), 

and -=oos(^-7+a)-ccosd (2). 

I( between these two equations, we eliminate the variable quantity 
7, we shall have the locus of the point of intersection of the two 
tangents. 

Subtracting (2) from (1), we have 

cos(^-7-d)=cos(^-7+d). 

Hence, (since S is not zero) we have 7=^. 
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Substituting for y in (1), we have 

-=ooBd-ecos<?, 
r 

t.e. = 1 - e sec doos ^. 

r 

Henoe the required locus is a conic whose focus is 5, whose latos 
rectum is 21 sec d, and whose eccentricity is e sec $. 

It is therefore an ellipse, parabola, or hyperbola, according as 
«secd is < = >1, t.e. according as cosd>=:<e. 

(2) The equation to PQ is, by equation (3) of Art. 342, 

-= sec 5 cos (^ - 7) - e cos ^, 

2COSd /A \ * yi /«v 

i.«. =cos(tf-7)-ecoBdcos^ (3). 

Comparing this with equation (4) of Art. 342, we see that it always 
touches a conic whose latus rectum is 22 cos d and whose eccentricity 
is ecosd. 

Also the directrix is in each case the same as that of the original 

como. For both r and z are equal to - . 

esecd ecosd e 

Bz. 8. A circle passes through the focus Sofa conic and meets it 
in four points whose distances from S are r^ , r2 , r, , and r^ . Prove that 

(1) rir^^r^ = '-^, where 21 and e are the latus rectum and 
eccentricity of the conic^ and d is the diameter of the circle^ 

and (2) - + - + - + -=y. 
^' r^ ra r, r^ I 

Take the focus as pole, and the axis of the conic as initial line, so 
that its equation is 

I 

-=l-«cos^ (1). 

If the diameter of the drole, which passes through 8^ be inclined 
at an angle 7 to the axis, its equation is, by Art. 172, 

r^dcm(e-y) (2). 

I^ between (1) and (2), we eliminate ^, we shall have an equation 
in r, whose roots are r^, r^, r^, and r^. 

From (1) we have cos ^= -^ , and hence sin ^= ./l - ( ^^ ) , 

and then (2) gives 

r= (2 cos 7 COB ^ + (2 sin 7 sin ^, 
i.e. {er>-dooS7(r-Z)}a=d2sina7[«V»-(r-2)T, 

ix, «V-2«doos7.r»+r2(<P+2cWcos7-e»d»Bina7)-2««r+£PP=0. 
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Hence, by Art. 2, we have 

'TiT^zU^-^ (3), 

and V8»'4+V4^i+»'4»'i»'a+»'i»*2^s=-^ W- 

Dividing (4) by (8), we have 

1 i i i-? 

T^'^ T^'^ T^'^ rr I' 

EXAMPLES. XXYTX. 

1. Li a parabola, prove that the length of a focal chord which id 
inclined at 30° to the axis is four times the length of the latas-rectnm. 

The tangents at two points, P and Q, of a conic meet in T, and S 
is the focas ; prove that 

2. if the conic be a parabola, then ST^=:SP . 8Q. 

1 11 PSO 

3. if the conic be central, then ^p— ^n " ot^ "^ P ""^^ ~2^ ' 
where h is the semi-minor axis. 

4. The vectorial angle of T is the semi-smn of the vectorial 
angles of P and Q. 

Hence, by reference to Art. 338, prove that, if P and Q be on 
different branches of a hyperbola, then ST bisects the sapplement of 
the angle PSQ, and that m other oases, whatever be the conic, ST 
bisects the angle PSQ. 

5. A straight line drawn through the common focus S ot & 
nnmber of conies meets them in the points P^, P., ... ; on it is taken 
a point Q such that the reciprocal of 8Q is equal to the sum of the 
reciprocals of SPif SP^,.,.. Prove that the locus of Q is a conic 
section whose focus is S, and shew that the reciprocal of its latus- 
rectum is equal to the sum of the reciprocals of the latera recta of the 
given conies. 

6. Prove that perpendicular focal chords of a rectangular hyper- 
bola are equal. 

7. PSP^ and QSQ* are two perpendicular focal chords of a conic ; 

P~^^ *^** p^P' + g5^ " ^^^''*"'*- 

8. Shew that the length of any focal chord of a conic is a third 
proportional to the transverse axis and the diameter parallel to the 
chord. 

9. If a straight line drawn through the focus 5 of a hyp^bola^ 
parallel to an asymptote, meet the curve in P, prove that SP is one 
quarter of the latus rectum. 
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I I 

10. Prove that the equations -=l-«oos^ and -= -ew>a$-l 

represent the same conic. 

11. Two conies have a common focus; prove that two of their 
common chords pass through the intersection of their directrices. 

12. P IS any point on a conic, whose focus is S, and a straight 
line is drawn through S a,t& given angle with SP to meet the tangent 
at P in T; prove that the locus of T is a conic whose focus and 
directrix are the same as those of the original conic. 

13. If a chord of a conic section subtend a constant angle 2a at the 
focus', prove that the locus of the point where it meets the internal 
bisector of the angle 2a is the conic section 

I cos a . ^ 

=l-6cosaoos9. 

r 

14. Two conic sections have a common focus about which one of 
them is turned; prove that the common chord is always a tangent to 
another conic, having the same focus, and whose eccentricity is the 
ratio of the eccentricities of the given conios. 

15. Two ellipses have a common focus; two radii vectores, one to 
each ellipse, are drawn from the focus at right angles to one another 
and tangents are drawn at their extremities ; prove that these tangents 
meet on a fixed conic, and find when it is a parabola. 

16. Prove that the sum of the distances from the focus of the 
points in which a conic is intersected by any circle, whose centre is at 
a fixed point on the transverse axis, is constant 

17. Shew that the equation to the circle circumscribing the triangle 
formed by the three tangents to the parabola r==--- drawn at 



r=a cosec | coseo^cosec^ sin ( 



the points whose vectorial angles are a, /9, and 7, is 

and hence that it always passes through the focus. 

18. If tangents be drawn to the same parabola at points whose 
vectorial angles are a, j3, 7, and S, shew that the centres of the oirdes 
droumscribing the four triangles formed by these four lines all lie on 
the cirde whose equation is 

r= -acosec^cosec^cosec^cosec^cos ^-^-i — . 

19. The circle circumscribing the triangle formed by three tangents 
to a parabola is drawn; prove that the tangent to it at the focus 
makes with the axis an angle equal to the sum of the angles made 
with the axis by the three tangents. 
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20. Shew that the equation to the circle, which passes through 
the focus and touches the curve - = 1 - eooa $ at the point ^=a, is 

r (1 - e cos a)^=l cos (^ - a) - el cos (6 - 2a). 

21. A given circle, whose centre is on the axis of a parabola, 
passes through the focus S and is cut in four points AtB,C, and D by 
any conic, of given latus-rectum, having 8 as focus and a tangent to 
the parabola for directrix ; prove that tihe sum of the distances of the 
points At B,C, and D from S is constant. 

22. Prove that the locus of the vertices of all parabolas that can be 
drawn touching a given circle of radius a and having a fixed point on 

a 

the circumference as focus is r=2acos'^, the fixed point being the 

o 

pole and the diameter through it the initial line. 

23. ^wo conic sections have the same focus and directrix. Shew 
that any tangent from the outer curve to the inner one subtends a 
constant angle at the focus. 

24. Two equal ellipses, of eccentricity e, are placed with their 
axes at right angles and they have one focus S in common ; if PQ be 

a common tangent, shew that the angle PSQ is equal to 2 sin-^ -j- . 

25. Prove that the two conies -^ = 1 - «i cos ^ and - = 1 - eg*^^^ (^ "" ") 
will touch one another, if 

26. An ellipse and a hyperbola have the same focus S and 
intersect in four real points, two on each branch of the hyperbola ; if 
Tj and r, be the distances from 8 of the two points of intersection on 
the nearer branch, and r, and n be those of the two points on the 
further branch, and if I and V oe the semi-latera-recta of the two 
conies, prove that 

[Make use of Art. 338.] 

a 

27. If the normals at three points of the parabola r =a cosec^ - , 

whose vectorial angles are a, /9, and 7, meet in a point whose vectorial 
angle is 5, prove that 25=a+/3+7-ir. 
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CHAPTER XV. 



GENERAL EQUATION OF THE SECOND DEGREE. 
TRACING OF CURVES. 

348. Particular cases of Conic Sections. The 

general definition of a Conic Section in Art. 196 was that 
it is the locus of a point P which moves so that its distance 
from a given point /S* is in a constant ratio to its perpen- 
dicular distance PM from a given straight line ZK, 

When S does not lie on the straight line ZK^ we have 
found that the locus is an ellipse, a parahola, or a hyperbola 
according as the eccentricity e is < = or > 1. 

The Circle is a sub-case of the Ellipse. For the 
equation of Art. 139 is the same as the equation (6) of 
Art. 247 when b^ = a\ i.e, when 6 = 0. In this case 

CS=0. and SZ= — ae = co. The Circle is therefore a 

e 

Conic Section, whose eccentricity is zero, and whose direc- 
trix is at an infinite distance. 

Next, let S lie on the straight line ZK, so that 4^ and Z 
coincide. 

In this case, since 

SP=e.PM, 
we have 

. j,^^ PM 1 

If 6>1, then P lies on one or 
other of the two straight lines SD" 
and SU' inclined to KK' at an angle 




^•""'G)- 
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If 6 = 1, then PSM is a right angle, and the locus 
becomes two coincident straight lines coinciding with SX. 

If 6< 1, the L PSM is imaginary, and the locus consists 
of two imaginary straight lines. 

If, again, both KK' and 4^ be at infinity and S be on 
KK\ the lines SU and SU* of the previous figure will be 
two straight lines meeting at infinity, i,e, will be two 
parallel straight lines. 

Finally, it may happen that the axes of an eUipse may 
both be zero, so that it reduces to a point. 

Under the head of a conic section we must therefore 
include : 

(1) An Ellipse (including a circle and a point). 

(2) A Parabola. 

(3) A Hyperbola. 

(4) Two straight lines, real or imaginary, inter- 
secting, coincident, or parallel. 

349. To shew that the general eqtiation of the second 
degree 

aa^ + 2hxy + by^ + 2gx+2fy + c = (1) 

always represents a conic section. 

Let the axes of coordinates be turned through an angle 
0, so that, as in Art. 129, we substitute for x and y the 
quantities x cos O^y sin and x sin $ + y cos respec- 
tively. 

The equation (1) then becomes 

a (aj cos ^ - y sin Oy +2h{xcoB6-y sin ^) (oj sin ^ + y cos 0) 

+ b(xaii0 + ycoa0y + 2g{xco&0'-y sin 0) 

+ 2/(03 sin tf + y cos ^) + c =0, 

t. e, Q? (a cos" ^ + 2A cos tf sin ^ + 6 sin^ Q) 

+ 2xy \h (cos* - sin* &)-(a- b) cos sin 0} 

+ 2/2 (a sin* ^ - 2A cos ^ sin tf + 6 cos* 6) + 2x (g cos $ +/sin 6) 

-\-2y(/ccmO-'gHme) + e = (2). 

21—2 
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Now choose the angle 6 so that the coefficient of a^y in 
this equation may vanish, 

i,e. so that h (cos* $ — sin* 0) = (a — b) sin cos By 

i. e. 2h cos 20 = (a- b) sin 2^, 

i. e, so that tan 20 = . . 

a — 6 

Whatever be the values of a, b, and A, there is always 
a value of satisfying this equation and such that it lies 
between — 45° and + 45**. The values of sin and cos are 
therefore known. 

On substituting their values in (2), let it become 

Aix? + By^ + 2Gx-h2Fy + c = (3). 

First^ let neither A nor B be zero. 

The equation (3) may then be written in the form 

Ai^a:^-^^B{y^^)=^^-^-c, 

Transform the origin to the point {— -j » "" »)• 
The equation becomes 

Ax' + Jif = ^ + ^-c = K{s^j) (4), 

'■- i4=' (^>)- 

A B 

K K 
If — and -^ be both positive, the equation represents an 
JL Jj 

ellipse. (Art. 247.) 

K K 

If -J and -^ be one positive and the other negative, it 
JL Jj 

represents a hyperbola (Art. 295). If they be both 

negative, the locus is an imaginary ellipse. 

If iT be zero, then (4) represents two straight lines, 
which are real or imaginary according as A and B have 
opposite or the same signs. 
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Secondly^ let either ^ or J? be zero, and let it be il. 
Then (3) can be written in the form 

Transform the origin to the point whose coordinates 



are 






This equation then becomes 

Bf+2Gx=^0, 

, 2G 
t,e. r = --^a;, 

which represents a parabola. (Art. 197.) 

If, in addition to A being zero, we also have G zero, the 
equation (3) becomes 

Bf-{-2Fy + c = 0, 



y-'r 



'si & B' 



and this represents two parallel straight lines, real or 
imaginary. 

Thus in every case the general equation represents one 
of the conic sections enumerated in Art. 348. 

350. Centre of a Conic Section. Def. The 

ceijitre of a conic section is a point such that all chords of 
the conic which pass through it are bisected there. 

, "When the equation to the conic is in the form 

aa3* + 2Aa;y + 6y2 + c = (1), 

the origin is the centre. 

For let («', y') be cmy point on (1), so that we have 

flKB'2 + 27wjy + 5y'Vc = (2). 

This equation may be written in the form 

and hence shews that the point (— a?', —y') also lies on (1). 



326 COORDINATE GEOMETRY. 

But the points («', y) and (-au', — y') lie on the same 
straight line through the origin, and are at equal distances 
from the origin. 

The chord of the conic which passes through the origin 
and any point {x\ y') of the curve is therefore bisected at 
the origin. 

The origin is therefore the centre. 

351. When the equation to the conic is given in the 
form 

aa^ + 2hxy-hby^+2gx + 2/y-hc = (1), 

the origin is the centre only when bothy and g are zero. 

For, if the origin be the centre, then corresponding 
to eaclt point {x\ y*) on (1), there must be also a point 
{—x\ —}/) lying on the curve. 

Hence we must have 

aa;'^ + 27ta;y + 6y'« + 2^a;'-f 2/y' + c = (2), 

and ax'^ + 2hx'y' + hy^- 2gx' - 2/y' + c = (3). 

Subtracting (3) from (2), we have 

gx'-¥/y' = 0. 

This relation is to be true for cdl the points (oj', y') 
which lie on the curve (1). But this can only be the case 
when g = and /= 0. 

352. To obtain the coordinates of t/ie centre of the 
conic given by the general equation, ami to obtain the 
equation to the curve referred to aacea through the centre 
parallel to the original axes. 

Transform the origin to the point (x, p), so that for x 
and y we have to substitute x + x and y + y. The equation 
then becomes 

a{x + dcy-\-2h{x-\-x)(j/ + ^) + b(y + gy+2g(x + x) 

+ 2/(y+^) + <?=<>, 
i.e. aa' + 2hxy + by^ + 2x (a>x + hy + g) + 2y {M + by +f) 

+ ad^'¥2hxy'{-bf-^2gx-h2/y + c = (2). 
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If the point (^ ^) be the centre of the conic section, the 
coefficients of x and y in the equation (2) must ranish, so 
that we have 

a* + % + ^==0 (3), 

and AdJ+6y+/ = (4). 

Solving (3) and (4), we have, in general, 

■ -•3^."^*-fe^ <»)■ 

• With these values the constant term in (2) 
= ofi? + 2?ixff + hf^ 2gab + 2/^ + c 
= dli{ax + hg + g) + g(hx + by +/) + gA +/j + c 

= g* + fy + C (6), 

bj equations (3) and (4), 

= ah-h^ ' ^ equations (5), 

A 

where A is the discriminant of the given general equation 
(Art. 118). 

The equation (2) can therefore be written in the form 

A 

This is the required equation referred to the new axes 
through the centre. 

Bz. F'vnd the centre of the conic section 

2a;«-6a^-3y»-a:-4y + 6=0, 
and its equation when transformed to the centre. 

The centre is given by the equations 2x - 1^ > i=0, and 
-|x-8y-2=0, sothat«=-f, and y=-?. 
The equation referred to the oentre is then 
2a» - Sxy - 8y* + c' = 0, 
where c'= -J.3P-2.y+6=J+f +6=7. (Art. 362.) 
The required equation is thus 
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. 353. Sometimes the equations (3) and (4) of the last 
article do not give suitable values for x and y. 

For, if ah — h? be zero, the values of x and y in (5) are 
both infinite. When ccb-h' is zero, the conic section is a 
parabola. 

The centre of a parabola is therefore at infinity. 

n h. n 

Again, if t= t =^> the result (5) of the last article is 

of the form J and the equations (3) and (4) reduce to the 
same equation, viz., 

flWc + Ay + ^ = 0. 

We then have only one equation to determine the 
centre, and there is therefore an infinite number of centres 
all lying on the straight line 

ax + hy + g = 0. 

In this case the conic section consists of a pair of 
parallel straight lines, both parallel to the line of centres. 

354. The student who is acquainted with the Dif- 
ferential Calculus will observe, from equations (3) and (4) 
of Art. 352, that the coordinates of the centre satisfy the 
equations that are obtained by differentiating, with regard 
to X and y, the original equation of the conic section. 

It will also be observed that the coefficients of a, ^, and 
unity in the equations (3), (4), and (6) of Art 352 are the 
quantities (in the order in which they occur) which make 
up the determinant of Ai-t. 118. 

This determinant being easy to write down, the student 
may thence recollect the equations for the centre and the 
value of c. 

The reason why this relation holds will appear from the 
next article. 

866. Bz. Find the condition that the general equation of the 
second degree may represent two straight lines. 

The centre (S, y) of the conic is given by 

a5+;iy+^=0 (1), 

and A«+6?7+/=0 (2). 
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Also, if it be transformed to the centre as origin, the equation 
becomes 

ax*+2hxy + by^+c'=0 (3), 

where &:=gx +fy + e. 

Now the equation (3) represents two straight lines if c' be zero, 

i.e. if gl+fy+c^O (4). 

The equation therefore represents two straight lines if the relations 
(1), (2), and (4) be simultaneously true. 

Eliminating the quantities Z and ^ from these equations, we have, 
by Art. 12, 

a, h, g 

h, b, f =0. 

This is the condition found in Art. 118. 

356. To find the equation to the asymptotes of the conic 
section given hy the general equation of the second degree. 
Let the equation be 

aai?^- 2hxy + by^-{- 2gx+ 2fg + c = (1). 

Since the equation to the asymptotes has been shewn to 
differ from the equation to the curve only in its constant 
term, the required equation must be 

005* + 2hxy + by^ + 2gx + 2fy + c + X = (2). 

Also (2) is to be a pair of straight lines. 
Hence 
ab{c + \) + 2fgh-af^-hf-{c-^\)h^ = Q. (Art 116.) 

^ . , abc + 2fgh-aP-hg^^ch^ A 

Therefore X^ ^^-^, -"WTh^' 

The required equation to the asymptotes is therefore 

aa?^21ia^-k-hy^+2gx^r2fy-^c--^~j^^0,,,{2). 

Cor. Since the equation to the hyperbola, which is 
conjugate to a given hyperbola, differs as much from the 
equation to the common asymptotes as the original equation 
does, it follows that the equation to the hyperbola, which is 
conjugate to the hyperbola (1), is 

aa?'\'2hxy + hf-¥ 2gx-h2fy -v c-2 -^ — Ta = 0. 
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367- To determine by an exammatimi of the genercU 
equation what kind o/ conic section it represents. 

[On applying the method of Art. 313 to the ellipse and 
parabola, it would be found that the asymptotes of the 
ellipse are imaginary, and that a parabola only has one 
asymptote, which is at an infinite distance and perpen- 
dicular to its axis.] 

The straight lines aa^ + 2hxy -^^ hy^ = (1) 

are parallel to the lines (2) of the last article, and hence 
represent straight lines parallel to the asymptotes. 

Now the equation (1) represents real, coincident, or 
imaginary straight lines according as A^ is >= or <:a&, 
i.e. the asymptotes are real, coincident, or imaginary, 
according as A^ > = or < ab, i.e. the conic section is a hyper- 
bola, parabola, or ellipse, according as A' > = or < a5. 

Again, the lines (1) are at right angles, i.e. the curve is 
a rectangular hyperbola, if a + 6 = 0. 

Also, by Art. 143, the general equation represents a 
circle if a = 6, and A = 0. 

Finally, by Art. 116, the equation represents a pair of 
straight lines if A = ; also these straight lines are parallel 
if the terms of the second degree form a perfect square, i.e. 
if A« = a6. 

368. The results for the general equation 

aa? + 2hxy + fty* + 2gx + 2/y + c = 

are collected in the following table, the axes of coordinates 
being rectangular. 



Curve. 


Condition. 


Ellipse. 
Parabola. 


h^<ah. 
h^=^ab. 


Hyperbola. 
Circle. 


h^:>ah. 
a = 6, and h=Q, 


Rectangular hyperbola. • 
Two straight lines, real or 


a + b = 0. 1 
A = 0, 


imaginary. 
Two parallel straight lines. 


i.e. 

abc+2/gh'-a/'^bg'-ch*=0. 
A = 0, and h^ = ab. 
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If the axes of coordinates be oblique, the lines (1) of Art. 356 are 
at right angles if a+b-2hQO8(a=0 (Art. 93); so that the conio 
Bection is a rectangular hyperbola if a + 6 - 2% cos w=0. 

Also, by Art. 175, the conic section is a circle if 6= a and 

The conditions for the other cases in the previous article are the 
same for both oblique and rectangular axes. 
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What conies do the following equations represent? When 
possible, find their centres, and also their equations referred to the 
centre. 

1. 12x2 - 23xy + 10y« - 26x +2Gy = 14. 

2. ldx^-lSxy + S7y^+2x + Uy-2=0, 

3. y2-2V3a:y + 3a;2+6a;-4y + 6=0. 

4. 2x2 -72ary+23y»-.4x-28y- 48=0. 

5. 6xa-6a!^-6y« + 14x + 5y + 4=0. 

6. Ba^ -Bxy -Qy^+lQx -ISy +8=0. 

Find the asymptotes of the following hyperbolas and also the 
equations to their conjugate hyperbolas. 

7. ar2+10xy-3y2-2x + 4y=2. 8. y^-a?y-2x^-5y + X'-Q=0. 
9. 56xa-120a!y + 20y*+64x-48y=0. 

10. 19x» + 24xy+y3-22x-6y=0. 

11. If (£, 7) be the centre of the conic section 

/(x, y) = flx»+2ftxy + 62^2 + 2^x + 2/y + c=0, 
prove that the equation to the asymptotes is/(x, y)=/(7, y). 

If f be a variable quantity, find the locus of the point (x, y) when 

12. x==aft + jj sjidy=a(t'jY 

13. x=a«+6«2 and y=bt+atK 

14. x=l + t+t^ and y = l-t + tK 

If ^ be a variable angle, find the locus of the point (x, y) when 

15. x=atan(^+o) and y=6tan(^+/5). 

16. x=aco8(^ + a) and y=:booa{0+p). 
What are represented by the equations 

17. (x-y)«+{a?-a)a=0. 18. xy + a2=a(x+y). 
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[Exs. XL.] 



19. ars - y»= (y - o) (a;« - f), 

20. a5'+y»-a:y(a;+y)+a»(y-a;)=0. 21. (x'-a^-t^^- 
22. iF»+y'*+(a;+y)(xy-aaj-ay)=0. 23. a;^+a;y+y'=0. 
24. (rcofi^-a)(r-acos^)=0. 25. rsin'^=2aco8^. 



26. r+-=8oos^ + 8in^. 
28. r (4 - 3 sin' tf)=8o cos ^. 



27. -=1 + 008 ^+^3 sin^. 



369. To trace the parahcla given by the general eqtLO^ 
tion of the second degree 

aa?-^2hxy + h'f + 2gx + yy + c = (1), 

and to find its lotus rectum. 

First Method. Since the curve is a parabola we 
have l^^ahy so that the terms of the second degree form 
a perfect square. 

Put then a = a' and 6 = ^, so that A = a)3, and the 
equation (1) becomes 

(aa; + ^y)2+2^a;+2/y + c = (2). 

Let the direction of the axes be changed so that the 

straight line aa; + ^y = ^> *'^- y^~~o^y ™*y ^ *^® ^®^ 
axis of X. 




We have therefore to turn the axes through an angle 

P 



such that tan ^ = - - , and therefore 



sin ^ = — 



Va« + /3» 



and cos^ = 



N/a« + /8=»* 
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For X we have to substitute 

X cos — Fsin 0. t. e. ". , 

and for y the quantity 

JT sin ^ + Fcos 0, i. e, "^^^ . (Art. 1 29.) 
^/a^ + P" ^ ^ 

For ax + fiy vre therefore substitute Y J (a? + j8^). 

The equation (2) then becomes 

T'{a^ + ^) + ^^^[9 iPX+aY) +/(pT- aX)] + e = 0, 

-• (^-^)'=2^-^[^-^^] (3). 

where 7^=- "^^ (4), 

and -^^JiPL^H=K--^1^, 

The equation (3) represents a parabola whose latus 
rectum is 2 — — ^-^ , whose axis is parallel to the new axis 

of Xj and whose vertex referred to the new axes is the 
point {H, K), 

360. Equation of the axis, and coordinates of the 
vertex, referred to the original aoces. 

Since the axis of the curve is parallel to the new axis of 
X, it makes an angle with the old axis of Xy and hence 
the perpendicular on it from the origin makes an angle 
90^* + A 

Also the length of this perpendicular is K. 
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The equation to the axis of the parabola is therefore 
a:cos(90' + ^) + ysin(90" + ^) = ^, 
i.e, - a? sin ^ + y cos ^ = Zi 

aff + Pf 



i.e, ax + fy^Kja^+P'^-'^^ (6). 

Again, the vertex is the point in which the axis (6) 
meets the curve (2). 

We have therefore to solve (6) and (2), L e. (6) and 

fc^+2^. + 2/y + c = (7). 

The solution of (6) and (7) therefore gives the required 
coordinates of the vertex. 

361. It was proved in Art. 224 that if PTbe a 
diameter of the parabola and Q V the ordinate to it drawn 
through any point Q of the curve, so that Q F is parallel to 
the tangent at P, and if ^ be the angle between the diameter 
Pr and the tangent at P, then 

eP = 4acosec«^.Pr (1). 

If QL be perpendicular to PT and QL' be perpendicular 
to the tangent at P, we have 

©Z = Crsin^, and QL' = PVsme, 

so that (1) is QD = ia cosec . QL'. 

Hence the square of the perpendicular distance of any 
point Q on the parabola from any diameter varies as the 
perpendicular distance of Q from the tangent at the end of 
the diameter. 

Hence, if Ax + By + C == be the equation of any 
diameter and il'a? + J?'y + C = be the equation of the 
tangent at its end, the equation to the parabola is 

{Ax+By + Crf = \{A'x-\-Fy-^C') (2), 

where X is some constant. 

Conversely, if the equation to a parabola can be reduced 
to the form (2), then 

Ax-^By+C^O,,.. (3) 
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is a diameter of the parabola and the axis of the parabola is 
paraUel to (3). 

We shall apply' this property in the following article. 

362. To trace the parabola given by the general equa- 
tion of the second degree 

aa^+2hooy + b^ + 2gx+2/y + c = (1). 

Second Method. Since the curve is a parabola, the 
terms of the second degree must form a perfect square 
and h*=^ab. 

Put then a = a^ and 6 = ^, so that h = aP, and the 
equation (1) becomes 

{ax + Pyy=-(2gx + 2/y + c) (2). 

As in the last article the straight line oub + )3y = is a 
diameter, and the axis of the parabola- is therefore parallel 
to it, and so its equation is of the form 

ax + Py + k = (3). 

The equation (2) may therefore be written 

(ax + py + Xf = -{2gx^ 2/y + c) + X« + 2X (aaj + /?y) 

=^2x(\a-g) + 2y{pk-/) + X^-c (4). 

Choose X so that the straight lines 

aa: + ^y + X = (5) 

and 2x{Xa-g) + 2y(fi\-/) + k*'-c^0 (6) 

are at right angles, i,e, so that 

a(Xa-(7) + i808X-/) = O, 

t.e. sothat >^ = ^^ (7). 

The lines (5) and (6) are now, by the last article, a 
diameter and a tangent at its extremity ; also, since they 
are at right angles, they must be the axis and the tangent 
at the vertex. 
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The equation (4) may now, by (7), be written 
{ax + fiy + XYJ-M^l^-ay + ^l 



t e. 



f aa! + ^ y+ Xl ' ^ 2 {af-^g) fix-ay +^ 



where PiV is the perpendicular from any point P of the 
curve on the axis, and A is the vertex. 

Hence the axis and tangent at the vertex are the lines 
(5) and (6), where X has the value (7), and the latus rectum 

808. Bz. Trace the parcbbola 

9«3_24a?2/ + 16y«-18a?-101y + 19=0. 

The equation is 

(3a?-4y)«-18a?-101y + 19=0 (1). 

First aSAthod. Take 32r-4y=0 as the new axis of x^ i.e, torn 

the axes through an angle 6, where taii^=|, and therefore 8iDtf=| 

and cos ^=(. 

4X— SY 
For X we therefore substitute Zeos^-Fsin^, i.e. — =^ ; for 

5 

Q Y" 1 J y 

y we put Zsin^ + Fcos^, i,e, — ^ — , and hence for 3a; -4y the 

quantity -6F. 

The equation (1) therefore becomes 

25 r« - i [72Z- 64ri - i [303X+404y]+ 19=0, 

i.e. 26r»-76Z-70r+19=0 (2). 

This is the equation to the curve referred to the axes OX and OY. 
But (2) can be written in the form 
14 F 
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Take a point A whose ooordinates referred to OX and OF are - 1 
and {, and draw AL and AM parallel to OX and OY respeotively. 




Referred to AL and AM the equation to the parabola is F'sSX. 
It IB therefore a parabola, whose VOTtex is A^ whose latns reotom is 3, 
and whose axis is AL. 



(8). 



The equation (1) can be written 
(3a?-4y + X)»=(6X+18)aj+y(101-8X) + X»-19 
Ghbose X so that the straight lines 

8a?-4y+X=0 
and (6X + 18) x+y (101 - 8X) +X»- 19=0 

may be at right angles. 
Hence X is given by 

3 (6X + 18) - 4 (101 - 8X) = (Art. 69), 
and therefore Xs=7. 

The equation (3) then becomes 

(3a:-4y + 7)»=16(4x + 3y + 2), 
-4y + 7y_^ 4a; + 3|M:2 
^25 



(,--726— y-^- 



.(4). 



V26 

Let AL be the straight line 

&c-4y + 7=0 (5), 

and ilJlf the straight line 4x+3y+2=0 (6). 

These are at right angles. 

If P be any point on the parabola and PN be perpendicular to 
AL, the equation (4) gives PN^=S . AN. 

Hence, as in the first method, we have the parabola. 

The vertex is found by solving (5) and (6) and is therefore the 
point (.«,«). 

L. 22 
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In drawing carves it is often advisable, as a verification, to find 
whether they out the original axes of coordinates. 

Thus the points in which the given parabola cuts the axis of x 
are fonnd by putting ^=0 in the original equation. The resulting 
equation is 9ar- 18x + 19=:0, which has imaginary roots. 

The parabola does not therefore meet Ox, 

Similarly it meets Oy in points given by 16^^-101^ + 19=0, the 
roots of which are nearly 6^ and ^. 

The values of OQ and OQ' should therefore be nearly ^ and 6^. 

364. To find the direction and magnitvde of the axes 
of the c&rUrcd come section 

aa? + 2hxi/ + by^ = 1 n\. 

First Method. We know that, when the equatic 'i 'oo 
a central conic section has no term containing osy and the 
axes are rectangular, the axes of coordinates are the axes of 
the curve. 

Now in Art. 349 we shewed that, to get rid of th* term 
involving ajy, we must turn the axes through an angle 6 
given by 

tan 2^ = -^ 2). 

a-b ' 

The axes of the curve are therefore inclined to th'5 a^es 
of coordinates at an angle given by (2). 
Now (2) can be written 

2tan^ _ 2A _ 1 
l-tan»^~^^6"X^^y^' 

.-. tan2^ + 2Xtan^-l=0 (J). 

This, being a quadratic equation, gives two valuea lor ^, 
which differ by a right angle, since the product of the two 
values of tan ^ is — 1. Let these values be B^ and ^j, which 
are therefore the inclinations of the required axes of the 
curve to the axis of x. 

Again, in polar coordinates, equation (1) may be written 
r^(a cos^ e + 2A cos ^ sin ^ + 6 sin" ^)= 1 = cos'fl + sin* d, 
i.e. 

,_ cos' ^-t- sin' ^ 1+tan'g 

~acos'^ + 2Acos^sin^ + 6sin'^""a+2Atantf + 6tan'tf 

W- 
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If in (4) we substitute either value of tan^ derived 
from (3) we obtain the length of the corresponding 
semi-axis. 

The directions and magnitudes of the axes are therefore 
both found. 

Second Method. The directions of the axes of the 
conic are, as in the first method, given by 

tan 20=-^,. 

When referred to the axes of the conic section as the 
axes of coordinates, let the equation become 

^-1=1 (')■ 

Since the equation (1) has become equation (5) by a 
change of axes without a change of origin, we have, by 
Art. 135, 

^»-^^ = «^^ (^)' 

and -Jpl^^'^' W- 

T'hese two equations easily determine the semi-axes a 
and p. [For if from the square of (6) we subtract four 

times equation (7) we have ("a - ;^ ) > *nd hence — g - ^a; 

hence by (6) we get -^ and -^ . 

The difficulty of this method lies in the fact that we 
cannot always easily determine to which direction for an 
axis the value a belongs and to which the value jS, 

If the original axes be incUned at an angle (o, the equa- 
tions (6) and (7) are, by Art. 137, 

1 l_a + 6 — 2A cos 0) 
~^^^'^'~ si^o ' 

1 _ ab-h' 
*'''* a»)8*" sin^o,' 

22—2 
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Oor. 1. The reciprocals of the squares of the semi- 
axes are, by (6) and (7), the roots of the equation 

Z^-{a^h)Z^ab-h'^0. 

Cor. 2. From equation (4) we have 

Area of an ellipse = irafi = ~j . 

va6 — A* 

806. Bz. 1. Trace the curve 

14r2-4xy + lly2-44j;-68y+71=0 (1). 

Since ( - 2)' - 14 . 11 is negative, the curve is an ellipse. [Art. 358.] 
By Art. 352 the centre (^, y) of the curve is given by the equations 

145-2y-22=0, and -25+11^-29=0. 
Hence 7=2, and ^=3. 

The equation referred to parallel axes through the centre is 
therefore 14x2 - ^xy + lly^ + c' = 0, 

where c'= -225-29y + 71= -60, 

so that the equation is 

14a?2-4j^ + llya = 60 (2). 

The directions of the axes are given by 

* o^ 2fc -4 

*^°2^=a— 6 = 14^11=-- 

*u * 2tan^ . 

^*^** l^tei»^="^» 

and hence 2tan>^-8tan^-2=0. 

Therefore tan 6^ = 2, and tan ^3= - J. 

Referred to polar coordinates the equation (2) is 

r2(14cos»tf-4oostf8in^ + ll8in«^) = 60(ooB=d + 8in2^), 

l + tan^^ 



r2=60 



14-4tan^+lltan«d* 



When tan e?i=2, r,2=60 x ^^}~=&. 
Whentan^,= -l,r22=60xjj^±i^=4. 
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The lengths of the semi-azeB are therefore ^6 and 2. 

Hence, to draw the onrre, 
take the point C, whose coordi- 
nates are (2, 3). 

Through it draw A'CA in- 
clined at an angle tan'^ 2 to the 
axis of X and mark off 

Draw BCB' at right angles 
to ACA' and take B'C==CB=2. 

The required ellipse has AA' 
and BB' as its axes. 

It would he found, as a veri- 
fioation, that the curve does not meet the original axis of x^ and 
that it meets the axis of y at distances from the origin equal to 
about 2 and 3^ respectively. 




Bx. 2. Trace the curve 

sc^'Sxy+y^+10x-10y'i^21 = 

Since ( ^ ) - 1 . 1 is positive, the curve is a 





The centre (2C, y) is given by 






5-^y + 5=0, 




and 


-^*+y-6=0, 




so that 


J=-2, and 0=2. 





.(1). 



[Art. 358.] 



The equation to the curve, referred to parallel axes through the 
centre, is then 

ar2-3iry + y2+6( -2) -6x2 + 21=0, 
i.e. ar^^ga^^yj- _i (2). 

The direction of the axes is given by 

X o. 2fc -3 

*^'^2^ = a-6 = l-ri = *' 

so that 2^*= 90° or 270°, 

and hence 0^ = 46° aiid 0^ = 135°. 

The equation (2) in polar coordinates is 

r^ (cos2 ^ - 3 cos ^ sin ^ + sin« tf) = - (sin^ ^ + cos? ^, 
l+tan>^ 



i,e. 



r2=- 



l-3tan^+tan2^ 
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When ^1=45°, r^^rs --_—_.= 2, so that r^^»J2. 

When 9,= ISS", r,»= - ^-^^ = :i? , so that r,=^~ . 

To construct the curve take the point C whose coordinates are - 2 
and 2. Through C draw a straight line AC A* inclined at 45° to the 
axis of X and mark off A'C= CA =J2, 

Also through A draw a straight line KAK' perpendicular to CA 
and take AK=K'A=s/h By Art. 315, GK and CK' are then the 
asymptotes. 

The curve is therefore a hyperhola whose centre is C, whose 
transverse axis is ^'yl, and whose asymptotes are CK and GK\ 




On putting a;=0 it will he found that the curve meets the axis of 
y where 2^=3 or 7, and, on putting ^ = 0; that it meets the axis of x 
where «= - 3 or - 7. 



Hence 



0Q=3, 0Q'=7, 0B=3, and 012'=7. 



366. Tojvnd tlie eccentricity of the central conic section 

aa?'\-2hxy-^hf=l (1). 

Firsts let h^ — ah be negative, so that the curve is 
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an ellipse, and let the equation to the ellipse, referred to 
its axes, be 

By the theory of Invariants (Art. 135) we have 

^«+^=«+* C-^)' 

and i^ = «*-'*' (•'^)- 

Also, if «5 be the eccentricity, we have, if a be > )8, 



But, from (2) and (3), we have 

Hence 



e^ ^ sf{a-bf-\-ih^ 



ab-h^ 

2^e'~ ' a + 6 ^^^' 

This equation at once gives e\ 

Secondly^ let A- — a6 be positive, so that the curve is 
a hyperbola, and let the equation referred to its principal 
axes be 






so that in this case 
1 1 



a + 6, and — ^^ = ab-K' = -{h^-ah). 
Hence a»-^ = -^ and a»^=^. 



so 



that a' + i^ = + >/(a' - ^)' + 4a';8' = + ^ "^j^,^]^ ^^' . 
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In this case, if « be the eccentricity, we have 

^ _a« + )8»_ V(«-6)'-t.4A' 

F:?-?3^- ^T6 ^^>- 

This equation gives «". 

In each case we see that 6 is a root of the equation 






i.6. of the equation 

367. To obtmn the/od of the central conic 

Let the direction of the axes of the conic be^btained as 
in Art. 364, and let 0^ be the inclination of the kiajor axis 
in the case of the ellipse, and the transverse axis in\the case 
of the hyperbola, to the axis of x, ^ 

Let Ti* be the square of the radius corresponding to ^j, 
and let r^ be the square of the radius corresponding to- the 
perpendicular direction. [In the case of the hyperbola ^P'/ 
will be a negative quantity.] 

The distance of the focus from the centre is /Jr^^ — r,* 
(Arts. 247 and 295). One focus will therefore be the point 

(Vri»-r,'cos^i, >/»•," -^2* sin ^i), 

and the other will be 

(- Jr^-r^^ cos e^, -Vn^-ra^sin^,). 

Bz. Find the foci of the elUpte traced in Art. 865. 

2 1 

Here tan ^^s 2, so that sin ^i= -yg and oos ^i= -th • 

Also ri»=6, and ra«=s4, so that Jr?^i=^2. 

The coordinates of the fooi referred to axes through C are therefore 



/V2 V2\ ,/ V2 2V2\ 
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Their ooordinatefl refierred to the original axes OX and OF are 

368. The method of obtaining the coordinates of the 
focus of a parabola given by the general equation may be 
exemplified by taking the example of Art. 363. 

Here it was shewn that the latus rectum is equal to 3, 
so that, if /S' be the focus, -4/S' is |. 

It was also shewn that the coordinates of A referred to 
OX and OY are - 1 and f 

The coordinates of S referred to the same axes are 
-| + f and ^, %.e. /^ and |. 
Its coordinates referred to the original axes are therefore 
oV cos ^ — ^ sin ^ and ^j^ sin ^ + 1- cos 6, 
i.e. 



7 4 
TU'T 



-4.f and^.f 

_ 1 * JLTirl 188 



+ 1- 



4 
6» 



In Art. 393 equations will be found to give the foci of 
any conic section directly, so that the conic need not first 
be traced. 



860. Sz. 1. Trace the curve 

3(3a?-2y + 4)2+2(2a? + 3y-5)2=39 . 
The equation may be written 

'2x+ 

2^+4=0 and 2x + 



.(1). 



'(r^y^'i^^-y-'- 



V13 
Now the straight lines 9x 
right angles. Let them be CM and 
CN, intersecting in C which is the 
point (-A»«). 

If P be any point on the curve 
and PM and PN the perpendiculars 
upon theie lines, the lengths of PM 
and P^ are 

3a?-2y+4 , 2a;+3^-5 

V13 "^^ -Vi3~ ' 



(2). 

-6=0 are at 



Hence equation (2) states that 
3PJlf«+2P^a=3, 

PM^ 




PN^ 



= 1. 
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The loous of P is therefore an ellipse whose semi-axes measured 
along CM and CN are Vf tmd 1 respectively. 

Bz. S. What is represented by the equcUum 
The equation may be written in the form 

i.e. (;r2+y2)2- 2a« (x^+y^)-^a*=2xY, 

i.e. {x^+y^ - ay - (V2ajy)«=0, 

i.e. {x^+^2xy+y^'-a^) {a^-^2xy+y^-a^)=0. 

The locus therefore consists of the two ellipses 

ii^+^2xy+y^-a^=0, and x*~J2xy-{-y^-a^=zO. 

These ellipses are eqnal and their semi-axes would be found to be 

aV^W^ and aV2-V2. 
The major axis of the first is inclined at an angle of 135° to the 
axis of Xf and that of the second at an angle of 45°. 

EXAMPLES. XLI. 

Trace the parabolas 

1. (a?-4y)«=51y. 2. (a:-j/)2=ar + j/ + l. 

3. {5x- 12y )2 = 2aa? + 29ay + aK 

4. (4a; + 3y + 16)a=6(3a?-4y). 

5. lQx^+24xy+9y^'-5x-l(hf + l=0. 

6. 9a:2+24a;y + 16y»-4y-aj+7=0. 

7. 144a:« - 120xy + 25y^ + 619a? - 272y + 663 = 0, and find its focus. 

8. 16«3-24xy+9y2+32a?+86y-39=0. 

9. 4a?»-4xy+y2_l2a?+6y + 9=0. 

Find the position and magnitude of the axes of the conies 
10. 12a;2-12a^ + 7ya=48. U. 3x^+2xy + ^^=Q. 

12. ar«-a5y-6y«=6. 

Trace the following central conies. 

13, a;«-2xycos2a+y»=2a2. 14. aj"-2ayoo8ec2a-fy*=a*. 
15. xy=a{x+y). 16. xy-y^=a^, 

17. y^-'2xy + 2x^+2x'2y=0. 18. x^+xy+y^+x+y = l. 
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19. 2a^+ 3jcy - 2y2- 7x + y - 2=0. 

20. 40a:8+ 36x2/ + 262/^- 196a: -122y + 205=0. 

21. 9a;2-32a:y + 9y2+60x + 10y=64J. 

22. a^-xy + 2y^-'2ax-'^y + 7a^=0, 

23. 10aj*-48ary-10y»+38ar + 442^-5i=0. 

24. 4a:2+27»y + 36ya-14a;-31y-6=0. 

25. (3a?- 4y+a)(4a5+3y + a)=a*. 

26. 3(2a?-3y + 4)2+2(3a;+2y-6)8=78. 

27. 2(3aj-4y + 6)2-3(4a: + 3y-10)a=150. 
Find the products of the semi-axes of the oonics 

28. y^-4xy + 5x^=2, 29. 4(3x+4y-7)a+3(4a?-32^+9)2=3. 

30. lUa + 16xy - 3/2 - 70a; -40y+ 82=0. 
Find the foci and the eccentricity of the conica 

31. ni^-Sxy+4ax=2a^. 32. 4ary-3xa-2ay=0. 

33. 5ai2+6a:y+52/« + 12a?+4y+6=0. 

34. x*+4ay+y^-2x+2y-6=z0, 

35. Shew that the latus rectum of the parahola 

(a2+ 62) {x^+y3)={bx+ay - abf 

is 2a6-^Va^+^• 

36. Prove that the lengths of the semi-axes of the conic 

ax^+2hxy+ay^=d 

~d~ 
■h 
respectively, and that their equation is x^-^^^-o. 

37. Prove that the squares of the semi-axes of the conic 

aa^+2hxy + by^+2gx+2fy + c=0 
are 2A-h{(a6 - h^) (a-t-fe ± J{a - 6)2+4;i2)}, 

where A is the discriminant. 

38. If X be a variable parameter, prove that the locus of the 
vertices of the hyperbolas given by the equation x^-y^+\xy=a^ is 
the curve {x^+y^)^=a^(x^-'y^). 

39. I^ the point {at^^, 2ati) on the parabola y^=iax be called the 
point ti, prove that the axis of the second parabola through the four 
points ^2,^2,^3, and t^ makes with the axis of the first an angle 



V^-^^V^ 



cot-^th+h+h:t.Uy 



Prove also that if two parabolas meet in four points the distances 
of the centroid of the four points from the axes are proportional to the 
latera recta. 
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40. If the prodaot of the semi-axes of the oonie x^ + '^ + I7y'= 8 
be unity, shew that the axes of coordinates are inclined at an angle 
sin-i \. 

41. Sketch the carve 6x^ - Ixy - 5^^ - 4a; + lly = 2, the axes being 
inclined at an angle of 30°. 

42. Prove that the eccentricity of the conic given by the general 
equation satisfies the relation 

l-g2 ■•■*-* (a6-/i2)sin2« * 
where ta is the angle between the axes. 

43. The axes being changed in any way, without any change of 
origin, prove that in the general equation of the second degree the 

quantities c, " ^ '^ . ;- , -^ . % — ^^^ , and -r-=- are 

^ ' sin^ay sin^w sm^ca 

invariants, in addition to the quantities in Aft. 137. 

[On making the most general substitutions of Art. 132 it is clear 
that e is unaltered; proceed as in Art. 137, but introduce the condition 
that the resulting expressions are equal to the product of two linear 
quantities (Art. 116); the results will then follow.] 



CHAPTER XVL 

THE GENERAL CONIC. 

370. Ix the present chapter we shall consider proper- 
ties of conic sections which are given by the general equation 
of the second degree, viz. 

a«j' + 2AiB2/ + V + 2^«^+2/y + c = .(1). 

For brevity, the left-hand side of this equation is often 
called <^ (x, y\ so that the general equation to a conic is 

Similarly, <^ {x\ y) denotes the value of the left-hand 
side of (1) when x' and y' are substituted for x and y. 

The equation (1) is often also written in the form S=0, 

371. On dividing by c, the equation (1) contains five 

independent constants - , - , - , - , and - . 

^ c c c c c 

To determine these five constants, we shall therefore 
require five conditions. Conversely, if five independent 
conditions be given, the constants can be determined. 
Only one conic, or, at any rate, only a finite number of 
conies, can be drawn to satisfy five independent conditions. 

372. To find tlis equation to the tangent at any point 
(x\ y') of the conic section 

<^(aj, y) = aa3' + 2Aajy+6/ + 2^a3 + 2yy + c = 0...(l). 

Let (as", y") be any other point on the conic. 
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The equation to the straight line joining this point to 
(«', y') is 

y-y'=f^(a'-*') (2). 

Since both {x\ y') and {x'\ y") lie on (1), we have 

ax'^ + 2Aa;y + hy'^ + 2^a;' + 2/y' + c = (3), 

and ax"^ + ^kx'Y + hy"^ + 'Igx" + 2fy" + c = (4). 

Hence, by subtraction, we have 

a {x'^ - x"^) + 2h {x'y' - x'Y) + 6 (y'-^ - y"^) 

+ 25r(a;'-a;") + 2/(y'-y") = (5). 

But 

2 (a:y - x'y ') = {x' + a;'') (y' - y") + (a;' -^ «;") {y' + y"), 
so that (5) can be written in the form 
(x' - x") [a {x' + x") + h{y'+ y") + 2^^] 

y"-y ^ a{x' + x") + h{y' + y") + ^g 
x"--x' k(x' + x") + b(y' + y") + 2j" 
The equation to any secant is therefore 

2' 2^- A(*' + «") + 6(y'+y") + 2/^'' x)...(b). 
To obtain the equation to the tangent at (x, y'), we put 
x" = a;' and y" = y' in this equation, and it becomes 

ax'-^-hy^-^g 

».e. (aa;' + Ay' + ^) a; + (Aa;' + fty' +/) y 

= a^^ + 2Aajy + 6y' + gx + /y' 
= — ^a;' — yy' — c, by equation (3). 
The required equation is therefore 
axa:' + h(xy' + x'y) + byy' + g(x + x') + f(y + y') 

+ c = (7). 

Cor. 1. The equation (7) may be written down, from 
the general equation of the second degree, by substituting 
XX for a^, yy' for y^, xy* + ody for 2a^, x-^-oii for 2aj, and 
y-^y' iovy, (Cf. Art. 152.) 
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Cor. 2. If the conic pass through the origin we have 
c = 0, and then the tangent at the origin (where a;' - and 
y = 0) is gx +/y = 0, 

i, e. the equation to the tangent at the origin is obtained by 
equating to zero the terms of the lowest degree in the 
equation to the conic. 

878. The eqaation of the previous article may also be obtained 
as follows ; If {x\ y') and (xf\ y") be two points on the oonic section, 
the equation to the line joining them is 

a{x-aO{x-x") + h[{x-x')(y-y") + {x-x'')(i,-y')] + b{y^y'){y-y^') 
=:ax* + 2hxy + by^-{-2gx + 2fy-\-c (1). 

For the terms of the second degree on the two sides of (1) cancel, 
and the eqaation reduces to one of the first degree, thus representing 
a straight line. 

Also, since {x', y') lies on the curve, the eqaation is satisfied by 
patting x=x' and y = y\ 

Hence (x\ y') is a point lying on (1). 

So («", y") lies on (1). 

It therefore is the straight line joining them. 

Putting x"=x' and y"=y* we have, as the equation to the tangent 
at (a:',!/'), 

a{x-x'f-\-2h(x-x')(y'-y')'^h(y'y'f 

i.e. 2axx' + 2h {x'y +xy') + 2byy' + 2gx + 2/y + c 
=ax^ + 2^y + 6y'2 

= - 2gxf - 2/y' - c, since (a?', y') lies on the conic. 
Hence the equation (7) of the last article. 

874. To find the condition that any straight line 

lx+my+n=0 (1), 

may touch the conic 

aa5*+2fcry+&y2+2^a?+2/y + c=0 (2). 

Substituting for y in (2) from (1), we have for the equation giving 
the absciss8B of the points of intersection of (1) and (2), 

x^ (aw? - 2hlm + 6P) - 2x (hmn - bin - gvn? +flm) 

•{■bn^-2fmn+cm^=0 (3). 

If (1) be a tangent, the values of x given by (3) must be equal. 
The condition for this is, (Art. 1,) 
{hmn - bin - gm^ +flm)^ = {am^ - 2hlm + b1}) (bn^ - 2fmn + cm^* 
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On simplifying, we have, after division by m^ 
P{bc-f^ + m^(ca-'g^)+n*{ah^h^)-^2mn{gh--af) + 2nl(hf-hg) 
+ 2lm{fg'-ch)=0, 

Bx. Find the equations to the tangents to the conic 

a^ + 4xy + Sy^-5x-^ + S=0 (1), 

which are parallel to the straight line x+^y=0. 
The equation to any suoh tangent is 

x + 42/+c=0 (2), 

where c is to be determined. 

This straight line meets (1) in points given by 

3a5»-ar(6c+28) + 3c»+24c + 48=0. 
The roots of this equation are equal, i,e. the line (2) is a tangent, 
if {2(6c + 28)}2=4. 3. (3ca+24c+48), ue. if c= -5 or -8. 
The required tangents are therefore 

a;+4y-5=0, and a? + 4y-8=0. 

376. As in Arts. 214 and 274 it may be proved that 
the polar of (x', y) with respect to ^ (a;, y) = is 

(oic' + Ay' + ^) fic + (Ao;' + hy' +/) y + ^a;' +/y' + c = 0. 

The form of the equation to a polar is therefore the 
same as that of a tangent. 

Just as in Art. 217 it may now be shewn that, if the 
polar of P passes through T^ the polar of T passes through 

The chord of the conic which is bisected at («', y\ 
being parallel to the polar of («', y') [Arts. 221 and 280], 
has as equation 

(oo;' + %' 4- ^) (a; - aj') + (Aa;' + 6y' +/) (y - y') = 0. 

376. To find the equation to the diameter bisecting aU 
chords parallel to the straight line y-mx, (See fig. Art 279.) 

Any such chord is y — mx + iT (1). 

This meets the conic section 

aa? + 21vx,y ■^by^ + 2gx + 2/y + c = 
in points whose abscissae are given by 

oaf + 2hx (mx ■\^ K) + b{mx + Ky+ 2gx + 2/{mx+ K)-\-c = Oy 
i, e, by a? (a + 2hm + bm^) + 2a; (hK + bmK + g + fin) 

+ 6Z« + 2/Z + c = 0. 
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If a^ and x^ be the roots of this equation, we therefore 
have 

■^ a + 2hm + bm' 

Let (X, Y) be the middle point of the required chord, 
so that 

y_ x^ + x^ _ (h-hbm)K+g-hfm . . 

2 ~ a + 2hm + bm^ ^ ^' 

Also, since (X, Y) lies on (1) we have 

Y=mX+K (3). 

If between (2) and (3) we eliminate X we have a 
relation between X and Y, 

This relation is 

— (a -4- 2hm + hm^)X= {h + bm) (F— mX) + g ^fm^ 
^. 6. -r(a + Am) + r(A + 6m) + g -^fm = 0. 

The locus of the required middle point is therefore the 
straight line whose equation is 

aj (a + hmi) -^-yijh-^ bm) + g -\-fm = 0. 

If this be parallel to the straight line y = m'a;, we 
have 

, a + Am ..V 

"^—TThk <*>' 

i,e, a + h(m + iif) +bmm' = (5). 

This is therefore the condition that the two straight 
lines y = mx and y^m'x may be parallel to conjugate 
diameters of the conic given by the general equation. 

877. To find the condition that the pair of straight lineSy whose 

equation is 

Asi?+2Hxy-\-By^=0 (1), 

may be parallel to corrugate diameters of the general conic 

ax^'\'2hxy + by^+2gx+2fy-\-c=0 (2). 

Let the equations of the straight lines represented by (1) hQy=mx 

and y=:m'Xy so that (1) is equivalent to 

B (y - mx) {y - ro'a;) =0, 

2Jff A 

and hence m-\-m'= - -^ , and mm'=r^ , 

u 23 
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By the condition of the last article it therefore follows that the 
lines (1) are parallel to conjngate diameters if 



►»(-¥)*•!-«. 



i,e, if Ab - 2Hh+Ba=^0, 

878. To prove that two concentric conic sections always have a 
pair, and only one pair^ of common conjugate diameters and to find 
their eqtiation. 

Let the two concentric conic sections he 

0^8 + 2^ + 6^2=1 (1), 

and a'a^+2h'xy + bY=l (2). 

The straight lines 

Aijp^+2Hxy-{-By^=0 (3), 

are conjngate diameters of both (1) and (2) if 
Ab-2Hh+Ba=0, 
and ^6'-2H/i'+Ba'=0. 

Solving these two equations we have 

A _ -2g _ B 

ha' -h'a" ab' -a'b~ W -b'h' 
Snbstitating these values in (3), we see that the straight lines 

x^ (ha' - h'a) - xy (ab' - a'b)+y* (bh' - b'h)=0 (4) 

are always conjugate diameters of both (1) and (2). 

Hence there is always a pair of conjugate diameters, real, coinci- 
dent, or imaginaxy, which are common to any two concentric oonic 
sections. 



EXAMPLES. T^-Tt , 

1. How many other conditions can a conic section satisfy when 
we are given (1) its centre, (2) its focus, (3) its eccentricity, (4) its 
axes, (5) a tangent, (6) a tangent and its point of contact, (7) the 
position of one of its asymptotes? 

2. Find the condition that the straight line lx+my=sl may 
touch the paraboUi (ax-byf-2(a^ + bl^)(ax-{-by) + (a^^lf*)^=0, and 
shew that if this straight line meet the axes in P and Q, then PQ 
will, when it is a tangent, subtend a right angle at the point (a, b), 

3. Two parabolas have a common focus ; prove that the perpen- 
dicular from it upon the common tangent passes through the 
intersection of the directrices. 
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4. Shew that the oonio -5 4- —?■ cos a + ~ =8in^ a is inscribed in 

the rectangle, the equations to whose sides are x^=a^ and y^=5^, and 
that the quadrilateral formed by joining the points of contact is of 
ooxistant perimeter 4 ija^+l^, whatever be the value of a. 

5. A variable tangent to a oonio meets two fixed tangents in two 
points, P and Q; prove that the loctis of the middle point of PQ is a 
conic which becomes a straight line when the given conic is a parabola. 

6. Prove that the chord of contact of tangents, drawn from an 
external point to the conic aa?+2hxy + by^=lf subtends a right angle 
at the centre if the point lie on the conic 

7. Given the focus and directrix of a conic, prove that the polar 
of a given point with respect to it passes through anothw fixed point. 

8. Prove that the locus of the centres of oonics which touch the 
axes at distances a and b from the origin is the straight line ay=bx, 

9. Prove that the locus of the poles of tangents to the conic 
ax^+2]ucy-\-by*=l with respect to the conic a'x^-h2h'xy + b'y^=l is 
the conic 

a{h'x+b'y)^-'2h{a'x + h'y){h'X'\-b'y) + b{a'x+h'yf=db-¥. 

10, Find the equations to the straight lines which are conjugate 
to the coordinate axes with respect to the conic Ax^+2Hxy+By^=l, 

Find the condition that they may coincide, and interpret the 
result. 

11, Find the equation to the common conjugate diameters of the 
oonics (1) ar*+4xy + 6y2=l and 2x^+6xy+9y^=l, 

and (2) 2x^-5xy + ^^=l and 2a;2+3a;y- V=l. 

12. Prove that the points of intersection of the conies 

ax^+2hxy + by*=zl and a'x^+2h'xy + bY=l 
are at the ends of conjugate diameters of the first conic, if 
ab'-{-a'b-'2hh'=2{ab-'h% 

13. Prove that the equation to the equi-conjugate diameters of 
the conic «a?+2tej, + 6j,»=l is ^f^+^^pt^l^lp . 

379. Two conicSf in general^ intersect in /ov/r points, 
real or imagvncury. 

For the general equation to two conies can be written 
in the form 

aa?-^2x{hy-¥g) +6y* + 2/y + c = 0, 
and a'aj2 + 2aj(% + ^') + ^y + 2/'y + c' = 0. 

23—2 
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Eliminating x from these equations, we find that the 
result is an equation of the fourth degree in y, giving 
therefore four values, real or imaginary, for y. Also, by 
eliminating a? from these two equations, we see that there 
is only one value of x for each value of y. There are there- 
fore only four points of intersection. 

380. EqucUion to any conic parsing through the inter- 
section of two given conies. 

Let SBa!x^ + 2hxy + bf-¥2gx-^2Jy + c^0 (1), 

and ^' = a'aj"+2A'ajy + 6y+2/a: + 2/V + c' = 0...(2) 
be the equations to the two given conies. 

Then S-\S' = (3) 

is the equation to any conic passing through the inter- 
sections of (1) and (2). 

For, since S and S' are both of the second degree in x 
and y, the equation (3) is of the second degree, and hence 
represents a conic section. 

Also, since (3) is satisfied when both S and S' are zero, 
it is satisfied by the points (real or imaginary) which are 
common to (1) and (2). 

; Hence (3) is a conic which passes through the intersec- 
tions of (1) and (2). 

381. To find the eqvxttions to the straight lines passing 
through the intersections of two conies gvoen by the general 
equations. 

As in the last article, the equation 

(a-Xa')aj« + 2(A-XA')cBy + (6-X6')aj» + 2(^-V)« 

+ 2(/-X/')y + (c-Xc') = (1), 

represents some conic through the intersections of the given 
conies. 

Now, by Art. 116, (1) represents straight lines if 
(a~W)(6-X6')(«-^') + 2(/-X/')((/-X<7')(A-X/0 
^(a-\a')(/^X/7-(6^X6')(i^-A^y-(c-Xc')(A-AAy 

= (2). 
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Now (2) is a cubic equation. The three values of X 
found from it will, when substituted successively in (1), 
give the three pairs of straight lines which can be drawn 
through the (real or imaginary) intersections of the two 
conies. 

Also, since a cubic equation always has one real root, 
one value of A, is real, and it could be shown that there can 
aJways be drawn one pair of real straight lines through the 
intersections of two conies. 

382. AU conies which pass through the irUersectums of 
ttao rectangtdar h^^perbolaa <xrc themselves rectangtdar ht/per- 
holas. 

In this case, if *S=0 and 6'' = be the two rectangular 
hyperbolas, we have 

a + 5 = 0, and a' + 6' = 0. (Art. 358.) 

Hence, in the conic S — XS'^O, the sum of the co- 
efficients of a^ and y* 

= (a-\a') + (6-X6') = (a + 6)-\(a' + 6') = 0. 
Hence, the conic S — kS' = 0, i,e. any conic through the 
intersections of the two rectangular hyperbolas, is itself a 
rectangular hyperbola. 

Oor. If two rectangular hyperbolas interseet in four points 
Af By C, and D, the two straight lines AD and BCt which are a conic 
through the intersection of the two hyperbolas, most be a reotangolar 
hyperbola. Henoe AD and BC most be at right an^es. Similarly, 
BD and CAt and CD and AB^ must be at right angles. Henoe D is 
the orthocentre of the triangle ABC. 

Therefore, if two rectangular hyperbolas intersect in four points, 
each point is the orthocentre of the triangle formed by the other 
three. 

383. I/L = Oy if=0, ir=0, andE = he the equations 
to the /ou/r sides of a quadrilcUeral taken in ordeTy the 
equation to any conic passing through its amgula/r points is 

LN=^\.MR (1). 

For Z=0 passes through one pair of its angular points 
and ir= Pousses through the other pair. Hence LN == is 
the equation to a conic (viz. a pair of straight lines) passing 
through the four angular points. 
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Similarly MR^O is the equation to another conic 
passing through the four points. 

Hence LN^ X . MR is the equation to any conic through 
the four points. 



Sinee L is proportional to the perpen- 
dioalar from any point (x, y) upon the straight line X«=0, the 
relation (1) states tiiat the produot of the perpendiculars from any 
point of the curve upon the straight lines L=0 and N=Q is propor- 
tional to the produot of the perpendiculars from the same point upon 
M=0 and 22=0. 

Hence If a come eireumaerihe a qtuidnlateral, the ratio of the 
product of the perpendiculars from any point P of the conic upon two 
opposite sides of the quadrilateral to the product of the perpendiculars 
from P upon the other two sides is the same for all positions of P. 

384. Equations to the conic sections passing throwgh 
the intersections of a conic and two 
given straight lines. 

Let /S = be the equation to the 
given conic. \ jt ^="<>^^l9 




Let w = and t? = be the equa- 
tions to the two given straight lines 
where 'vSsW-^'^^ S- 

u^ ax + hy + c^ 

and V = a'x + h'y + c'. 

Let the straight hne w = meet the conic iS = in the 
points P and R, and let v = meet it in the points Q and T, 

The equation to any conic which passes through the 
points P, Qy R, and T will be of the form 

JS=k.u,v (1). 

For (1) is satisfied by the coordinates of any point 
which lies both on S = and on t^ = ; for its coordinates 
on being substituted in (1) make both its members zero. 

But the points P and R are the only points which lie 
both on iS^ = and on w = 0. 

The equation (1) therefore denotes a conic passing 
through P and R, 

Similarly it goes through the intersections of <S^=0 and 
t;aaO, i,e, through the points Q and T, 
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Thus (1) represents some conic going through the four 
points Fy Q, H, and T, 

Also (1) represents any conic going through these four 
points. For the quantity \ may be so chosen that it shall 
go through any fifth point, or to make it satisfy any fifth 
condition; also five conditions completely determine a conic 
section. 

Ex. Find the equation to the conic which passes through the point 
(1, 1) and also through the intersections of the conic 

with the straight lines 2j;-y-5=0 and 3a;+2/-ll=0. Find also 
the parabolas passing through the same points. 

The equation to the required oonio must by the last article be of 
the form 

it^+2xy+&y^-7x-Sy + e=:\{2x-y-5){9x+y-ll)...{l). 
This passes through the point (1, 1) if 

l+2+6-7-8+6=X(2-l-6) (3+1-11), f.«.if X=-^. 
The required equation then becomes 
28(x?+2a5y+52/2-7a;-8y + 6) + (2x-y-5)(3aj+y-ll)=0, 
i.e. 34a? + 55xy + 139y* - 233a; - 218y + 223 = 0. 

The equation to the required parabola will also be of the form (1), 
i.e, 
«3{l-6X)+a:y(2+X)+ya(5+X)-aj(7-37X)-y(8+6X)+6-65X=0. 
This is a parabola (Art. 357) if (2+X)a=4 (1 - 6X) (5+X), 
i.e.U X=J[-12±V10]. 

Substituting these values in (1), we have the required equations. 

385. Particular cases of the equation 
S = xuv. 

I. Let u = and ^ = intersect on the curve, i.e. in 
the figure of Art. 384 let the 

points P and Q coincide. 

The conic S = kuv then goes 
through two coincident points 
at P and therefore touches the 
original conic at P as in the 
figure. 

II. Let u = and v = 
coincide, so that v = u. 



S=0 
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In this case the point T also moves up to coincidence 
with B. and the second conic 
touches the original conic at both 
the points F and R, 

The equation to the second 
conic now becomes S=\u\ 

When a conic touches a second 
conic at each of two points, the 
two conies are said to have double 
contact with one another. 

The two conies S = Xv? and S=0 therefore have double 
contact with one another, the straight line u = passing 
through the two points of contact. 

As a particular case we see that if w = 0, v = 0, and 
w = he the equations to three straight lines then the 
equation vw = Xu^ represents a conic touching the conic 
vw = where u = meets it, i,e, it is a conic to which 
v = and w = are tangents and w = is the chord of 
contact. 

m. Let u = he A tangent to the original conic. 

In this case the two points P 
and E coincide, and the conic 
S=X,uv touches S=0 where w=0 
touches it, and v = is the equa- 
tion to the straight line joining 
the other points of intersection of 
the two conies. 

If, in addition, v = goes 
through the point of contact of ti = 0, we have the equation 
to a conic which goes through three coincident points at P, 
the point of contact of u = 0; also the straight line 
joining P to the other point of intersection of the two 
conies is v = 0. 

rV. Finally, let v = and u = coincide and be 
tangents at P, The equation S = ku' now represents a 
conic section passing through four coincident points at the 
point where u = touches *S^ = 0. 




LINE AT INFINITY. 361 

386. laine at infinity. We have shewn, in Art. 
60, that the straight line, whose equation is 

0.a: + 0.y + C = 0, 

is altogether at an infinite distance. This straight line is 
called The line at Infinity. Its equation niay for brevity 
be written in the form (7 = 0. 

We can shew that parallel lines meet on the line at 
infinity. 

For the equations to any two parallel straight lines 
are 

Ax + By + C =0 (1), 

and Ax + By^C' = (2). 

Now (2) may be written in the form 

C — C 
Ax + By + G+ ^ (0.a; + 0.y + (7) = 0, 

and hence, by Art. 97, we see that it passes through the 
intersection of (1) and the straight line 

0.aj + 0.y + (7 = 0. 

Hence (1), (2), and the line at infinity meet in a point. 

387. Geometrical meaning of the equation 

S = ku (1), 

where Xis a constant, and u = is the equation of a straight 
line. 

The equation (1) can be written in the form 

S = \ux{0,x+0.y-k-l), 

and hence, by Art. 384, represents a conic passing through 
the intersection of the conic S=0 with the straight lines 

u = and 0.iB + 0.y + l = 0. 

Hence (1) passes through the intersection of ^= with 
the line at infinity. 

Since S = and S = ku have the same intersections with 
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the line at infinity, it follows that these two conies have 
their asymptotes in the same direction. 

Particular Case. Let 

so that S = represents a circle. 
Any other circle is 

i.e, a:* + y^ - a* = 25rflj + 2yy — a^ - c, 

so that its equation is of the form S = Xu, 

It therefore follows that any two circles must be looked 
upon as intersecting the line at infinity in the same two 
(imaginary) points. These imaginary points are called the 
Circular Points at Infinity. 

388. Geometrical meaning of the equation S = \y where 
kis a constant. 

This equation can be written in the form 

S = X{0.x + 0.y+lY, 

and therefore, by Art. 385, has double contact with S=0 
where the straight line 0.a; + 0.y+l=0 meets it, i.e. the 
tangents to the two conies at the points where they meet 
the line at infinity are the same. 

The conies S=0 and S=k therefore have the same 
(real or imaginary) asymptotes. 

Particular Case. Let S = denote a circle. Then 
S=k (being an equation which dififers from S=0 only in 
its constant term) represents a concentric circle. 

Two concentric circles must therefore be looked upon as 
touching one another at the imaginary points where they 
meet the Line at Infinity. 

Two concentric circles thus have double contact at the 
Circular Points at Infinity. 
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EXAMPLES. XT.m. 

1. What is the geometrical meaning of the equations 8=\, T, 
and 8=u^+kut where 5=0 is the equation of a oonic, T=0 is the 
equation of a tangent to it, and u=0 is the equation of any straight 
line? 

2. If the major axes of two conies be parallel, prove that the 
four points in whidi they meet are concyclic. 

3. Prove that in general two parabolas can be drawn to pass 
through the intersections of the conies 

ax^+2hxy + by^+2gx-\-2fy-\-c=0 
and a'aB»+2^'ajy + &y+2^aj+2/V + c'=0, 

and that their axes are at right angles if h (a' -h') = h'{a-b). 

4. Through the extremities of two focal chords of an ellipse a 
conic is described ; if this conic pass through the centre of the ellipse, 
prove that it will cut the major axis in another fixed point. 

5. Through the extremities of a normal chord of an ellipse a 
circle is drawn such that its other common chord passes through the 
centre of the eUipse. Prove that the locus of the intersection of 
these common chords is an ellipse simi lar to the given ellipse. If the 
eccentricity of the given ellipse be ^2 {»J2 - 1), prove that the two 
ellipses are equals 

6. If two rectangular hyperbolas intersect in four points A, B, C, 
and D, prove that the circles described on AB and CD as diameters 
out one another orthogonally. 

7. A circle is drawn through the centre of the rectangular 
hyperbola xy=c^ to touch the curve and meet it again in two points ; 
prove that the locus of the feet of the perpendicular let fall from the 
centre upon the common chord is the hyperbola ixy=i<^, 

8. If a circle touch an ellipse and pass through its centre, prove 
that the rectangle contained by the perpendiculars from the centre of 
the ellipse upon the common tangent and the common chord is 
constant for all points of contact. 

9. From a point T whose coordinates are (x', y^ a pair of 
tangents TP and TQ are drawn to the parabola y^^^ax ; prove that 
the line joining the other pair of points in which the circumoirole of 
the triangle TPQ meets the parabola is the polar of the point 
\2a - afj y\ and hence that, if Uie circle touch the parabola, the line 

Q touches an equal parabola. 

10. Prove that the equation to the cirde,, having double contact 

X^ 4/3 

with the ellipse -^ + ^= 1 at the ends of a latus rectum, is 
x^+y^ - 2a^x=a^ {1-e^- e*). 
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11. Two oireleB have doable contact with a conio^ their chorda of 
contact being parallel. Prove that the radical axis of the two circles 
is midway between the two chords of contact. 

12. If a cirde and an ellipse have donble contact with one another, 
prove that the length of the tangent drawn from any point of the 
ellipse to the circle varies as the distance of that point from the 
ch(»d of contact.; 

13. Two conies, A and B, have doable contact with a third conio 
C Prove that two of the common chords of A and B, and their 
chords of contact with C, meet in a point. 

14. Prove that the general eqaation to the ellipse, having doable 
contact with the circle sfi+y^=a* and teaching the axis of x at the 
origin, is cV+(a2+c2)y«-2a^y=0. 

15. A rectangalar hyperbola has doable contact with a fixed 
oentnd conic. If the chord of contact always passes throogh a fixed 
point, prove that ihe locas of the centre of the hyperbola is a cirde 
passing throogh the centre of the fixed conic. 

16. A rectangalar hyperbola has doable contact with a parabola ; 
prove that the centre of the hyperbola and the pole of the chord of 
contact are eqaidistant from the directrix of tiie parabola. 

389. To find the equation of the pair of tangents that 
can be dratl^from any point {x\ y') to the gevieral conio 

€l>{x, y) = aaf + 2hxy + hy^ + 2gx + 2fy + c = 0. 

Let T be the given point (a?', y'), and let P and B be the 
points where the tangents from 
T touch the conic. ' 

The equation to FB is there- v -/-|- 

fore u = 0, ^^^^^^^^sT^^N '' 

where u = (ax' ■\-h^ + g)x y^ »=oNj/ 

The equation to any conio I ^^' 

which touches iS^=0 at both of ^^^ -^^^ 
the points F and R is 

S^\u\ (Art. 385), 

i,e, aa^+2?ixy-\-hf^ + 2gx+2fy-^c 

-^X[{axf -^ hf/ + g)x -^ (ha/ + by^ +f) y + gx' +fy' + cV 

(I). 

Now the pair of straight lines TP and TE is a conio 
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section which touches the given conic at F and R and 
which also goes through the point T. 

Also we can only draw one conic to go through five 
points, viz. T^ two points at P, and two points at R, 

If then we find A. so that (1) goes through the point T^ 
it must represent the two tangents TP and TR, 
The equation (1) is satisfied by as' and y* if 
aan'^ + ^hx'y^ + hy'^ + 2^aj' + 2/y' + c 

= X[aa;'»+ 2Aa;y + hy'^ + 2gx' + 2,fy' -^cj. 

The required equation (1) then becomes 
^{x\ 2/') [cia? + 2Aicy + 5^* + 2gx + 2^^ + c] 

= [{ax' ^hi/ +g)x + (hx' + hy^ +/)y + gaif ^fy[ + cp, 

where t^ = is the equation to the chord of contact. 

390. Director circle of a conic given by the general 
eqtiation of the second degree. 

The equation to the two tangents from (x\ y') to the 
conic are, by the last article, 

aj»[a^(a?',y')-(aa;' + %' + <7)»] 
+ 2a?y [A^ (a:', y') - (aa' + V + ^) (^' + W +/)] 
+ 2/» \b^ \x\ y') - {hx' + h/ -k-ff] + other terms = 0. . .(1). 
If {x\ j/) be a point on the director circle of the conic, 
the two tangents from it to the conic are at right angles. 

Now (1) represents two straight lines at right angles if 
the sum of the coefficients of a? and y* in it be zero, 
i.e,\i{a + h)i»{x',y')-{ax' + hy'+gf-{hod + hy'+ff=^0. 
Hence the locus of the point («', y') is 
{a + h) {aa? + 2Aay + 5^^ + 2gx + 2fy + c) 

- {ax-^h/y + gf-{hx'\-hy +ff = 0, 
i,e, the circle whose equation is 

{af + y'){ab-'h^) + 2x{bg--/h)-\'2y{a/--gh) 
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Oor. If the given conic be a parabola, then ab = h?, 
and the locus becomes a straight line, viz. the directrix of 
the parabola. (Art. 211.) 

891. The equation to the director circle may also be obtained in 
another manner. For it is a circle, whose centre is at the centre of 
tiie conic, and the square of whose radius is equal to the sum of the 
squares of the semi-axes of the conic. 

The centre is, Art. 862, the point { ^r^^ a > |rr^) • 

Also, if the equation to the conic be reduced to the form 
aa:« + 2fcry + &y' + c' = 0, 
and if a and /3 be its semi-axes, we have, (Art. 364,) 
1 l_a+6 , 1 db-h^ 

so that, by division, a^+fii=:i^±^. 

The equation to the required circle is therefore 

/ hf-bgy ( gh-afy_ {a+b)e ' 
V a6-/iV '*"V db-hy" ab-k^ 
{a+b){abc + 2fgh-ap-bg^--ch^ 
= (ab-h^ (Art. 362). 

392. The eqvMion to the {imcbginary) tangents drawn 
from the focus of a conic to touch the conic satisfies the 
analytical condition for being a circle. 

Take the focus of the conic as origin, and let the axis of 
X be perpendicular to its directrix, so that the equation to 
the latter may be written in the form x + k = 0. 

The equation to the conic, e being its eccentricity, is 
therefore a^ -^^ ^ = e^ {x -\- k)\ 

i.e, ar»(l-e') + y»-2e'Aa;~6^P = 0. 

The equation to the pair of tangents drawn from the 
origin is therefore, by Art. 389, 

[ar» (1 - e«) + 3/« - 2e«As» - 6»*«] [-«»*»] = [-- 6»^a; - e»A2p, 
i.e. ic'(l-e^) + y'-2e'kx-e^^ = -e'[x-\-k]\ 
i.e. ar^ + y» = (1). 

Here the coefficients of m? and ^ are equal and the 
coefficient of a^y is zero. 
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However the axes and origin of coordinates be changed, 
it follows, on making the substitutions of Art. 129, that in 
(1) the coefficients of a? and y* will still be equal and the 
coefficient of xy zero. 

Hence, whatever be the conic and however its equation 
may be written, the equation to the tangents from the focus 
always satisfies the analytical conditions for being a circle. 

393. To find the foci of the conic given by the general 
equMion of the second degree 

aa? + 2hxy + 6^ + 2gx + yy + c = 0. 
Let (a/, y) be a focus. By the last article the equation 
to the pair of tangents drawn irom''it satisfies the conditions 
for being a circle. 

The equation to the pair of tangents is 
^{^'> '!/)[oa? -^^hxy + hf + 2gx+%fy + c'\ 

= [x{aa^ + hy' + g) + y{hx' -^bf/ +f) + (gx' +fy +c)]K 
In this equation the coefficients of a? and y^ must be 
equal and the coefficient of xy must be zero. 
We therefore have 
a^ (a/, y') -{aaf + hy' + gf = h^, {x\ y') ~ (Ax' + hy' +f)\ 
and h<f> {x\ y^) = (ax' + hy' + g) {hx' + hy' +/), 

i.e. 

{ax' + V + gf - {U + by' +ff _ {oaf + hy' + g) (h xf + by' +f) 
a-b ~ h 

These equations, on being solved, give the foci. 

Oor. Since the directrices are the polars of the foci, 
we easily obtain their equations. 

394. The equations (4) of the previous article give, in general, 
fonr values for x^ and four corresponding values for y\ Two of these 
would be found to be real and two imaginary. 

In the case of the ellipse the two imaginary foci lie on the minor 
axis. That these imaginary foci exist follows from Art. 247, by 
writing the standard equation in the form 

, 7,2 ._ ^2 ( 6* 1 2 
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This shews that the imagiixary pomt {0, tJW^^HF} is a focus, the 
52 
imaginary line y - . =0 is a directrix, and that the oorrespond- 

ing eccentricity is the imaginary quantity a/ — vj— . 

Similarly for the hyperbola, except that, in this case, the eccen- 
tricity is real. 

In the case of the parabola, two of the foci are at infinity and are 
imaginary, whilst a tlurd is at infinity and is real. 

896. Bz. 1. Find the foctis of the parabola 

16a;a - 2ixy + V - 80ar - 140y + 100=0. 
The focus is given by the equations 
{Ux" - 12y' - 40)« - ( - 12a;^ + 9y^ - 70)^ 
7 

_ (16a^ - 12y' - 40) ( ~ 12a;^ + 9y' - 70) 
-12 

= 16aj'a-24a;y+9y'2_8oy-140y'+100 (1). 

The first pair of equation (1) give 
12 (16«' - 12y' - 40)2 + 7 (16a;' - 12y' - 40) ( - 12j;' + 9y' - 70) 

-12(-12a?'+V-70)»=0, 
i.e, {4(16ar'-12y'-40)-3(-12a;' + 9i/'-70)} 

X {3(160:'- 12y'-40)+4(-12«'+V-70)}=0, 
U. (lOOaj' - 76y' + 50) x ( - 400) = 0, 

^that ,'=^^ 

We then have 16a;' - 12y' - 40= - 48, 

and -12a;'+9i/'-70=-64. 

The second pair of equation (1) then gives 

48x64 



12 



-=a;'(16a/-12y'-40)+/(-12a;' + 9y'-70)-40a/-70y'+10O 

= - 48a;' - 64y' - 40a;' - 70y' + 100 
= -88a;'-134y' + 100, 

i... -266=-88x'-???^Vl00, 

so that a/=l, and then y'=2. 

The focus is therefore the point (1, 2). 
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In the case of a parabola, we may also find the equation to the 
directrix, by Art. 390, and then find the poordinates of tibe focus, 
which is the pole of the directrix. 

XbE. 2. Find the foci of the conic 

b^ix^ - ^xy + 3 V - 40x - 24y - 464=0. 
The foci are given by the equation 
(55ar^-15|^-20)g- ( -15x^ + 39^^- 12)8 
16 

(55a!^ - I5y' - 20) ( - Ux' + 39y^ - 12) 
-16 

=55a?'a-30a:y + 39y'>-40a:'-24y'-464 (1). 

The first pair of equations (1) gives 
15 (56a;' - 15y' - 20)*+ 16 (bbs/ - 15y' - 20) ( - 16a;' + 39y' - 12) 

- 16 ( - 16a;'+39y' - 12)a=0, 
%,e. {6 (56a:' - Iby' - 20) - 3 ( - 15a:' + 39y' - 12) } 

{3(56a:'-16y'-20) + 5(-15a:' + 3V-12)} = 0, 
i.«. (5a:' - 32/' - 1) (3a:' + 6y' - 4) =0. 

■•■v-'4^' «. 

or 2/'= 5 (3). 

Substituting this first value of 2/ in the second pair of equation (1), 
we obtain 

O 

^ving a:'=2 or - 1. Hence from (2) y'=d or - 2. 

On substituting the second value of y' in the same pair of equation 
(1), we finally have 

2a:'«-2a:'+18=0, 
the roots of which are imaginary. 

We should thus obtain two imaginary foci which would be found 
to lie on the minor axis of the conic section. The real foci are 
therefore the points (2, 3) and ( ~ 1, - 2). 

396. Equation to the axes of the general 
conic. 

By Art. 393, the equation 
{ax + h^ + gy-{hx + hy+ff ^ (aa; + %+gr)(Aa; + 6 y+/) 
a — 6 h 

•• (1) 

represents some conic passing through the foci. 

L. 24 
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But, since it could be solved as a quadratic equation to 

ax + hy + a , .11. 

give f T- — 7> it represents two sfcraight lines. 

The equation (1) therefore represents the axes of the 
general conic 

397- To find the length of the straight lines drawn 
through a given point in a given direction to meet a given 
conic. 

Let the equation to the conic be 

<t>{x, y) = aar* + 2Aa:2,f + 6y* + 2^aj + 2/y + c = 0...(l). 

Let P be any point (x\ y'), and through it let there be 
drawn a straight line at an angle 6 
with the axis of a? to meet the 
curve in Q and Q\ 

The coordinates of any point 
on this line distant r from P 
are 

a/ + ycostf and y' + rsin^. 

(Art. 86.) 

If this point be on (1), we 
have 

a(a5' + rcos^)' + 2A(£c' + rcos^)(y' + rsin^)4-6(y'+rsin^)* 
+ 2^ (a' + r cos tf ) + 2/ (y' + r sin ^) + c = 0, 
Le. 

7^ [acos'^ + 2h cos^ sin ^ + 6 sin« 0] 
+ 2r[(oaJ' + Ay' + ^)cos^ + (^' + 62/+/)sin^] + <^(a/, y') = 

(2). 

For any given value of $ this is a quadratic equation in 
r, and therefore for any straight line drawn at an inclina- 
tion d it gives the values of PQ and PQf, 

If the two values of r given by equation (2) be of 
opposite sign, the points Q and Q' lie on opposite judes 
of P. 

If P be on the curve, then <^ {x\ y') is zero and one value 
of r obtained from (2) is zero. 



P 
O X 
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398. If two chords PQQ' and FRR he drawn in given 
directions through any point P to meet the curve vnQ^Qf amd 
Ry B! respectively^ the ratio of the rectangle PQ . P^ to the 
rectomgle PR . Pit is the same for aU points, and is therefore 
equal to the ratio of the squares of the dioffneters of the conic 
which wre drawn in the given directions. 

The values of PQ and PQ' are given by the equation of 
the last article, and therefore 

PQ.PQ' = product of the roots 

^ <^K3/) Qx 

acos*^+2Acos^sin^ + 5sin2"(?**'^ ^' 

So, if PRR be drawn at an angle $" to the axis, we have 

PR PTH- ^ (^'> y') /o\ 

^^•^^ -acos2^' + 2Acos^'sin^ + 6sin«^'"^ ^' 

On dividing (1) by (2), we have 

PQ.PQ' acos'ff + 2hcoaffsiriff + b ain^ff 

PR.PR~' aco82^ + 2Acos^sin^ + 5sin^'^ * 

The right-hand member of this equation does not contain 
of or y\ i,e, it does not depend on the position of P but only 
on the directions $ and 0\ 

PQ . PQ' 
The quantity 'Wp~i5pf ^ therefore the same for all 

positions of P, 

In the particular case when P is at the centre of the 

conic this ratio becomes pjL,2 > where C is the centre and CQ^ 

and CR' are parallel to the two given directions. 

Oor. If Q and Q' coincide, and also R and R, the two 
lines PQQ' and PRR become the tangents from -P, and the 
above relation then gives 

P^CQ^ . PQ CQ" 
PR" " CR'^ ' **^' PR " OR' ' 

Hence, If two tangents be draumfrom a point to a conic, 
their lengths are to one a/nother in the ratio of the parallel 
send-diametere of the come, 

24—2 
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399. If PQQ and PiQiQi he two chords dravm in 
parallel directions from two points P and P^ to meet a conic 
in Q and Q\ and Qi and Qi\ respectively, then the ratio of 
the rectangles PQ . PQ' and PiQi . PiQi is independent of the 
direction of the chords. 

For, if P and P^ be respectively the points (x\ y') and 
(x'\ y"), and be the angle that each chord makes with 
the axis, we have, as in the last article, 



PQ.PQ' = 



and P^Qr.P^Q^ = 



a cos» 6 + 2h<x»dsva6 + b sin' (9 ' 



so that 



a cos" 6 + 2hco&6 &.n0 + b sin* tf ' 



P.Qi.P.Q,' <l>('^',y"y 



400. ff a circle and a conic section cut one another in four pointSt 
the straight line joining one pair of points of intersection and the 
straight line joining the other pair are equally inclined to the axis of 
the come. 

For (Fig. Art. 397) let the circle and conic intersect in the four 
points Q, Q' and R, R' and let QQ' and BR' meet in P. 

^^ PRTPR'^CW'^ (Art. 398). 

But, since Q, Q\ R, and R' are four points on a circle, we have 
PQ.PQ'=zPR,PR', [Euo. III. 36, OorJ 
/. CQ"=CR", 
Also in any conic equal radii from the centre are equally inclined 
to the axis of the conic. 

Hence CQ" and CR'\ and therefore PQQ' and PRR', are equally 
inclined to the axis of the conic. 

401. To shew that any chord of a conic is cut hcur- 
mMiicaUy by the cturve, any point on 
the chord, and the poUvr of this point 
tfnth respect to the conic. 

Take the point as origin, and let 
the equation to the conic be 

aa^-h2ha>y + by^+2gx + 2fy-¥'C = 

(IX 
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or, in polar coordinates, 

7^{a coB^B + 2hcoB$BiaO + b sin» $) + 2r (^cos $ +/8in^)+c=0, 

i.e. 

c . -5 + 2 . - . (^ cos ^ +/sin $) 

+ a COS* ^ + 2 A cos ^ sin ^ + 6 sin' ^ = 0. 
Hence, if the chord OFF' be drawn at an angle 6 to OX, 
we have 

TTri + 7w5> = s^im of the roots of this equation in - 
OP OF ^ r 

^ cos ^ +/sin $ 

= — J . . 

c 

Let i? be a point on this chord such thau 

2__ J_ J[_ 

0B~ OP^ OF' 

Then, if OR = p, we have 

2 ^cos^+/sind 
- = — J 

P c 

so that the locus of R is 

g . p cos 6 4-y . p sin ^ + c = 0, 
or, in Cartesian coordinates, 

^a;+/y + c = (2). 

But (2) is the polar of the origin with respect to the 
conic (1), so that the locus of i? is the polar of 0, 

The straight line PF is therefore cut harmonically by 
and the point in which it cuts the polar of 0, 

Bz. Through any point U drawn a straight line to cut a conic 
in P and F and on it is taken a point R stuih that OR is (1) the 
arithmetic mean, and (2) the geometric mean^ between OP and OP*, 
Find in each case the locus ofR, 

Using the same notation as in the last article, we have 

0P+0P'=-2 ^cosg+/sing 

a cos> ^+2^oos ^ sin ^+6 sin^^ ' 

and OP.OF= acoa^ e +2hcoB Ban 6 -i-bBin^S' 
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(1) If i2 be the point (/>, $) we have 

Le. apooB*0+2hpooB0Bia$'hhpBin*d+gQOBe-i-fBm0=Or 
%,e,f in Cartesian coordinates, 

aa^+2hay + by^+gx+fy=0. 
The locus is therefore a conic passing through O and the inter- 
section of the conic and the polar of 0, i.e. through the points T 
and T\ and having its asymptotes parallel to those of tne given 
conic 

(2) If ii be the point {p, 0), we have in this case 

^^Qp Qpf^:^ !? 

'^ " aco8^9 + 2^cos^sin^+&sin'tf' 

t.e. a/)^cos3tf+2^/)^cos^sin^+V^'^=<'> 

The locos is therefore a conic, having its centre at and passing 
through T and T^ and having its asymptotes parallel to those of the 
given conic. 

409. To find the locus of the middle points of parallel ehorde of a 
conic. [Cf. Art. 376.] 

The lengths of the segments of the chord drawn through the point 
(x'y y*) at an angle to Uie axis of j; is given by equation (2) of Art. 
397. 

If (^'» y') be the middle point of the chord the roots of this 
equation are equal in magnitude but opposite in sign, so that their 
algebraic sum is zero. 

The coefficient of r in this equation is therefore zero, so that 
(aa^+hy'+g)ooB0 + (hx'+l)y'+f)Bin0=iO. 

The locus of the middle point of chords inclined at an angle $ to 
the axis of x is therefore the straight line 

(ax+hy+g) + {hx+by+f)taji0=:O. 

Hence the locus of the middle points of chords parallel to the line 
y=imx is 

{ax + hy+g) + {hx+by+f)m=0, 

i.e. x{a+hm)-i-{h+bm)y+g-{-fm=0. 

This is parallel to the line y^m'x if 

, a-\-hm 

i.«. if a+ A (wi+m') +6wim'=0. 

This is therefore the condition that y=^mx and y=m'x should be 
parallel to conjugate diameters. 
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408. Equation to the pair of tangents drawn from a given point 
{a/,y^toa given conie. [Gf. Art. 389.] 

If a straight line be drawn through (j/, y% the point P, to meet 
the conio in Q and Q', the lengths of PQ and P(y are given by the 
equation 

r>(aoos3^+2Aoos9sintf+6Bin>^) 

+2r[(aa:'+A/+ff)oostf+(^+6y'+/)Bin^]+0(a?', y')=0. 

The roots of this equation are equal, t.e. the corresponding lines 
touoh the conic, if 

{a<i(M^$+2hQoaemne+bBm^e)x<p(a/,y^ 

=[(ax'+hy'+g) cos 0-\'{hx'+ by'+f) sin Of, 

i.e.it (a+2Atantf+6tanS^)x^(a;', y') 

=[(axf+hy'+g) + (Jta^ + by'+f)i&n0]K..{l). 

The roots of this equation give the corresponding directions of the 
tangents through P. 

Also the equation to the line through P inclined at an angle to 
the axis of x is 

l^'"**"" (2). 

If we substitute for tan ^ in (1) from (2) we shall get the equation 
to the pair of tangents from P. 
On substitution we have 

{a(a?-a;')H2A(aj-x')(y-y')+&(y-y')'}^(«'»y') 
This equation reduces to the form of Art. 389. 
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1. Two tangents are drawn to an ellipse from a point P; if the 
points in which these tangents meet tiie axes of the ellipse be 
ooncydic, prove that the locus of P is a rectangular hyperbola. 

2. A pair of tangents to the conic Aa^+By*=:l intercept a 
constant distance 2k on the axis of x ; prove that the locus of their 
point of intersection is the curve 

Py» (Aa^ + By^ - l)=:Ak^ {By^ - 1)K 

3. Pairs of tangents are drawn to the conic aa^+/3^^=l so as to 
be lUways parallel to conjugate diameters of the conio 

ax^+hxy + by^=li 
shew that the locus of their point of intersection is the conio 

ax*+2hxy + by^=- + -, 
a p 
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4. Prove that the director circles of all conies which tonoh two 
given straight lines at given points have a common radical axis. 

5. A parabola cironmscribes a right-angled triangle. Taking its 
sides as the axes of coordinates, prove that l£e locus of the foot of the 
perpendicular from the right angle upon the directrix is the curve 
whose equation is 

and that the axis is one of the family of straight lines 

rn^h-k 

where m is an arbitrary parameter and 2A and 2k are the sides of the 
triangle. 

Find the foci of the curves 

6. S00afl+B20xy + l^y^ - 1220a; - 768i/ + 199=0. 

7. 16«a-24ajy + 9y3+28x+14y + 21=0. 

8. 144a;«-120«y+26y«+67a?-42y + 13=0. 

9. 0^3 - Gary +^^-10a;- 10^-19=0 and also its directrices. 

10. Prove that the foci of the conic 

aa^-{-2hxy + hy^=l 
are given by the equations 

x^-y^ _xy 1 

11. Prove that the locus of the foci of all conies which touch the 
four lines x= ±a and y = ± 6 is the hyperbola a? - y^=:a' - 6*. 

12. Given the centre of a conic and two tangents; prove that the 
locus of the foci is a hyperbola. 

[Take the two tangents as axes, their inclination being oi; let 
{xi, yi) and (ok,, y,) be the fooi, and (A, A;) the given centre. Then 
Xi+X2=2h ana yi+ya=2ft ; also, by Art. 270 (ft), we have 
y jy a sin* w = X1X2 sin* w = (semi-minor axis)'. 

From these equations, eliminating x, and y^, we have 

13. A given ellipse, of semi-axes a and &, slides between two 
perpendicidar lines; prove that the locus of its focus is the curve 

14. Conies are drawn touching both the axes, supposed oblique, at 
the same given distance a from the origin. Prove that the foci lie 
either on the straight line a;=y, or on the cirde 

sfi-\-y^+2xyoos(a=:a(x+y), 

15. Find the locus of the foci of conies which have a common point 
and a common director circle. 
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16. Find the locns of the focns of a reotangular hyperbola a 
diameter of which is given in magnitude and position. 

17. Through a fixed point O chords POP* and QOQ' are drawn at 
right angles to one another to meet a given conic in P, P*, Q, and Q', 

^'^ ^ po7dp'*-Q^' '" '^'"'*^'- 

18. •^ point is taken on the major axis of an ellipse whose abscissa 
is a€-f- a/2-62; prove that the sum of the squares of the reciprocals 
of the segments of any chord through it is constant 

19. Through a fixed point is drawn a line OPP* to meet a conic 
in P and P^ ; prove that the locus of a point Q on OPP^^ such that 

-^^ = -^^ + jr^ is another conic whose centre is 0. 

20. Prove Gamot's theorem, viz. : If a conic section out the side 
BC of a triangle ABO in the points A' and A", and, similarly, the 
side CA in B' and JB", and AB in C and C", then 

BA' . BA'' . OB" . C7B" .AC\ AC'=CA' . GA" . AW . AB" . BC . BC". 

[Use Art. 398.] 

21. Obtain the equations giving the foci of the general conic by 
making use of the fact that, if fif be a focus and PSP* any chord of 

the conic passing through it, then -^ + -^ is the same for all direc- 
tions of the chord. 

22. Obtain the equations for the foci also from the fact that the 
product of the perpendiculars drawn from them upon any tangent is 
the same for all tangents. 

404. To find the equation to a conic, tJie axes of co- 
ordinates being a tangent and normal to the conic. 

Since the origin is on the curve, the equation to the 
curve must be satisfied by the coordinates (0, 0) so that the 
equation has no constant term and therefore is of the form 
aa^ + 2hQsy -\-hf + 2gx + 2fy = 0. 

If this curve touch the axis of x at the origin, then, 
when y = 0, we must have a perfect square and therefore 
j/ = 0. 

The required equation is therefore 

aa' + 2Aa:y + 6y» + 2/y=0 (1). 

Bz. is any point on a conic and PQ a chord ; prove that 
(1) {/ PQ subtend a right angle at 0, it passes through a fixed 
point on the rwrmal at 0, and 
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(2) if OP and OQ he equally inclined to the normal at O, then 
PQpaues through a fixed point on the tangent at 0, 

Take the tangent and normal at as axes, so that the eqaation to 
the conic is (1), 

Let the eqaation to PQ be y=snix-\-c (2). 

Then, by Art. 122, the equation to the lines OP and OQ is 

c{aa^+2hxy + by^)-\-2fy{y'mx)=0 (3). 

(1) If the Imes OP and OQ be at right angles then (Art. 66)» we 
have ac + bc+2f=0, 

ssa constant for all positions of PQ. 

Bat e is the intercept of PQ on the axis of y, i.e. on the normal 
atO. 

The straight line PQ therefore passes through a fixed point on the 
— 2f 
normal at which is distant — ^ ^m 0. 
a+b 

This point is often called the Fr^gier Point. 

(2) If again OP and OQ be equally inclined to the axis of y then, 
in equation (3), the coefficient of xy must be zero, and hence 

2hc-2fm=:0t 

i.e. — = r = constant, 

m h 

But — is the intercept on the axis of x of the line PQ. 

Hence, in this case, PQ passes through a fixed point on the tangent 
atO. 

405. General equation to canica passing th/rotigh fowr 
given points. 

Let A, B, C, and D be the four points, and let BA and 
CD meet in 0. Take OAB 
and ODC as the axes, and 
letO^ = X,Oj5 = V, OD^ii^ 
And OC = ,i\ 

Let any conic passing 
through the four points be 

aafi-2h'icy+by' 

+ 2gx-\-2/y+c=0..,{l). 

If we put y = in this 
equation the roots of the 
resulting equation must be X and W 
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Hence 2g= — a(X.+ X.') and c = «XX', 
e , „ X+V 



\/ • 



Similarly 6= — 7 , and 2/= — c - 



On substituting in (1) we have 
fiftV + 2Aa?y + XA.y — /i/ (X + X') a: 

-XX'(/x + /)y + XXV = (1), 

where A = A'^^^. 

c 

This is the required equation, /» being a constant as yet 
undetermined and depending on which of the conies through 
A, B, Cy and D we are considering. 

406. Allter. We have proved in Art. 383 that the 
equation hLN^ MR^ k being any constant, represents any 
conic circumscribing the quadrilateral formed by the four 
straight lines Z = 0, -3/"= 0, iV= 0, and R = taken in this 
order. 

With the notation of the previous article the equations 
to the four lines AB^ BC, C2>, and DA are 

y = 0, p + ^,-l=0, aj = 0, 

and ^+2^-1 = 0. 

The equation to any conic circumscribing the quadri- 
lateral ABCD is therefore 

'^-(^^>)(^^o <"■ 

i.e. 

- /i^'(X+ X') a;-XX'(/ii + ft') y + XX'/iifi' = 0. 

On putting k/i + X'/x - kXX'fifi equal to another constant 
2h we have the equation (1) of the previous articla 
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407. Ordy one conic can be drawn itvrough any five 
points. 

For the general equation to a conic through four points 
is (1) of Art. 405. 

If we wish it to pass through a fifth point, we substitute 
the coordinates of this fifth point in this equation, and thus 
obtain the corresponding value of h. Except when three of 
the five points lie on a straight line a value of h will always 
be found, and only one. 

Bz. Find the equation to the conic section which passes through 
the five points A, B^ G^ D, and E, whose coordinates are (1, 2), (3, -4), 
(-l,8),(-2,- 3), and (6, 6). 

The equations to AB, BG, GD, and DA are easily found to be 
y+Sx-5=0, 4y+7«-6=0, 6a;-y + 9=0, and 6a;-3y + l=0. 

The equation to any conic through the four points A, B, G, and D 
is therefore 

(y + 3a;-6)(6a;-y + 9) = X(4y + 7a;-6)(6a;-3y + l) (1). 

If this conic pass through the point E^ the equation (1) must be 
satisfied by the values a; =5 and y =6. 

We thus have X=V^ and, on substitution in (1), the required 
equation is 

223aj»- 38a?y - 123y3« 171a; +83y + 360=0, 

which represents a hyperbola. 

408. To fmd the general eqvMtion to a conic section 
which Uyucheafour given straight lines, i.e. which is inscribed 
in a given quadrilateral. 
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Let the four straight lines form the sides of the quadri- 
lateral ABGD. Let BA and CD meet in 0, and take OAB 
and ODG as the axes of x and y, and let the equations to 
the other two sides BG and DA be 

IjX + mjy -1=0, and l^ + m^ -1 = 0. 

Let the equation to the straight line joining the points 
of contact of any conic touching the axes at P and Q be 

aac ■¥ hy — \ = 0, 

By Art. 385, II, the equation to the conic is then 

2Xa^=(aaj + %-!)« (1). 

The condition that the straight line BG should touch 
this conic is, as in Art. 374, found to be 

X = 2(a-y(6-mi) (2). 

Similarly, it will be touched hj AD ii 

X = 2(a-4)(ft-»^) (3). 

The required conic has therefore (1) as its equation, the 
values of a and h being given in terms of the quantity X by 
means of (2) and (3). 

Also X is any quantity we may choose. Hence we have 
the system of conies touching the four given lines. 

If we solve (2) and (3), we obtain 
26 -( 






409. The conic LM=B^, wh&re Z = 0, Jf=0, cmd 
E = are the equations of straight lines. 

The equation LM=0 represents a conic, viz. two straight 
lines. 

Hence, by Art. 385, II, the equation 

LM=1^ (1), 

represents a conic touching the straight lines Z = 0, and 
Af = 0, where B = meets them. 
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Thus L = and if = are a pair of tangents and ^ = 
the corresponding chord of contact. 

Every point which satisfies the equations M=i y^L and 
R = IjlL clearly lies on (1). 

Hence the point of intersection of the straight lines 
M=ft?L and Ii = fiL lies on the conic (1) for all values of 
/A. This point may be called the point ** /i." 

410. To Jmd the equation to the straight line joining 
two points '^ /jl" amd " /ll " and the equation to the tangent at 
the point "fi.^* 

Consider the equation 

aL+bM+B = (1). 

Since it is of the first degree and contains two constants 
a and h, at our disposal, it can be made to represent any 
straight line. 

If it pass through the point " /a " it must be satisfied by 
the substitutions if = fi'L and B = fiL, 

Hence a + bix' + fjL = (2). 

Similarly, if it pass through the point " ft' " we have 

a + 6fi'» + ft' = (3). 

Solving (2) and (3), we have 

fifi fi + fi 

On substitution in (1), the equation to the joining line is 

Lfi/i + M- {fi + fi')E = 0. 

By putting fb' = /A we have, as the equation to the 
tangent at the point "/x," 

Zfi« + if- 2/t5 = a 
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1. Prove that the loons of the foot of the perpendionlar let fall 
from the origin npon tangents to the conio ax*-\-2hxy + &y'=2as is the 
carve (A»- a6)(a;a+y^)'+2(a^+y>)(te-Ay)+y«=0. 

2. In the conic cu[^+2?ixy + by^=2yf prove that the rectangle 
oontained by the focal distances of the origin is . ^ . 

3. Tangents are drawn to the conic €ui^+2hxy + by^=:2x from 
two points on the axis of x equidistant from the origin; prove that 
their four points of intersection lie on the conic by^-i-hxy=x. 

If the tangents be drawn from two points on the axis of y equi- 
distant from the origin, prove that the points of intersection are on a 
sfaraight line. 

4. A system of conies is drawn to pass through four fixed points; 
prove that 

(1) the polars of a given point all pass through a fixed point, 
and (2) the locus of the pole of a given line is a conic section. 

5. Find the equation to the conic passing through the origin and 
the points (1, 1), ( - 1, 1), (2, 0), and (3, - 2). Determine its species. 

6. Prove that the locus of the centre of all conies circumscribing 
the quadrilateral formed by the straight lines y=:0, x=0, x+y=:l, 
takdy-x=s2 is the conic 2aB^-2y*+4a^ + 6y-2=0. 

7. Prove that the locus of the centres of all conios, which pass 
through the centres of the inscribed and escribed circles of a triangle, 
is the circumscribing circle of the triangle. 

8. Prove that the locus of the extremities of the principal axes of 
all conies, which can be described through the four points ( ±a, 0) and 
(0, J=&), is the curve 



g-g)(«'+y')-»^-v». 



9. AfBt Gy and D are four fixed points and AB and CD meet in 
O; any straight line passing through meets AD and BG in B and 
R' respectively, and any conic passing through the four given points 
in 8 and 8' ; prove that 

OB^ 0B^~ 08^ OS'* 

10. Prove that, in general, two parabolas can be drawn through 
four points, and that either two, or none, can be drawn. 

[For a parabola we have h= ± ^^XXVa*'-] 
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11. Prove that the locus of the oentres of the oonios oiroumBerib- 
ing a qaadrilateral ABCD (Fig. Art. 405) is a conio passing through 
the vertices 0, I>, and M of the quadrilateral and through £e middle 
pomts of AB, AG, AD, BC, BD, and CD. 

Prove also that its asymptotes are parallel to the axes of the 
parabolas through the four points. 

[The required locus is obtained by eliminating h from the equa- 
tions 2fvi'a?+2%-/A/(X+X')=0, and 2^+2XX'y-XX'(/tt+/)=0.] 

12. By taking the case when XX'=: -/x/t' and when AB and CD 
are perpendicular (in which case ABC is a triangle having D as its 
orthooentre and AL, BM, and CO are the perpendiculars on its 
sides), prove that all conies passing through the voices of a triangle 
and its orthooentre are rectangular hyperbolas. 

From Ex. 11 prove also that the locus of its centre is the nine 
point drde of the triangle. 

13. Prove that the triangle OML (Fig. Art. 405) is such that eaoh 
angular point is the pole of the opposite side with respect to any 
conic passing through the angular points A, B, C, and D of the 
quadrilateral. 

[Such a triangle is called a Self OonJnsate Tlrlani^.] 

14. Prove that only one rectangular hyperbola can be drawn 
through four given points. Prove also that the nine point circles of 
the four triangles that can be formed by four given points meet in a 
point, viz. , the centre of the rectangular hyperbola passing through 
the four points. 

15. By using the result of Art. 874, prove that in general, two 
oonics can be drawn through four points to touch a given stnught 
line. 

A system of conies is inscribed in the same quadrilateral ; proye 
that 

16. the locus of the pole of a given straight line with respect to 
this ^stem is a straight line. 

17. the locus of their oentres is a straight line passing through the 
middle points of the diagonals of the quadrilateral 

18. Prove that the triangle formed by the three diagonals OX., 
AC, and BD (Fig. Art. 408) is such that each of its angular points is 
the pole of the opposite side with respect to any conic inscribed in the 
quadrilateral. 

19. Prove that only one parabola oan be drawn to touch any fonr 
given lines. 

Hence prove that, if the four triangles that oan be made by four 
lines be drawn, the orthocentres of these four straight lines lie on a 
straight line, and their circumdrd^B meet in a point. 



CHAPTER XVII. 

MISCELLANEOUS PROPOSITIONS. 

On the foar normals that can be drawn from any point in 
the plane of a central conic to the conic. 

411. Let the equation to the conic be 

Aa^ + By'^^l (1). 

[If A and B be both positive, it is an ellipse ; if one be 
positive and the other negative, it is a hyperbola.] 

The equation to the normal at any point {x\ j/) of the 
curve is 

x-x' ^ y-y ' 

Ax' By' ' 

If this normal pass through the given point (A, k), we 
have 

h — x'_^k'-y 
17""By^' 

i.e. {A'-B)xy + Bhy'--Akx' = (2). 

This is an equation to determine the point {x\ y') such 
that the normal at it goes through the point (A, h). It 
shews that the point (as', y') lies on the rectangular hyper- 
bola 

{A - B) ayy + Bhy -- Akx = Q (3). 

The point (aj', y') is therefore both on the curve (3) and 
on the curve (1). Also these two conies intersect in four 
points, real or imaginary. There are therefore four points, 

L. 25 
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in general, lying on (1), such that the normals at them pass 
through the given point (A, k). 

Also the hyperbola (3) passes through the origin and 
the point (A, k) and its asymptotes are parallel to the axes. 

Hence From a given paint four normals can in general 
he drawn to a given central conic, amd thei/r feet aU lie on a 
certain rectangvZa/r hyperbola, which passes through the 
given point and the centre of the conic, and has its asymptotes 
parallel to the axes of the given conic, 

412. To find the conditions that the normals al the 
points where two given straight lines meet a central conic 
may meet in a point 

Let the conic be 

Aa?-^Bf=\ (1), 

and let the normals to it at the points where it is met by 
the straight lines 

l^x + m^^\ (2), 

and l^-\-m^ = 1 (3) 

meet in the point (A, k). 

By Art. 384, the equation to any conic passing through 
the intersection of (1) with (2) and (3) is 

Aa? + B^ - 1 + X (?ia; + m^ - 1) (l^ + m^ - 1) = 0...(4). 

Since these intersections, are the feet of the four 
normals drawn from (A, Jc), then, by the last article, the 
conic 

{A-B)xy + Bhy'Akx=^0 (5) 

passes through the same four points. 

For some value of \ it therefore follows that (4) and (5) 
are the same. 

Comparing these equations, we have, since the co- 
efficients of ^ and ^ and the constant term in (5) are all 
zero, 

A + AZi4 = 0, j5 + XwjiWa = 0, and - 1 + X = 0. 
Therefore X = 1, and hence 

1^1^ = — A, and miWi, = -^ (6). 
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The relations (6) are the required conditions. 

Also, comparing the remaining coefficients in (4) and (5), 
we have 

A^B "" -Ah " Bh ' 
so that A = -^^^?^Ll^ (7), 

A Ijm^ + limi ^ 

Cor. 1. If the given conic be an ellipse, we have 

A =-z and B^^i- 
or 6' 

The relations (6) then give 

a\l^ = b^nim^=:-l (9), 

and the coordinates of the point of concurrence are 

_ a^-P mi + ma __ ; / j .^ 1 - 6 V 

a^-b^ 1, + k /a M\ l-aV 



and k = — 



b' l^m^ + l^m," "^^^^ ^^'a%^ + l^^' 



Cor. 2. If the equations to the straight lines be given 
in the form t/ = nix + c and y = m'x + c\ we have 

k 1 , 4 , , 1 

m = . c — — , w= -. and c = — . 

The relations (9) then give 

mink = —- and cc' - — 6*. 
or 

418. If the normals at four points P, Q, ii, and 8 of an ellipse 
meet in a painty the sum of their eccentric angles is equal to an odd 
multiple of two right angles. [Of. Art. 293.] 

25—2 
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If a, /3, 7, and d be the eooenirio angles of the four points, the 
equations to PQ and RS are 

Bin-y 

6 cos -^-^ 

and y=-a?. -cot^-+ [Art. 269.] 

^ a 2 . 7+3 

Since the normals at these points meet in a point, ve have, by 
Art. 412, Cor. 2, 

-s=mmr=-^ cot — — cot ^^5— . 
a* a* 2 2 

. 0+/3 .7 + 5 . /ir 7 + «\ 
0+/S . IT 7 + « 

t,«. a+/3+7+«=(2TO + l)ir. 

414. Bz. 1. If the normah at the points A, B, C, and D of an 
ellipse meet in a poiiU 0, prove that 8A.SB.8C. SD=\* . fifO*, where 
8 is one of the foci and \isa constant. 

Let the equation to the ellipse be 

s+P=i W' 

and let be the point {h, k). 

As in Art. 411, the feet of the normals drawn from O lie on the 
hyperbola 



/I 1\ ^hy kx ^ 



i.e. a^ehcy=:a*hy-b^kx (2). 

The coordinates of the points AjB,C, and D are therefore foond 
by solving (1) and (2). 

From (2) we have y^-^^.^. 

Substituting in (1) and simplifying, we obtain 

x^a^e^ - 2fta»e V + x^ (a^h^ + 6»A:» - a*e*) + 2he^a*x - aW=:0. . . (8). 
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if a?!, x„ a;,, and x^ be the roots of this equation, we have (Art. 2), 

zxix^^= — ^,- , and XjX^^^ = - -^. 

if £f be the point {-ae,0) we have, by Art. 251, 
8A=a-k-exi. 
.'. 8A.8B.SC, 8Dsz(a+exi) {a+ ex^ {a+ex^) {a+ex^) 

= ~§ {(^+a«)'+^}» on snbstitation and simplifieation, 

AUter. If p stand for one of the quantities 8A, 83, 8G, or SD 
we have p=za+ex, 

ue. xsz-ip-a), 

Snbstitnting this value in (8) we obtain an equation in the fourth 
degree, and eanly have 

PiPtP2p4=' ^[(^+o<)*+*^, as before. 

Bz. 2. If the normals at four points P, Q, R, and 8 of a central 
conic meet in a pointy and if PQ pa^s through a fixed point, find the 
locus of the middle point of R8. 

Let the equation to PQ be 

y=Wi^ + Ci (1), 

and that to R8 y^m^+c^ (2). 

If the equation to the given conic be Aa^+By^=l, we then have 
(by Art. 412, Cor. 2) 

^1^=^ *"^^^* 

and c^c^=: -~ (4). 

If (/, g) be the fixed point through which PQ passes, we have 

g=mJ+Ci (6). 

Now the middle point of R8 lies on the diameter conjugate to it, 
t.«. by Art. 876, on the diameter 

i.«., by (8), y= -TOi« (6). 
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Kow, from (4) and (5), 

80 that, by (S), the equation ioRSU 

y=Mi'-B(rfiii{) <'*• 

Eliminatmg % between (6) and (7), we easily have, as the equation 
to the required loons, 

{Aa^+By*) igx+fy)+xy=0. 

Oor. From equation (6) it follows that the diameter conjugate to 
RS is equally inclined with PQ to the axis, and hence that the points 
P and Q and the ends of the diameter conjugate to BS are conoyclio 
(Art. 400). 

EXAMPLES. XLVL 

1. If the sum of the squares of the four normals drawn from a 
point to an ellipse be constant, prove that the locus of is a oonio. 

2. If the sum of the reciprocals of the distances from a focus of 
the feet of tiie four normals drawn from a point to an ellipse be 

4 
pr , prove that the locus of is a parabola passing through that 

focus. 

3. If four normals be drawn from a point to an ellipse and if 
the sum of the squares of the reciprocals of perpendiculars from the 
centre upon the tangents drawn at their feet be constant, prove that 
the locus of is a hyperbola. 

4. The normals at four points of an ellipse are concurrent and 
they meet the major axis in G^, G^, Gg, and O^; prove that 

1111 4 



CGi CQ^ CG^ CG^ CGi+ CG,+ CG^-k-CG^ ' 

5. If the normals to a central conic at four points L, Jtf, 7^, and 
P be concurrent, and if the circle through L, M^ and N meet the curve 
again in P', prove that PF* is a diameter. 

6. Shew that the locus of the foci of the rectangular hyperbolas 
which pass through the four points in which the normals drawn from 
any pomt on a given straight line meet an ellipse is a pair of conies. 

7. If the normals at points of an ellipse, whose eccentric angles 
are a, /3, and 7, meet in a point, prove that 

8in(/5+7) + sin(7 + a) + 8in(o+/3)=rO. 
Hence, by page 235, Ex. 15, shew that if PQR be a maximum 
triangle inscribed in an ellipse, the normals at P, Q, and B are 
concurrent. 
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8. Prove that the normals at the points where the straight line 
+ i-T^ — =1 meets the ellipse -s + ?• =1 nieet at the point 



aoosa 



( -otf'cos'o, -^sin'aj. 



9. Prove that the loci of the point of intersection of normals at 
the ends of focal chords of an ellipse are the two ellipses 

10. Tangents to the ellipse -%+ ^=1 are drawn from any point 

on the ellipse -^ + ^^=4; prove that the normals at the points of 
contact meet on the ellipse a^x* + 6^*= i (a* - 6*)*. 

11. Any tangent to the rectangular hyperbola ixy=sab meets the 
ellipse -^ + ^= 1 in the points P and Q ; prove that the normals at P 
and Q meet on a fixed diameter. 

12. Chords of an ellipse me et the major axis in the point whose 
distance from the centre is a yj -^^ ; prove that the normals at its 
ends meet on a circle. 

13. From any point on the normal to the ellipse at the point 
whose eccentric angle is a two other normals are drawn to it ; prove 
that the locus of the point of intersection of the corresponding 
tangents is the curve 

xy-^hx sin a+a^^ cos a=0. 

14. Shew that the locus of the intersection of two perpendicular 
normals to an eUipse is the curve 

(a«+6»)(x»+y«)(ay+62a:y=(a»-6»)a(aV-W»)". 

gA yt 

15. ABC is a triangle inscribed in the ellipse -, + p =1 having 

each side parallel to the tangtot at the opposite angular point ; prove 
that the normals tX A^ B, and C meet at a point which lies on the 

eUipse a»a:a+6V=i(«'-^)'. 

16. The normals at four points of an ellipse meet in a point (A, h). 
Find the equations of the axes of the two parabolas which pass 
through the four points. Prove that the angle between them is 

2 tan-^ - and that they are parallel to one or other of the equi-con- 

jngates of the ellipse. 
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17. Prove that the centre of mean position of the four, points on 
the ellipse -a + T3=li ^^ normals at whioh pass through the point 
(a, /3), is the point 

18. Prove that the product of the three normals drawn from any 
point to a parabola, divided by the product of the two tangents from 
the same point, is equal to one quarter of the latus rectum. 

19. Prove that the conic 2aky={2a-h)y*+iax^ intersects the 
parabola y^=Aax at the feet of the normals drawn to it from the point 
(^ fc). 

20. Prom a point (A, k) four normals are drawn to the rectangular 
hyperbola xy=c^; prove tnat the centre of mean position of their feet 

is the point [ ^ t t ) > ai^d that the four feet are such that each is the 

orthocentre of the triangle formed by the other three. 

Confocal Conies. 

416. Def. Two conies are said to be confocal when 
they have both foci common. 

To find the eqwition to conies which are confocal tvith 
the dlipae 

iA-' <»)• 

All conies having the same foci have the same centre 
and axes. 

The equation to any conic having the same centre and 
axes as the given conic is 

i4-' -- » 

The foci of (1) are at the points (* Va^-ft', 0). 
The foci of (2) are at the points {do^A-B, 0). 
These foci are the same if 

A^B = a^-b\ 
i.e.ii A--a' = B^b^ = \{8a.j). 

.-. il=a* + X, and 5 = 6»+X. 
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The equation (2) then becomes 

which is therefore the required equation, the quantity X 
determining the particular confocaL 

416. F(yr different values of \ to trace the conic given 
hy the equation 

-l^ + O^T=-l (0- 

First, let X be very great; then a' + X and 6' + X are 
both very great and, the greater that X is, the more nearly 
do these quantities approach to equality. A circle of 
infinitely great radius is therefore a confocal of the 
system. 

Let X gradually decrease from infinity to zero; the 
semi-major axis Ja^ + k gradually decreases from infinity 
to a, and the semi-minor axis from infinity to b. When X 
Is positive, the equation (1) therefore represents an ellipse 
gradually decreasing in size from an infinite circle to 
the standard ellipse 

^ + 3^=1. 

This latter ellipse is marked / in the figure. 

Next, let X gradually decrease from to -6*. The 
semi-major axis decreases from a to v a^ — 6', and the semi- 
minor axis from 6 to 0. 

For these values of X the confocal is still an ellipse, 
which always lies within the ellipse /; it gradually 
decreases in size until, when X is a quantity very slightly 
greater than — 6^, it is an extremely narrow ellipse very 
nearly coinciding with the line SH, which joins the two 
foci of all curves of the system. 

Next, let X be less than —6'; the semi-minor axis 
>/6' + X now becomes imaginary and the curve is a hyper- 
bola ; when X is very slightly less than — b* the curve is a 
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hyperbola very nearly coinciding with the straight lines 
SZ and ffX\ 




[As X passes through the value — 6" it will be noted that 
the confocal instantaneously changes from the line-ellipse 
SH to the line-hyperbola SX and ffX\] 

As X gets less and less, the semi-transverse axis v a' + X 
becomes less and less, so that the ends of the transverse 
axis of the hyperbola gradually approach to C, and the 
hyperbola widens out as in the figura 

When X = ~a', the transverse axis of the hyperbola 
vanishes, and the hyperbola degenerates into the infinite 
double line TOT. 



— a\ both semi^xes of the conic 
therefore the confocal becomes 



When X is less than 
become imaginary, and 
wholly imaginary. 

417. Through cmy point in the plcme of a given conic 
there can be draum two conies confocal fvith it ; also one of 
these is an ellipse ami the other a hyperbola. 

Let the equation to the given conic be 

^ + ^=1 
and let the given point be {fj g). 
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Any conic confocal with the given conic is 



a» + X 6^ + X 
If this go through the point (/, g\ we have 

•^ -^ ^ -1 (^\ 



This is a quadratic equation to determine X and there- 
fore gives two values of X, 

Put 6" + X = /A, and hence 

a' + X = fi + a'-6'=fL + aV. 

The equation (2) then becomes 



ft + aV It. 

Le. /*» + ,.(aV-/'-(/»)~(/»aV = (3). 

On applying the criterion of Art. 1 we at once see that 
the roots of this equation are both real 

Also, since its last term is negative, the product of 
these roots is negative, and therefore one value of ft is 
positive and the other is negative. 

The two values of 6' + X are therefore one positive and 
the other negative. Similarly, the two values of a' + X can 
be shewn to be both positive. 

On substituting in (2) we thus obtain an ellipse and a 
hyperbola. 

418. Confocal conice cut at right angles. 
Let the confocals be 

a' + Xj o' + Xi a* + Xa o'^ + Xj 

and let them meet at the point (x\ y'). 

The equations to the tangents at this point are 

^ , yy' -1 and -^ + -2^-1 
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These cut at right angles if (Art 69) 

(a« + Ai)(a« + X,)'*'(6« + Xi)(6^ + A,)" 

But^ since (a/, y) is a common point of the two confocals, 
we have 

^^ — = 1, and -z — r- + 7T^v =1. 



:=0 (1). 



By subtraction, we have 

a/* y'2 

*•''• (a« + \) (a» + Xa) ^ (6*TxJ(i«TA,) " ^ ^^^• 

The condition (1) is therefore satisfied and hence the 
two confocals cut at right angles. 

Cor. From equation (2) it is clear that the quantities 
6' + Xi and 6^ + Xg have opposite signs ; for otherwise we 
should have the sum of two positive quantities equal to 
zero. Two confocals, therefore, which intersect, are one an 
ellipse and the other a hyperbola. 

419. One conic and, only one conic ^ emfocal with the conic 

-i+vs^ilt can be drawn to touch a given straight line, 
a* tr 

Let the equation to the given straight line be 

xcoBa+yBma=p (1). 

Any oonfocal of the system is 

a$xn4=^ ••<^)- 

The straight line (1) touches (2) if 

pa= (o«+X) co8«o + (63+X) sm3 a (Art. 264), 

i.e, if X =2?' - a" cos^ a - 6* sin* a. 

This only gives one value for X and therefore there is only one 
oonic of the form (2) which touches the straight line (1). 

Also X+a*=i?*+(a*-6^sin*o=a real quantiiy. The oonio is 
therefore real 
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BXAMPLEfl XLVH 

1. Prove that the diflerenoe of the squaree of the perpendionlars 
drawn from the centre upon parallel tangents to two given oonfooal 
oonics is constant. 

2. Prove that the equation to the hyperbola drawn through the 
point of the ^pse, whose eccentrio angle is a, and which is oonfooal 
with the ellipse, is 

-V ---V =«'-**• 

oos'a sin^a 

3. Prove that the locus of the points lying on a system of oonfooal 
ellipses, which have the same eccentric angle a, is a oonfooal hyperbola 
whose asymptotes are inclined at an angle 2a. 

4. Shew that the locus of the point of contact of tangents drawn 
from a given point to a system of oonfocal conies is a cubic curve, 
which passes through the given point and the foci 

If the given point be on the major axis, prove that the cubio 
reduces to a circle. 

5. Prove that the locus of the feet of the normals drawn from a 
fixed point to a series of confocals is a cubic curve which passes 
throu^ the given point and the foci of the confocals. 

6. A point P is taken on the conic whose equation is 



x« 



+ .^^=1. 



such that the normal at it passes through a fixed point {Kk)\ prove 
that P lies on the curve 

y-k x-h~~ hy-kx' 

7, Two tangents at right angles to one another are drawn from 
a point P, one to each of two oonfooal ellipses ; prove that P lies on 
a fixed drole. Shew also that the line joining the points of contact ia 
biseeted by the line joining P to the conmion centre. . 

8, From a given point a pair of tangents is drawn to each of a 
g^ven system of confocals ; prove that the normals at the points of 
contact meet on a straight line. 

9, Tangents are drawn to the parabola y^ssixtja^-h*, and on 
each is taken the point at which it touches one of the confocals 

'a«+X"*"6»+X"" ' 
prove that the locus of such points is a straight line. 
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10. Normals are drawn from a given point to eaoh of a system of 
oonfocal oonios, and tangents at the feet of these normals; prove that 
the loons of the middle points of the portions of these tangents 
intercepted between the axes of the coufocals is a straight line. 

11. Prove that the loons of the pole of a given stnught line with 
respect to a series of oonfocals is a straight Une whioh is the normal 
to that oonfooal which the straight line touches. 

12. A series of parallel tangents is drawn to a system of oonfooal 
conies; prove that the loons of the points of contact is a rectangular 
hyperbola. 

Shew also that the locus of the vertices of these rectangular 
hyperbolas, for different directions of the tangents, is the curve 
f^ = c*oos2$, where 2e is the distance between the fod of the 
oonfocals. 

13. The locus of the pole of any tangent to a oonfooal with respeot 
to any oirole, whose centre is one of the foci, is obtained and found to 
be a circle; prove that, if the circle corresponding to each oonfooal be 
taken, they are all coaxal. 

14. Prove that the two conies 

aa^-\-2hxy + by^=l and a'x^+2h'xy-^bY=:l 
can be placed so as to be confooal, if 

(g - h)^+W _ ja' - y)«+4fe^ 
{ab-hY " {a'b'-hY ' 

Curvature. 

420. Circle of Curvature. Def. If F, Q, and B 

be any three points on a conic section, one circle and only 
one circle can be drawn to pass through them. Also this 
circle is completely determined by the three points. 

Let now the points Q and H move up to, and ultimately 
coincide with, the point P ; then the limiting position of 
the above circle is called the circle of curvature at P; also 
the radius of this circle is called the radius of curvature at 
Ff and its centre is called the centre of curvature at F. 

421. Since the circle of curvature at F meets the 
conic in three coincident points at F, it will cut the curve 
in one other point P'. The line FF* which is the line 
joining F to the other point of intersection of the conic and 
the circle of curvature is called the common chord of 
curvature. 
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We shewed, in Art. 400, that, if a circle and a conic 
intersect in four points, the line joining one pair of points 
of intersection and the line joining the other pair are 
equally inclined to the axis. In our case, one pair of 
points is two of the coincident points at P, and the line 
joining them therefore the tangent at P ; the other pair of 
points is the third point at P and the point P\ and the 
line joining them the chord of curvature PP\ Hence the 
tcmgent cU P cmd the chord of curvature PP' a/re^ in arvy 
conic, equally inclined to the axis, 

422. To find the equation to the circle of curvcUv/re cmd 
the length of die radius of curvonture at cmy point {af, 2at) 
of the pa^ahola y* = Aax. 

If S=0 be the equation to a conic, ^=0 the equation 
to the tangent at the point P, whose coordinates are at^ and 
2at, and X = the equation to any straight line passing 
through P, we know, by Art. 384, that S + \.L.T=0 is 
the equation to the conic section passing through three 
coincident points at P and through the other point in which 
Z = meets iS^=0. 

If X and Z be so chosen that this conic is a circle, it will 
be the circle of curvature at P, and, by the last article, we 
know that X = will be equally inclined to the axis with 
T=0, 

In the case of a parabola 

S^y^-iaoc, and T^ty-x-a^. (Art. 229.) 

Also the equation to a line through (a^, 2at) equally 
inclined with T=0 to the axis is 

«(y- 2a«) + x — a«* = 0, 

so that Z = <y + ic — 3a^. 

The equation to the circle of curvature is therefore 

y^ — ^ax + k(ty-x- at*) (ty + 05 — 3a^) = 0, 

where 1+X^ = — X, i,e. \ = —z — -= . 

1 +<* 
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On Bubfltitutihg this value of X, we have, as the required 
equation, 

aj" + y*- 2aaj(3^ + 2) + ^yf - 3a»«* = 0, 

1. 6. [a - a (2 + 3<>)]» + [y + 2a^p = 4a« (1 + 0». 

The circle of curvature has therefore its centre at 
the point (2a + Zait\ — 2a^) and its radius equal to 

2a (1 + <")*. 

Cor. If ^S' be the focus, we have SP equal to a + a^, so 

2 81^ 
that the radius of curvature is equal to — ^ — . 

423. To find the eqtiation to the circle of cn/rvcUwre ctt 
ths pomt P (a cos ^, 6 sin ^) of the eUipse -^ + ^ = 1. 
The tangent at the point P is 



-cos^ + ?8in<i= 1. 
a ^ ^ 

The straight line passing through P and equally inclined 
with this line to the axis is 

cos^, .. sin<^, L • .\ A 
(x-a cos <l>) j--^ (y — 6 sin ^) = 0, 

i, e, - cos <i — r sin <i — cos 2<h = 0. 

a 

The equation to the circle of curvature is therefore of 
the form 

r-co8<^~|sin<^-co8 2<^"| = (1). 

Since it is a circle, the coefficients of a^ and y" must be 
equal, so that 

1 ^ cos'^_ 1 ^ sin*^ 
a»'^^~^"6» ^~5^' 
a«-6« 



and therefore X = 



6" cos* ^ + a' sin' ^ ' 
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On substitution in (1), the equation to the circle of 
curvature is 

+ (a» - fe») r~ co8> ,^ - ^ sin' ^ - ^^^ (1 + cos 2.^) 

+ ^^-^-^ (1 - cos 2<^) + cos 2<^1 = 0, 

+ a' (cos» 4>-2 sin> ^) - 6" (2 cos" <^ - sin' <^) = 0. 
The equation to the circle of curvature is then 

ix — cos' ^1 + |y + —J—- sin» <^| 

= («._6»).{£2j^ + ?!^}_«.{cc«.<^-2sin'^} 

+ 6'{2cos«<^-sin««/>} 

(a'^sin^^^ + ft^cos^^^)' .^ , ^. 

= ^ ^— rrr ^-^ , aftcr souie reduction. 

The centre is therefore the point whose coordinates are 

( cos' ^, 7 — sin* <fij and whose radius is 

( g' sin' <^ + 6' cos' <^) * 
ab 

Cor. 1. If CD be the semi-Kliameter which is conju- 
gate to CPy then D is the point (90** + <^), so that its 
coordinates are — a sin ^ and b cos <^ (Art. 285.) 

Hence C2>' ■= a' sin' «/> + 5' cos' <^, 

(72)* 
and therefore the radius of curvature p = — =— . 

^ ab 

Cor. 2. If the point P have as coordinates ocf and y' 
then, since x' = a cos ^ and ^ = 6 sin <^, the equation to the 
circle of curvature is 

L. 26 
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Cor. 3. In a similar manner it may be shewn that the 
equation to the circle of curvature at any point (a/, y') of 

the hyperbola -j - ^ = 1 is 

(.-•j±*'^)%(„l»-i±i!,.)'.<---»;f^^ 

424. If a circle and an ellipse intersect in four points, 
the sum of their eccentric angles is equal to an even 
multiple of ir. [Page 235, Ex. 18.] 

If then the circle of curvature at a point P, whose 
eccentric angle is 0, meet the curve again in Q, whose 
eccentric angle is ^, three of these four points coincide at 
P, so that ^ree of these eccentric angles are equal to 0, 
whilst the fourth is equal to ^. We therefore have 

3d + ^ = an even multiple of ir = 2nir, 

Hence, if ^ be supposed given, i.e. if ^ be given, we 

have = o-^- 

Giving n in succession the values 1, 2, and 3, we see 

xi-x/i ,2ir-^ 47r-^ 6^-^ 

that equals — s-^> — o~^> ^^ — o"^* 

Hence the circles of curvature at the points, whose 

, . - 27r — <^ 4ir-^ J 6ir — ^ „ 

eccentric angles are — o~^> — q > ^^^ — q"^* *"1 

pass through the point whose eccentric angle is <t>. 

Also since 

2ir — A 47r — A 6ir — A , . .... . 

— o--^ + — Q— ^ + — q—^ + <^ = 4ir = an even multiple of ir, 

- , , 2ir — d> 4ir — tk 6ir — <A 

we see that the pomts — 5—^, — 5-^, — «-^, and ^ 

all lie on a circla 
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Hence through cmy point Q on cm ellipse can be draum 
three cvrclea which are the circles of curvcUure at three 
points Pi, -P,, and P,. Also the four points Pj, P,, P,, and 
Q aU lie on (mother circle. 

426. Evolute of a Curve. The locus of the 
centres of curvature at different points of a curve is called 
the evolute of the curve. 

426. Evolute of the parabola y^ = ^ax. 

Let {a, P) be the centre of curvature at the point (a^, 2at) 
of this curve. 

Then « = a (2 + 3<») and ^ = - 2a^. (Art. 422.) 
.-. (r8-2a)»=27aV = ^a^, 
i.e. the locus of the centre of curvature is the curve 
27ay» = 4(aj-2a)». 
This curve meets the axis of x in the point (2a, 0). 
It also meets the parabola 
where 

27a'a; = (aj-2a)», 
i.e. where x = Sa, 
and therefore 

y = *4^2a. 
Hence it meets the parabola at 
the points 

(8a, *472a). 
The curve is called a semi- 
cubical parabola and could be shewn 
to be of the shape of the dotted curve in the figure. 

a? 4/9 

427. Evolute of the ellipse —^ + ^^=1. 

If (*, ^) be the centre of curvature corresponding to the 
point (a cos <^, b sin ^) of the ellipse, we have 




a = 



— cos* <l> and ^ = ■=■ — sin" <^. 



26—2 
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Hence 

(a«)* + (6i?)* = (a» - 6")* {co8» <^ + sin' <^} = (a« - ft'/. 
Hence the locus of the point (it, g) is the curve 

This curve could be shewn to 
be of the shape shewn in the figure 



where 



CL = CL': 



and CM=GM' = 



'' a ' 




The equation to the evolute of 
the hyperbola would be found to 
be 

K)* -%)* = («» + ft')*. 

428. Contact of different orders. If two conies, 
or curves, touch, i.e. have two coincident points in common 
they are said to have contact of the first order. The 
tangent to a conic therefore has contact of the first order 
with it. 

If two conies have three coincident points in common, 
they are said to have contact of the second order. The 
circle of curvature of a conic therefore has contact of the 
second order with it. 

If two conies have four coincident points in common, 
they are said to have contact of the third order. No 
conies, which are not coincident, can have more than four 
coincident points ; for a conic is completely determined if 
five points on it be given. Contact of the third order is 
therefore all that two conies can have, and then they are 
said to osculate one another. 

Since a circle is completely determined when three 
points on it are given we cannot, in general, obtain a circle 
to have contact of a higher order than the second with a 
given conic. The circle of curvature is therefore often called 
the osculating circle. 
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In general, one curve osculates another when it has the 
highest possible order of contact with the second curve. 

429. JSqttation to a conic osculating another conic. 

If S=0 be the equation to a conic and T^O the 
tangent at any point of it, the conic S = X.T* passes through 
four coincident points of S=0 at the point where ^=0 
touches it. (Art. 385, IV.) 

Hence S=\T' is the equation to the required osculating 
conic. 

Bx. The equation of any oonio osoolatmg the oonio 

aa^+2hxy + by^-2fy=0 (1) 

at the origin is 

aa^-^2hxy + by^-2fy+\y^=0 (2). 

For the tangent to (1) at the origin is y=0. 
If (2) be a parabola, we have h^=a (&+X), so that its equation is 
{ax+ky)^=2afy. 

If (2) be a rectangular hyperbola, we have a + &+X=0, and the 
equation to the osoulating rectangular hyperbola is 

a (x^ - y^+2hxy - 2/y =0. 

EXAMPLES. XLVm. 

1. If the normal at a point P of a parabola meet the directrix in 
L, prove that the radius of curvature at P is equal to 2PL. 

2. If P] and /j, be the radii of curvature at the ends of a focal 
ohord of tne parabola, prove that 

^-i+p,-i=(2a)-i 

3. PQ is the common ohord of the parabola and its centre of 
curvature at P ; prove that the ordinate of Q is three times that of P, 
and that the looas of the middle point of PQ is another parabola. 

4. If /> and // be the radii of curvature at the ends, P and D, of 
conjugate diameters of the ellipse, prove that 

(Ob)*' 

and that the locus of the middle point of the line joining the centres 
of curvature at P and D is 

{ax+by}^+{ax - 62/)i=(a«- 6«)i. 
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5. is the oentre of onrvatore at any point of an eUipse, and Q 
and R are the feet of the other normals drawn from O; prove that the 

locos of the interseotion of tangents at Q and R is -i+ -^ = 1* and 

that the line QR is a normal to the ellipse 

6. If four normals he drawn to an ellipse from any point on the 
eyolute, prove that the locus of the centre of the rectangular hyperbola 
through their feet is the curve 



0*^ (!)'-• 



7. In general, prove that there are six points on an ellipse the 
circles of curvature at which jpass through a given point O, not on the 
ellipse. If O be on the elhpse, why is the number of drdee of 
curvature passing through it only four? 

8. The circles of curvature at three points of an ellipse meet in a 
point P on the curve. Prove that (1) the normals at these three 
points meet on the normal drawn at the other end of the diameter 
through P, and (2) the locus of these points of intersection for 
different positions of P is the ellipse 

9. Prove that the equation to the cirdle of curvature at any point 
{x', I/') of the rectangular hyperbola a^-y^=a^ ia 

10. Shew that the equation to the chord of curvature of the 
rectangular hyperbola xy=c^ at the point **«" is ty+l^=e{l+t*), 
and that the centre of curvature is the point 

/ l + 3t* S+t*\ 

Prove also that the locus of the pole of the chord of curvature is 
the curve r's 2c3 sin 2^. 

11. -PQ is the normal at any point of a rectangular hyperbola and 
meets the curve again in Q ; the diameter through Q meets the curve 
again in R ; shew that PR is the chord of curvature at P, and that 
PQ is equal to the diameter of curvature at P. 

12. Prove that the equation to the circle of curvature of the conic 
asfi-^2hxy + hy^=^ at the origin is 

a(«>+y")=2y. 

13. If two confocal conies intersect, prove that the centre of 
curvature of either curve at a point of intersection is the pole of the 
tangent at that point with regard to the other curve. 
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14. Shew that the equation to the parabola, haying oontact of the 
third order with the reotangolar hyperlx>la xy=c^&t the point 



(* »■ 



is {x - y t«)« - 4ct(x-{-yt^) + 8c*t«=0. 

Prove also that its directrix biseots, and is perpendicular to, the 
radius vector of the hyperbola from the centre to the point of contact. 

15. Prove that the equation to the parabola, which passes through 
the origin and has contact of the second order with the parabola 
y^=4cuB at the point {at\ 2at), is 

(4aj - Styy + ^t^ {Sx - 2ty) = 0. 

16. Prove that the equation to the rectangular hyperbola, having 
oontact of the third order with the parabola y^=z4ax at the point 
(at^, 2at), is 

Prove also that the locus of the centres of these hyperbolas is an 
equal parabola having the same axis and directrix as the original 
parabola. 

17. Through every point of a circle is drawn the rectangular 
hyperbola of closest contact; prove that the centres of all these 
hyperbolas lie on a concentric circle of twice its radius. 

18. A rectangular hyperbola is drawn to have contact of the third 

order with the ellipse -§ + ^ = 1 ; find its equation and prove that the 

locas of its centre is the curve 

fx^+y^y_a^ y' 

Envelopes. 

480. Consider any point P on a circle whose centre 
is and whose radius is a. The straight line through P 
at right angles to OF is a tangent to the circle at P, 
Conversely, if through we draw any straight line OP of 
length a, and if through the end P we draw a straight 
line perpendicular to OP, this latter straight line touches, 
or envelopes, a circle of radius a and centre 0, and this 
circle is said to be the envelope of the straight lines drawn 
in this manner. 

Again, if ^S^ be the focus of a parabola, and PF be the 
tangent at any point P of it meeting the tangent at the 
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vertex in the point F, then we know (Art. 211, 8) that 
SYP is a right angle. Conversely, if S be joined to any 
point F on a given line, and a straight line be drawn 
through Y perpendicular to SY^ this line, so drawn, always 
touches, or envelopes, a parabola whose focus is S and such 
that the given line is the tangent at its vertex. 

431. Envelope. Def. The curve which is touched 
by each of a series of lines, which are all drawn to satisfy 
some given condition, is called the Envelope of these 
lines. 

As an example, consider the series of straight lines 
which are drawn so that each of them cuts off from a pair 
of fixed straight lines a triangle of constant area. 

We know (Art. 330) that any tangent to a hyperbola 
always cuts off a triangle of constant area from its asymp- 
totes. 

Conversely, we conclude that, if a variable straight line 
cut off a constant area from two given straight Hnes, it 
always touches a hyperbola whose asymptotes are the two 
given straight lines, i.e. that its envelope is a hyperbola. 

432. If the equation to cmy curve involve a vaHahle 
pa/rametery in the first degree ordy^ the cv/rve always passes 
through a fixed point or points. 

For if X be the variable parameter, the equation to the 
curve can be written in the form S-^kS' = 0, and this 
equation is always satisfied by the points which satisfy 
S=^0 and /S" = 0, i.e. the curve always passes through the 
point, or points, of intersection oi S=0 and S' = [compare 
Art 97} 

433. Curve tou^ched by a variable straight line whose 
equation involves, in the second degree, a variable parameter. 

As an example, let us find the envelope of the straight 
lines given by the equation 

m*x — my + a = (1), 

where m is a quantity which, by its variation, gives the 
series of straight lines. 
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If (1) pass through the fixed point (A, k)^ we have 

m*A-»nA + a = (2). 

This is an equation giving the values of m correspond- 
ing to the straight lines of the series which pass through 
the point (A, k). There can therefore be drawn two 
straight lines from (A, k) to touch the required envelope. 

As (A, k) moves nearer and nearer to the required 
envelope these two tangents approach more and more 
nearly to coincidence, until, when (A, k) is taken on the 
envelope, the two tangents coincide. 

Conversely, if the two tangents given by (2) coincide, 
the point (A, k) lies on the envelope. 

Now the roots of (2) are equal ii J^ = 4aA, 

so that the locus of (A, k)y i, e, the required envelope, is the 
parabola y* = 4aa5. 

Hence, more simply, the envelope of the straight line (1) 
is the curve whose equation is obtained by writing down 
the condition that the equation (1), considered as a quad- 
ratic equation in m, may have equal roots. 

By writing (1) in the form 

a 
^ m 

it is clear that it always touches the parabola y* = 4ax. 

In the next article we shall apply this method to the 
general case. 

434. To find the envelope of a straight line whose 
equation involves, in the second degree, a variable parameter. 

The equation to the straight line is of the form 

X»P + XG + ^ = (1), 

where X is a variable parameter and F, Q, and B are 
expressions of the first degree in x and y. 

Equation (1) may be looked upon as an equation 
giving the two values of X corresponding to any given 
point T. 
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Through this given point two straight lines to touch the 
required envelope may therefore be drawn. 

If the point T be taken on the required envelope, the 
two tangents that can be drawn from it coalesce into the 
one tangent at ^ to the envelope. 

Conversely, if the two straight lines given by (1) 
coincide, the resulting condition will give us the equation 
to the envelope. 

But the condition that (1) shall have equal roots is 

Q^ = ^:FE (2). 

This is therefore the equation to the required envelope. 

Since P, $, and R are all expressions of the first degree, 
the equation (2) is, in general, an equation of the second 
degree, and hence, in general, represents a conic section. 

The envelope of any straight line, whose equation 
contains an arbitrary parameter and square thereof, is 
therefore always a conic. 

436. The method of the previous article holds even if 
P, Q, and R be not necessarily linear expressions. It 
follows that the envelope of any family of curves, whose 
equation contains a variable parameter X, in the second 
degree, is found by writing down the condition that the 
equation, considered as an equation in A, may have equal 
roots. 

496. Bz. 1. Fini the envelope of the straight line which cuts off 
from two given straight lines a triangle of constant area. 

Let the given straight lines be taken as the axes of coordinates and 
let them be inclined at an angle ta. 

The equation to a straight line cutting off intercepts / and g from 
the axes is 

;+??=! (1). 

If the area of the triangle out off be constant, we have 

}/. p . sin ay = const., 

i.<r. /i^=oonst.=-fi:« (2). 

On substitution for g in (1), the equation to the straight line 
becomes fh/-fK^+K*x=0. 
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By the last artiole, the envelope of this line, for different yalaes of 
/, is given by the equation 

t.e. ^=-^» 

The result is therefore a hyperbola whose asymptotes coincide with 
the axes of coordinates. 

Bz. S. Find the envelope of the straight line which is such that 
the product of the perpendiculars drawn to it from two fixed points is 
constant. 

Take the middle point of the line joining the two fixed points as 
the origin, the line joining them as liie axis of x, and let the two 
points be {d, 0) and ( -d, 0). 

Let the variable straight line have as equation 

y=mx+c. 
The condition then gives 

md+c -md+c . . ^ 

77== X -7==i=oonstant=:.l. 

so that c^-m^d^=A (l+m«). 

The equation to the variable straight line is then 

y - mo; = c = ,y (J+^jw^TJ. 
Or, on squaring, 

By Art. 485, the envelope of this is 



sfi 



^K^i. 



This is a conic section whose axes are the axes of coordinates and 
whose foci are the two given points. 

Bz. 9. Find the envelope of chords of an ellipse the tangents at the 
end of which intersect at right angles. 

Let the eUipse be ^ + 1*= 1. 

If the tangents intersect at right angles, their point of intersection 
P must lie on the director circle, and hence its coordinates must be of 
the form {c cos $, c sin 0), where c=<ya'+fe*. 

The chord is then the polar of P with respect to the ellipse, and 
hence its equation is 

x.co oB$ y.cBin^ _, 
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Let t^tan ^ . Then since 

l + tan2- 

the equation to the line is 

cx l-t^ cy 2t 
a^l + t^'^ ly^l + t^ ' 

The envelope of this is (Art. 434), 

Sinoe -5 — ^ — 5 — p = ^*""^» ^'^^ equation represents a conic 
oonfooal with the given one. 

Bz. 4. The normals at four points of an ellipse meet in a point ; 
if the line joining one pair of these points pass through a fixed pointy 
prove that the line joining the other pair envelopes a parabola which 
touches the axes. 

Let the equation to the ellipse be 

S+S=^ w. 

and let the equation to the two pairs of lines through the points be 

lx+my=l (2), 

and l^x-\-miy = l (3). 

By Art. 412, Cor. (1), we then have 

^^=-^ and mTOi=-p (4). 

If the straight line (3) pass through the fixed point (/, g), we have 

so that, by (4). -^-^=1. 

and therefore i=.l^^. 
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If this yalue of i be Bubstitnted in (2), it beoomes 

m^aVi^ + m (a^gy - l^fx - aHl*) - a^g = 0, 

the envelope of which is 

{a^gy - 6«/r - a«5V= - 4a^g . a^Jthf, 

i.e, (a«^-6ya;)«+2a«6«(6yx+aVy) + a*&*=0 (6). 

This is a parabola since the terms of the second degree form a 
perfect square. Also, putting in snocession x and y equal to zero, we 
get perfect squares, so that the parabola touches both axes. ' 

437. To find the erwelope of the straight line 

2a5 + my + w = (1), 

where the qtux/ntities l, m, and n are connected by the 
relation 

al^ + bm^ + cn^ + 2/wm + 2gnl + 2hlm = (2). 

[Equation (1) contains two independent parameters - 

and — , whilst (2) is an equation connecting them. We 

7 ^ 

could therefore solve (2) to rive - in terms of — : on sub- 
^ ' ° n n 

Btituting in (1) we should then have an equation containing 

one independent parameter and its envelope could then be 

found. 

It is easier, however, to proceed as follows.] 

Eliminating n between (1) and (2), we see that the 
equation to the straight line may be written in the form 

aP + 6m' + c{lx + myf — 2 (fm + gl) (Ix + my) + 2hlm = 0, 

(^ V I 

— j +2(cajy — ^y-/a5 + A) — 

+ (6-2/y + C2^) = 0. 
The envelope of this is, by Art. 435, 
(cxy - gy -/aj + hf = (a - 2gx -k-ca?){b- 2/y + cy^), 
i, 6., on reduction, 

^{bc-f)'¥f{ca-g') + 2xy{/g--ch) 

+ 2x{/h-bg) + 2y(gh-'€Bf) + db-h^==0. 
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The envelope is therefore a conic section. 
Cor. The envelope is a parabola if 

i.e. if c = 0, or if abc+ 2/gh-aP-hg*-ch^ = 0, 

498. Bz. Find the envelope of all chords of the parabola y^ = 4ax 
whieh subtend a given angle a at the vertex. 
Any straight line is 

te+my+n=0 (1). 

The lines joining the origin to its intersections with the parabola 
are, (by Art. 122), ny'= -4ax{lx+my), 

i.e. ny^+4kamxy+iala^=0. 

If a be the angle between these lines, we have 

2J4ahn^-^ain 

tana=-^^ n-i » 

n+4al 

ue. 16a3p - 16a« cot' arn^ + n« + Sain (1 + 2 oot« a) =0. 

With this condition the envelope of (1) is, by the last artide, 

aj«( - 16a«oot« tt) +y2 [16a« - (4a + 8a oot« o)«] 

+ 2x . 16a* cot* tt (4a + 8a oot« a) - 266a* cot' a = 0, 
i,e, the ellipse 

[a? - 4a (1 + 2 oof a)]* + 4 cosec' a . y' = 64 cot' a . cosec' a. 
EXAMPLES. yT.TT 

Find the envelope of the straight line - + ^=1 when 

a p 

1. aa + bp=c, 2. a+/3+^/a'+/3»=c. 

o 6» a' 

3. -, + ^=1. 

Find the envelope of a straight line which moves so that 

4. the snm of the intercepts made by it on two given straight 
lines is constant. 

5. the snm of the squares of the perpendiculars drawn to it from 
two given points is constant. 

6. the difference of these squares is constant. 

7. Find the envelope of the straight line whose equation is 

ox cos ^ + 6y sin ^ = c'. 
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8. Circles are desoribed tonohiiig each of two given straight lines ; 
proye that the polars of a given point with respect to these eiroles all 
touch a parabola. 

9. From any point P on a parabola perpendiculars PM and PN 
are drawn to the axis and tangent at tiie vertex; prove that the 
envelope of MN is another parabola. 

10. Shew that the envelope of the chord which is common to the 
parabola |/^=4aa; and its circle of curvature is the parabola 

i/»+12aa?=0. 

11. Perpendiculars are drawn to the tangents to . the parabola 
y^=:4ax at the points where they meet the straight line a?s& ; prove 
that they envelope another parabola having the same focus. 

12. A variable tangent to a given parabola cuts a fixed tangent in 
the point A ; prove that the envelope of the straight line through A 
perpendicular to the variable tangent is another parabola. 

13. Shew that the envelope of chords of a parabola the tangents 
at the ends of which meet at a constant angle is, in general an ellipse. 

14. A given parabola slides between two axes at right angles ; . 
prove that the envelope of its latus rectum is a fixed circle. 

15. Prove that the envelope of chords of an ellipse which subtend 
a ri^t angle at its centre is a concentric circle. 

16. If the lines joining any point P on an ellipse to the foci meet 
the curve again in Q and i2, prove that the envelope of the line QR is 
the concentric and coaxal dUipse 



^g(j?$)'-'- 



17. Prove that the envelope of chords of the rectangular hyperbola 
iey=a\ which subtend a constant angle a at the point (ac', y') on the 
curve, is the hyperbola 

a^x^-¥yhf'^=i2a^xy (1 + 2cot*a) - 4a*cosec«a. 

IS, Chords of a conic are drawn subtending a right angle at a 
fixed point 0. Prove that their envelope is a conic whose focus is O 
and whose directrix is the polar of with respect to the original conic. 

19, Shew that the envelope of the polars of a fixed point with 
respect to a system of oonfocal conies, whose centre is C, is a parabola 
having CO as directrix. 

20. A given straight line meets one of a system of oonfocal conies 
in P and Q, and R8 is the line joining the feet of the other two 
normals drawn from the point of intersection of the normals at P and 
Q ; prove that the envelope of RS is a parabola touching the axes. 
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21. ABCD is a rectangular sheet of paper, and it is folded over so 
that C lies on the side AB ; prove that the envelope of the crease so 
formed is a parabola, whose focus is the initial position of C 

22. A circle, whose centre is ul, is traced on a sheet of paper and 
any point B is taken on the paper. If the paper be folded so that the 
circumference of the circle passes through B, prove that the envelope 
of the crease so formed is a conic whose foci are A and B, 

23. In the conic -=1 - «cos 9 find the envelope of chords which 
subtend a constant angle 2a at the focus. 

24. Circles are described on chords of the parabola 2^^=4ax, which 
are pandlel to the straight line Za;+m^=0, as diameters; prove that 
tJiey envelope the parabola 

(Zy + 2TOa)«=4a(P+m2) (x+a), 

25. Prove that the envelope of the polar of any point on the cirde 
(aj+a)'+(y+6)*=A* with respect to the circle x^-{-y^=c^ia the conic 

Aa(a;«+|/«) = (ax+&y + c«)2. 

26. Chords of the conic -si - e cos 9 are drawn passing through 

the origin and on these oirdes as diameters circles are described. 
Shew tiiat the envelope of these circles is the two circles 



l{i+ecos0) = 



ldb«. 
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12. 2^6. 13. V79. 14. J7a, 16. J (8 -3 ^3). 

17. ^. 18. JaV3. 25. r»=a«. 26. ^=a. 

27. r=2aeoB$, 28. roos29=2a8ind. 29. rooB0=2aBhi^e. 
30. ra=:a«cos2^. 31. a;2+y2_a2, 32, y=mx. 
33. a;'+2/2=aa:. 34. (a^+yY=^a^x^K 
35. (a:a+y«)«=aa(a:2-ya). 36. a:y=a«. 37. «»-y«=A 
38. y2+4aa.=4a3. 39. 4(j?8+y») («» + y« + ax) = aV• 
40. a?» - 3a;y« + ^xhf - y»= 6Aa;y. 
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IV. (Page 30.) 

8. 2aar + A;»=0. 9. {n^-l)(x^+y^+a^) + 2ax{n^+l)=0. 
10. 4a;«(c«-4a») + 4cy=ca(c2-4a2). n, (6a-2c)aj=a«-c2. 
12. y^-4y-2x + 5=0. 13. iy + 2x + S=0. 14. x+2/ = 7. 

15. y=x. 16. y = 3a;. 17. 15x^-y^+2ax = aK 
18. a?8+y«=3. 19. a;»+y2=4y, 

20. 8a?2 + 8y«+6a;-36y+27=0. 21. a;a=%2. 

22. x^+2ay=:a\ 

23. (1) 4iBa+%2+2ay = a»; (2) a;«-3ya+8ay=4a2. 

V. (Pages 41, 42.) 
1. y=x + l. 2. x-y-5=0. 3. a;-y ^3-2^3=0. 

4. 6y-3a?+16=0. 5. 2a: + 3y = G. 6. 6a;-6y + 30=0. 

7. (l)a?+y = ll; (2)y-a:=l. 8. a;-i-y + l = ; a:-y = 3. 

9. xy'-^x'y=2xy, 10. 20y-9a;=96. 15. a?+y=0. 

16. y-x=l. 17. 7y + 10a;=ll. 
18. ax-by = ah, 19. (a-26)x-6y + 6a + 2a6-a«=0. 
20. y(«i+g-2a; = 2a«i<2. 21. May + ^=«(«i + g. 

22. a;oos J (0i + 0j) +y sin J (0i + 0j)=aooB J (^^ - ^g). 

23. |oos^ + |sm^^=co8^. 

24. 6a; COB J (01 -08) -ay sin J (01 + 02) = ad cos 4 (01 + 02). 

25. a; + 3y + 7=0; y-3»=l; y + 7x=ll, 

26. 2a5-3y = 4; y-3a;=l; a? + 2y = 2. 

27. y(a'-a)-a;(6'-6) = a'6-a6'; y (a'-a)+a;(6'-6) = a'6'-o6. 

28. 2ay-26'a?=a6-a'6'. 29. y=6a:; 2y = 3a;. 

VI. (Pages 48, 49.) 
1. 90°. 2. tan-iff. 3. tan-if. ^ qqo 

5- **^ Vr^- 6. tan-i-^. 7. tan-i(2). 

8. 4y + 3a;=18. 9. 7y-8a;=118. IQ. 4y + lla;=10. 
11. a? + 4y + 16=0. 12. ax + hy=a\ 

13. 2a;(a-a') + 2y(6-6') = «^-a'2 + 62_6/2. 

15. yx''-xy'=0\ a^xy' -hH'y = (a^-h^)x'y' \ xx'-yy'=x'^-y'^. 

16. 121y-88a;=371; 33y- 24a? =1043. 

17. a;=3;y=4;4J. 19. ar=0; y+^3a:=0. 

20. y=k;{l-m^){y-k)=2m{x-h), 

21. tan-iJI; 9a;-7y = l; 7a; + 9y=73, 
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c — d 
5, a COS J (a -j8). 8. 






9. {f(6±N/^M^), OJ-. ■ 11. i(2+V3). 

Vm. (Pages 61-65.) 
■^" \ 29 '29y' '^^ \a + 6' a + bj * 

4. {a COS J (0i+ 02) sec J (01 -02), asin J(0i + 02)seo J(0i-02)}. 
f ajh-b') 2bb' \ 130 

^- \ 6+6' ' 6 + 67* ^- 17^/29• 

8. y = a; 8y=4x + 8a. 9. (1, 1); 45°. 

10. (f . J) ; tan"i 60. H. ( - 1, - 3) ; (3, 1) ; (6, 3). 

12. (2, 1); tan-i^. 13. 45°; (-6,3); x-^=9; 2x-y=S, 

14. 3and-f. 19. mi(a2-(i3)+^i^s-^)+^s{^-^)=^' 

20. (-4,-3). 21. («,-A). 23. 43a;-29y=71. 

24. «-y=ll. 25. y=3a;. 26. y=«. 

27.. a«y-62x=a6(a-6). 28. 3a: + 4y = 6a. 29. a?+y + 2=0. 
30. 23a? + 232/ = 11. 31. 13x-.23y = 64. 

33. Ax+By + C+\{A'x+B'y + C')=Owheie\iB 

(1) -^„ (2) -^, (3) -js^^^, and (4) -^,-,___ . 

37. y=2; a;=6. 38. 99a; + 77y+71=0; 7x-9y-37=0. 

39. a:-2y + l=0; 2a;+y = 3. 

40. a?(2V2-3)+y(V2-l) = 4^2-6; 
a;(2V2 + 3) + y(V2 + l) = 4^2 + 6. 

41. {y-b){m+m') + {x-a)(l-mm')=0; 
(y - 6) (1 - mm') -(x-a) (m+m') =0. 

42. 33a;+9y = 31; 112a; -64y + 141=0; ly-x = lS. 

43. a?(3+V17) + y(5+V17) = 16+4V17; 
a?(4+V10)+y(2+V10)=4VlO+12; 

a?(2V^-3V5)+y(/v/34-5V5)=6v^-15V5. 

44. A{y-k)-B{x-'h)=:i^{Ax-\-By + C). 

45. At an angle of 15° or 75° to the axis of x, 

27—2 
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H. (Pages 72, 73.) 

1. (1) tan-i^; (2) 16". 2. tan"!?^. 



3- ^--(SM^-)- 



7. y=0, y=x-a, x=2a, y = 2a, y=x+ay x=0, y=x, x=sa, and 

y=a, where a is the length of a side. 
10. y(6-V3)+a!(3V3-2)=22-.9V3. 11. f. 

12. 10y-ll«+l=0; AVlll- 

X. (Pages 7a-«).) 

4. (-7,8). 6. (-«,«; m. 

"' V 120 ' 120 y' 120 • '• ^*»*^;t<t- 
o l e+yio 2+^1 /6-vio 2-vio\ /s-vio 16jVlp\ 

^•t~2~'~2~rv 2 ''~ir~p\—s~* 6 )' 

9. (I, *), (2, 12), (12. 2), and ( - 3. - 3) ; }V2, 4^2, 4^2, and 6^2. 
10. (-.13i,19i). 11. 4. 12. m- 13. i 

14. ^. 15. J(6-c)(c-a)(a-.t). 

16. a' (w»j -m^){nH'- "h) (^h - 'm^)-i-^m^in^m^, 

17. i(Cx-,)'M»h-»H). 18. life=^ + ^^+fe=^T 

2 (mg-mg m^-mi m^-msJ 

23. (*,*). 

24. 10^ + 3205 + 43=0; 26a? + 29y + 5=0; y=6a; + 2; 52ar+80y=47. 

26. (4 + W3,» + v^3);(4 + iV3,i + W3). 

XI. (Pages 85-«7.) 

1. a:2+2a:yoota-y«=a2. 2. yH)^2=Xa«. 

3. (wi+l)x=(OT-l)a. 4. (m+n)(a;*+y»+a«)-2aa:(m-»)=c«. 

6. aj+y=cseca|. 6. a:-y=dooseo»^. 

7, x+y=2cco8eo(i». 8. y-a:=2coosec(ii. 
9. a* + 2a;y cos w + y^ = 4c* ooseo* w. 

10. (a!*+y')oo8w+icy(l+oo8'«)=ar(acosw + 6)+y(6oos«+a). 

11. a:(i»+coflw)+y(l+iiiooBw)=0. 

12. (i) aj+2/-a-6=0; 

(ii) y=ix, 19. A straight line.« 

20. A cirole, centre O. 25. A straight line. 

27. 1^ ^ ^ ih® point (/t, ft), the equation to the locus of S is 

h k , 



ANSWERS. V 

XII. (Page 94.) 

1. (ar-%)(a;-4y)=0;tan-i^. 2. {2x-lly)(2x-y)=0;tan-^^. 

3. (lla;+2y)(3a:-7y)=0; tan-iff. 4. a?=l ; x=2; x=S. 

6. y=±4. 6. (y+4r)(y-.2a;)(y-ac)=0;tan-M-?);tan-M«. 

7. a;(l-Bin^) + ycosd=0; a;(l+Bind)+ycoBd=0; 6, 

8. y8ind+a!0OBd=±a:/^co8 2d; tan~^ (ooseo $ ^oos 2i9). 

9. 12«2-7a:y-12y»=0; nx^'h9ixy-lly^=:0; x^-y^=0; 
a^-y^=0, 

XTTT. (Pages 98, 99.) 

1, (f, -V);46<'. 2. (2, l);tan"H. 3. (-|, -|); 90°. 

4. (-1, 1); tan-13. 6. -16. 7. 2. 8. -10or-17i. 
9. -12. 10. 6. 11. 6. 12. 14. 13. -3. 

14. ^ or ^, 16. (i) c(a + 6)=0; (ii) «=0, or a« = 6d. 

17. 6y + 6a;=66; 52/-6a:=14. 

XV. (Page 112.) 

1. (1) y's^^p/; (2) 2x'2+2/'2=6. 

2. (1) a?'a+j^=2ca;'; (2) af^+y^=2cy'. 

3. (a-6)a(a;'a+y'2)=a*62. 

4. (1) 2ajy + a2=0; Oar's +26y'a= 226; ^/4 + j^a=i^ 

5. sf^+y'^^r^\ ir^-y'»=aaooB2a. 6. a?'«-4y'2=a2. 

8. ten-i?; ^C^Ja^+BK 

XVI. (Page 117.) 

1. 2a:'-V6y' + l=0. 2. a;'2+^3a;y=l. 3. x'^+y'^^^. 

4. y'2_.4^coseo2o. 

XVn. (Pages 123—125.) 

1. a;2 + ya + 2a?-4y=4. 2. a?'+y* + 10ar + 12y=39. 

3. 3:^+2/*- 2ar + 26y=2a6. 4. a;2 + y8+2aa; + 26y + 263=0. 

6. (2,4); V61. 6. (f,l);i^/l3. 7. (^o);^*' 
8. {g.-f)', ^JP+?> 



13. 16a;2+16ya-94a; + l8y + 55=0. 

14. 6(a:Hy2_a2)=aj(62+fea-a8). 15. a;2+y»-«a; -6y=0. 
16. a;«+y»-22x-4y + 25=0. 17. aj^+yS- 6a; -y +4=0. 

18. 3a?2+33/2_29a;-19y+56=0. 

19. 6(ar2+y8).(a2+62)aj + (a-6)(aa + 62)^0. 
21. a;2+jr*-3a?-4y=0. 
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22. ^.,»-«^(..„=0; »J±|!. _ 

23. x^'^y^-hx-hy=.0, 24. m^-hy^^^yja^-l^^}^. 
25. a?»+2/2_iOa._iOy+26=0. 26. «2+2/*-2aa:-2ay + a2=0. 

27. a;2+y2+2(5±7i2)(a: + y)+37±10Vl2=0. 

28. a:2+2,3_6a: + 4y+9 = 0. 29. h(3^+y^).=:x(h^-\-c^). 

30. a;2+ya=fc6V22/-6a; + 9=0. 

31. a;2+y2_3^ + 2=0; 2a;2 + 2y2_5x- ^3^+3=0; 

2x2+22/2-7a;_^3y + 6=0. 
33. (a; + 21)2+(y + l3)2=662. 34. Sa^^ + 8y3 _ 26a; -3y + 18=0. 

36. a;»+y2=a2+62; a;2+y2.2(a + &)a5 + 2(a-6)y+a« + 62=0. 

XVm. (Pages 134^ 135.) 
1. 5a?-12y = 162. 2. 24a; + 10y + 151=0. 

3. a; + 22/=±2V6. 4. ar + 2y + flr + 2/= ±^5 V^+7^^. 

5- (-;;^' ;;^)- 6. c=a.(o,6). 7. yes. 

8. A;=40or-10. 9. aQOB^a + hBm^a.i.Ja^+h'^sm^a. 

10. ^a+-B6 + C=±C/y^2+^2^ 

11. (1) y=ma;=fca^yrf^2; (2) my+a;=±a ^1+^; 
(3) a x^y^l^-. ai=ab; (4) a?+y = aV2. 

12. 2^r2--^^. 13. a;2+y2±^2aa;=0; a;2+2,2±^2ay=0. 

14. c = 6-a?»; c=6-awi± V(l + w2)(a2 + 62). 

15. a2+y2_6^_g2^^||^_.0^ 

16. ^+y^-2ca;-2cy + c2=0, where 2c=a + 6=!= ^^2:^52. 

17. 6a?* + %2_i0a.+30y + 49=0. 18. a:2+ya-2ca:-2cy + c2=0. 
19. (a;-r)2+(y-;,)2=^. 20. a;2+y2-2aa;-2/3y=0. 

XIX. (Pages 144, 145.) 

1. a; + 2y=7. 2. 8a;-2y = ll. 3. x=0. 

4. 23a;+5y=67. 5. by-ax=a^ 6.' (5,10). 

7. (f, -A). 8. (1,-2). 9. (J, _^). 

10. (-2a. -26). 11. (6, -Y). ^^ 

12. 3y-2a;=13; (-W,W)- 13. (2,-1) . 14. a;'2+y'2=2a2. 

18. iV46. 19. 9. 20. V2a2+2a6 + 62. 2I. (¥,2); J. 
23. (1) 28x2+ 33a;y -28y2- 715a; -195y + 4225=0; 

(2) 123«2 _ 64^y ^ 32^2 _ 664^ ^226y + 763=0. 
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XX. (Pages 147, 14a) 

2. r^-2mcoseoa.cos(d-a)+a'cot2a=0, r=2aan.$, 
6. r^-r [a cos (d - a) + 6 cos (^ - /3)] + oi cos (a - /3) = 0. 
8. 5>c«+2ac=l. 

XXI. (Page 149.) 

L120O; {^.'^y, '-^^slP^^^9. 

2. 30°; (8-6^3, 12-4^3); ^47-24^3. 
/ g-fcoeta f-gooB<a \ Jp+g^-2fgcosta 
\ sin* ay * sin^ w / * sin « ' 

4. aj«+V2a;y + y2-a:(4 + 3^2)-2y(3 + V2) + 3(2V2-l)=0. 
6. a:2+a:y+y2+lla; + 13y + 13 = 0. 

8. (a;-aj')(a:-a;") + (y-y')(y-y")+co8«[(«-^')(y-y") 

+ (x-^")(y-y')]=0. 

XXn. (Pages 156—159.) 
4. A circle. 5. A circle. 6. A cirde. 

9. s^+y^- 2xy COS w= — -7 — , the given radii being the axes. 

11. A circle. 12. A circle. 

16. (1) A circle ; (2) A circle ; (3) The polar of O. 

17. The curve r=a + a cos d, the fixed point O being the origin and 
the centre of the circle on the initial line. 

24. The same circle in each case. 

33. 2ab-i-Ja^+bK 35. a,^ ; a;=4a; 63aj+16y + 100a=O. 

36. (i) a?=0, 3a: + 4y=:10, y=4, and 3y=4a;. 
(ii) y=mx+c ^1+ m^, where 

,= _±£+fL,or-,±i|^4=. 
^aa-(6 + c)2 Ja^-(h-cf 

XXIII. (Pages 164, 165.) 

3. 3a^+32/2-8a; + 29y=0. 4. 15a; - lly = 144. 

6. a;+10y=2. 6. 6a;-7y + 12=0. 7. (-|, ~l). 

8. (H»«). 11. (X + l)(a;«-f2/2) + 2X(aj + 2y)=4 + 6X. 

13. (yxf=0. 
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XXIV. (Pages 172, 173.) 

8. x^-y* + 2mxy=c, 12. h{a?+y^)-{-{a-c)y-ck=^0. 

13. x^+y^-cx-by + a^=0, 14. iB*+y»-16a?-18y-4=0. 

XXV. (Pages 178, 179.) 

1. (7a!+6y)2-670a;+750y + 2100=0. 

2. {ax-by)^-2a^X'-2hhf + a*-{-a^b^ + b*=zO. 

3. (-1,2); y=2; 4; (0,2). 4. (4,f); x=^; 2; (4,4). 

5. ^a, I); x=a; 2a; (a, 0). 6. (1.2); y=2; 4; (0.2). 

8. (i)4; (ii)4. 9. (2,6). 11. 2/= -2aj; y-12=m(a;-24). 

12. (^.-b);.=^^^. 15. 9..=4<.. 

XXVL (Pages 185—187.) 

1. 4y=3x + 12; 4a; + %=34. 2. 4y-a?=24; 4a?+y=108. 

3. y-a?=3; y+a?=9; aj+y + 3=0; x-y=z9. 

4. y=aJ; x+y=^a; y + x = 0; a;-y=4a. 

5. 4y=;i: + 28; (28,14). 6. (|, ^) . 

7. y + 2a? + l=0; (J, -2); 2y=aj+8; (8,8). 

8. (3a,2V3a); (|, -^a). 9. 4y=9aJ+4; 4y=aj+36. 

13. ('^^^«. aV2V5 + 2); (3a, 2^/3a). 

14. h^y+a^x+ah^=:0. 15. «=0. 

XXVn. (Pages 197, 198.) 

4. 4a; + 3y+l=0. 5. 56y = 25. 

XXVm. (Pages 203—205.) 
25. T!&ke the general equation to the circle and introduce the 

condition that the point {at^t 2at) lies on it ; the snm of the 

roots of the resulting equation in £ is then found to be zero. 
28. It can be shewn that the normals at the points "U" and "t,'' 

meet on the parabola when tjt2=2; then use the previoaa 

example. 

XXIX. (Pages 209—211.) 

1. y = bx, 2. cx=a, 3. y=ad. 

4. y=(ar-a)tan2o. 5. y^-'Sx^=2ax, 

6. x^=ii^[(x-af+y^. 19. y»=^2a(x-a). 
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20. y^-iky=2a(a:-fc). 21. y>(y>-2a«+4a»)+8a*=0. 

22. (8aa+y«-2aa?)atan«a=16a»(4aa;-y»). 

23. y* + 4ay' (a - a;) - 16a'a? + a*P = 0. 

24. The parabola y^^2a{x+ 2a). 

XXX. (Pages 214-216.) 
1. y*=a(a?-a). 2. y«=4a«. 3. 27a|/«=(2aj-a)(a?-6a)». 

4. A parabola. 5. A straight line. 
6. 27ay' - 4 (« - 2a)3 = constant. 

7« A straight line, itself a normal. 

XXXn. (Pages 234^ 235.) 

1. (tt) 3a^+%2=32; (j8) 3a;8+7y«=116. 

2. 20*8+ 36y2= 406. 3. a:»+22^»=100. 4. Bx^+9y^=^ll62. 

5. (l)y; W6; (^iV6,0); {2)t; W6; (0, ± ^V^) ; 

(3) ¥; i; (0, 6) and (0, 1). 

6. ^. 7. 7xa+2j:y+7y«+10a:-10y+7=0. 8. Without. 
9. aj+4V3y=24V3; llo:- 4^3^=24^3; 7 and 13. 

U. (l)tan-i^; (2) tan-^ ^|; (3) 46«. 

XXXm. (Pages 245-248.) 

1. a; + 3y=6; 9a?-3y-6=0. 

2. 26a?+6y=137; 6a5-25y+20=0. 

3. ±a;V7±42/=16; ±4x^y^7=l»^7, 

6. y=3a;±WH^; (=*=AV65, Tiftrs/196). 
31. Use Arts. 145 and 260. 

XXXTV. (Pages 262-^264.) 
1. a?+2y=4. 2. 2a;-7y+8=0; (-3, -J). 

3. 8a;4-8y=9; 2a;=8y. 

4. 9a?3-24xy-4y2+30a; + 40y-56=0. 

5. ah/ + b'^x=0; o3y-6«aj=0; a«y + 68j.=0; ay+6a;=0. 

XZXV. (Pages 268-270.) 
1. x^-2xyGot2a-y^=:a^-h^, 2. c^-2ocy=:caK 

3. <P(a;2-aa)2=4(6«a;2+aV-a^6*). 

4. X(a:8-a2)a=2{a;V+^a:a+aV-a*&^). 
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5. (xa + y2_aa_52)2^4cot2a(62a;2+aV-a'&*)- 

6. ay = 6a?tana. 7. b^x^+aY=^a^b\ 
8. h*x^+aY=a^b^{a^+b^. 9. h^x^+ahf^=2a^by. 

10. (62a;2 + aV)^=c* {b*x^ + a^^. 

11. (a*+&2) (62a;2 + rty)2^aS62(54a4J + aY). 

12. b^x{x-h)+ahf (y- &) = 0. 

13. caa262(62a.2 + a22^2) + (52a.2 + aV-l)(&*ar2+aV) = 0. 

14. (6*xa + aV)^=a^&*(a^ + y^). 

15. a*6M«^+y'*) = (aH6*)(6V+aV)«. 

29. If the chords be PK and PK\ let the equation to KK' be 
y=mx-\-c; transform the origin to P and, by means of Art. 122, 
find the condition that the angle KPK' is a right angle ; substi- 
tute for c in the equation to KK\ and find the point of inter- 
section of KK' and the normal at P. See also Art. 404. 

XXXVL (Pages 282—284.) 
1. 16a;2-92/2=36. 2. 25x2-144^2^900. 

3. 65x2-36y2=441. 4. a;2- 2^2=32. 

5. 6, 4, (±^13, 0), 2|. 6. Bx^-y^=daK 

7. 7y2+24a:2/-24aa;-6ay + 16a2=0; (-|»«); 12a;-9y + 29a=0. 

8. (5, -W. 9. 242/-30a;=db^l61. 

14. y=±a:±V^^r^; («'+&^)\/^2r62- 

15. 9i/=32a;. 16. 125a; -48y= 481. 
29. (1) b*x^ + aY=a^bH1^-a^); (2) a:=a.^'^-^^ 

(3) a;2 (a2 + 262) _ ^21/2 - 2a^ex + a^ {a^ - b^) = 0. 

XXXVII. (Pages 295, 296.) 
1, At the points {a, ^b^2). 

8. (2a?+y + 2)(a; + 2y + l)=0, (2a; + y + 2)(a; + 2y + l) = const. 

9. 3a;2 + 10xy + 8y2+14aj+22y + 7=0; 
3a;2 + lOan/ + 8y2 + 14a; + 221/ + 23 = 0. 

XXXVni. (Pages 302—305.) 

16. (=fciN/6a, TiVM; (±W6a, =tVH- 

XXXIX. (Pages 319—321.) 

19. Transform the equation of the previous example to Cartesian 
Coordinates. 
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XL. (Pages 331, 332.) 

1. A hyperbola; (2,1); c'=-26. 

2. AnelUpse; (-J, -J); c'=-4. 3. A parabola. 

4. Ahyperbola; {-«» "iftr); c'=-46. 

5. Two straight lines ; (-H» H); ^'=^- 

6. A hyperbola ; ( - |i, t^V) ; C = - ^A- 

7. {2x + 3y-l)(4x-y + l)=0; 8x^-\-10xy-'By^-2x + Mj=0. 

8. (y+x-2)(i/-2a;-3)=0; 2/^-a:2/-2a;2-6y + a;+18=0. 

9. (lla;-22/ + 4)(6a;-10i/ + 4) = 0; 

56a;2 _ 120a:2/ + 20y3 + 64aj - 48y + 32 = 0. 
10. 19a:« + 24a;i/ + i/2-22a;-6y + 4=0; 

19a;« + 24a^ + t/2- 22a; - Gy + 8 = 0. 
12. a:2-2/«=4a2. 13. (ax-6y)2=(a2-l>3)(ay-6a;). 

14. (x-y)2-2(a; + y)+4 = 0. 15. (a;y + a6)tan(a-/3) = 6a;-ay. 

16. f' + |!_2?|cos(a-/3)=sin2(a-/3). 17. A point, 

a" 0* ao 

18. Two straight lines. 19. A straight line and a parabola. 

20. A straight line and a rectangular hyperbola. 

21. A circle and a rectangular hyperbola. 

22. A straight line and a circle. 

23. Two imaginary straight lines. 

24. A circle and a straight line. 25. A parabola. 

26. A circle. 27. Ahyperbola. 28. An ellipse. 

XLI. (Pages 346—348.) 

7 /^iJ^, ^^. 9. Two coincident straight Unes. 

'• V 676 ' 169/ 

10. tandi=-|, tan^a=f, r^=^|B, and rj=4. 

11. <?i=45°, ^2=135°, ri=V2, and r2=2. 

12. tan^, = 7 + 5V2; tang2=7 -5/s/2> , 

^I=\/l^(2^^2-2), r2=y^|(2V24-2). 
28. 2. 29. An/3. 30. fs/^. 

31. (^^VVioTi, ^i^VVTo^); W20+2^io. 

32. (MV3, ?-iV3); W5. 

33. (-t=FiN/6, i=^W6); iV3. 

34. (-i±iN/6, 1±IV6); 2. 
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ZLH (Pages 354, 355.) 

1. (1)3; (2)3; (3)4; (4)2; (5)4; (6)3; (7)3. 

10. Ax+Hy=0 and Hx+By=:0; II^=AB, so that the conic is a 
pair of parallel straight lines. 

11. x(a:+3y)=0; (2x-^)^=0. 

XT.m. (Pages 363, 364.) 

1, A conic touching S=0 where T=0 touches it and having its 
asymptotes parallel to those of S=0. 

A conic such that the two parallel straight lines u=0 and 
u-{-k=0 pass through its intersections with S=0, 



XLTV. (Pages 375—377.) 
6. (- 1,6) and (4, -3). 7. (-«,-«. 8. 
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9. (-4, -4) and (-1, -1); x+y + l=0 and a?+y + 3=0. 

15. If P be the given point, C the centre of the given director circle, 
and PCP" a diameter, the focus S is such that PS.P'S is 
constant. 

16. If PP" be the given diameter and 8 a focus then PS.P'S is 
constant. 

ZLV. (Pages 383, 384.) 

5. Qx^+12xy + iy^-12x-ny=:0. 

17. The narrow eUipse (Art. 408), which is very nearly coincident with 
the straight line BD, is one of the conies inscribed in the quadri- 
lateral, and its centre is the middle point of BD, This middle 

Saint, and similarly the middle points of iiC and OL, therefore 
e on the centre-locus. 

ZLVI. (Pages 390— 392.) 

7. Proceed as in Art. 413, and use, in addition, the second result 
of Art. 412, Cor. 2. From the two results, thus obtained, 
eliminate d. 

9, Take liX-^mjy-l=0 (Art. 412, Cor. 1) as a focal chord of the 
ellipse. 

14. If the normals are perpendicular, so also are the tangents ; the 
line liX+m^y — 1=0 is therefore th e polar with respect to the 
ellipse of a point {^a^ +6- cos 6, Mja^+b^amO) on the director 
circle. 

15. The triangle ABG is a maximum triangle (Page 235, Ex. 15) 
Inscribed in the ellipse. 

20. Use the notation of Art. 333. 
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XLVn. (Pa«e8 397, 39a) 

11, The looQB can be shewn to be a straight line which is perpendi- 
cular to the given straight line ; also the given straight line 
touches one of the oonfooals and its pole with respect to that 
oonfocal is its point of contact ; this point of contact therefore 
lies on the locus, which is therefore the normal. 

14. As in Art. 866, use the Invariants of Art. 135. 



ZLVm. (Pages 405-407.) 

5. Two of the normals drawn from O coincide, since it is a centre of 
curvature. The straight line liX+mjy=:l (Art. 412) is therefore 
a tangent to the ellipse at some point and hence, by Art. 412, 
the equation to QR can be found in terms of 0. 



XLIZ. (Pages 414-416.) 
1. (6y-aa5-c)«=4ac«. 2. «*+y2-c(«+y)+ j=0. 

3. ^ + "2==^* ^ ^ parabola touching each of the two lines. 

5. A central conic. 6. A parabola. 7. a^x^+b^^=c^. 

19. The line joining the foci is a particular case of the confocals and 
the polar of O with respect to it is the major axis ; the minor 
axis is another particular case, so that two of the polars are lines 
through C at rip^t angles ; also the tangents at O to the con- 
focals through it are two of the polars, and these are at right 
angles. Thus both C and O are on the directrix. 

21, The crease is dearly the line bisecting at right angles the line 
joining the initial position of C to the position which C occupies 
when the paper is folded. 

^^ Icosa - 

23. =l-fiCOsacosd. 
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